Hadamard Transfor ms of T hree-Term Seque nces

Guang Gong and Solo mon W. Golo mb

The Communication Sciences Institute

University of Southern California

Electrical Engineering-Systems, EEB#500

Los Angeles, California 90089-2565

Abstract: Certain three-termsequences ofper iod 2 n ˘1 are conjectured to have the two-level autocorrelation property. In this note, a formula invo lving

Hadamard transfor ms ofthree-termsequences is presented. Its validit yhas been ver ified byco mputer onthe range of 23 5 £ £ n .

Index terms : Hadamard transfor m, two-level autocorrelat ion sequences, m-sequences.

I. Conjecture

Let n = 2 m + 1, m q 2 1 + = , and

a be a primit ive element of GF (2 n ). Let

) ( ) ( 2 q q x x x Tr x f + + = and A = { a i } where )( i i f a a = . In reference [1], the sequence

A is conjectured to have a two-level autocorrelation for all n > 1 and this conjecture has

been ver ified for 23 3 £ £ n . In this note, we present an interesting for mula for the

Hadamard transfor mofthe sequence A or, equivalent ly, for the funct ion f ( x ). The

Hadamard transfor mof f ( x ) is defined by

å

Î

+ - =

) 2(

) ( ) ( ) 1 ( ) ( �

n GF x x Tr x f f l l , )2( nGFÎl . (1)

Conjecture . For 5³n , the Hadamard transfor m )( � l f , )2( n GF Î l , of f ( x ) is 3-

valued wit h the values 0, 12 + ± m . Specially,

) ( � l f = 0 0)( = Û t Tr l ,

1 ) ( 2 ) ( � 1 = Û ± = + t m Tr f l l

where 1)1 2 (

3

2 2 + - = l t for m = 2 l or 2 l + 1 where 1³l .

The result has been ver ified byco mputer onthe range of 5 £ n £ 23.

II. Discussion

From 3)1 2 ( 2 3 2 + - = l t = 1 2 1 2 + +l , which is relat ively pr ime to 12 -n , we have

gcd( t , 1 2 - n ) = 1. Therefore, the Hadamard transfor mof f ( x ) is determined bythe m-

sequence 0 )} ( { ³i it Tr a . This is similar to the case ofGold sequences [2], as follows. Let

) ( ) ( 21 k x Tr x g + = where ( k , n ) = 1. The Hadamard transfor mof g ( x ) is

å

Î

+ - =

) 2(

) ( ) ( ) 1 ( ) ( �

n GF x x Tr x g g l l , )2( n GF Î l .

Fromreference [2], )(� lg is 3-valued wit h values 0, 12 + ± m , and

) ( � l g = 0 0)( = Û l Tr ,

1 ) ( 2 ) ( � 1 = Û ± = + l l Tr g m .

I.e, the Hadamard transfor mof g ( x ) is determined bythe m-sequence 0 )} ( { ³i i Tr a . Thus

we see that the three-term function f ( x ) behaves like the mono mia l( one-term) funct ion

) ( 2 1 k x Tr + with respect to the Hadamard transfor m.

References

[1] J.S. No, S.W. Golomb, G. Gong, H.K. Lee, and P. Gaal, "New binar y pseudorandom

sequences ofper iod 2 n - 1 with idealautocorrelat ion," IEEE Trans. on Inform.

Theory , vo l. 44, No. 2, March 1998, pp.814-817.

[2] R. Gold, ‘‘Maximal recursive sequences wit h 3-valued recursive cross-correlat ion

funct ions, ’’ IEEE Trans. on Inform. Theory , vol. IT, Januar y1968, pp.154-156.