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Abstract

A pair of two sequences is called the even periodic (odd periodic) complementary sequence pair
if the sum of their even periodic (odd periodic) correlation function is a delta function. The well-
known Golay aperiodic complementary sequence pair (Golay pair) is a special case of even periodic
(odd periodic) complementary sequence pair. In this paper, we presented several classes of even
periodic and odd periodic complementary pairs based on the generalized Boolean functions, but
which do not form Gloay pairs. The proposed sequences could be used to design signal sets, which
has been applied in direct sequence code division multiple (DS-CDMA) cellular communication

systems.

Index Terms. Even periodic complementary sequence pair, odd periodic complementary sequence

pair, Golay complementary pair, Golay sequences, generalized Boolean function.

1 Introduction

Correlation is a measure of the similarity or relatedness between two sequences. Sequences with low
autocorrelation properties have been widely used in modern communications, radar, sonar, and in the
field of measuring techniques [1, 11, 21]. Generally speaking, the sequences with low aperiodic, perfect
periodic, or odd perfect periodic autocorrelation property are very favorable [8], [16]-[19]. However,

it seems extremely hard to design such sequences. Therefore people reduced the requirement in two
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directions: (1) design single sequence with autocorrelation property as low as possible; (2) construct a
pair or a set of sequences such that the sum of their autocorrelation functions is a delta function.

In [5, 6], a pair of binary sequences was first introduced by Golay in connection with infrared
multislit spectrometry. Such sequences pairs have a property that the sum of their respective aperiodic
autocorrelation function is a delta function. For short, in the literature the pair is called Golay pair
and each sequence is called a Golay sequence. Later, the aperiodic complementary pair was generalized
to aperiodic sequence set, and also periodic or odd periodic complementary sequence pair [23], [12], [2],
[9], [24]. All these sequences have found important applications in the practical systems. For example,
Golay sequences are used in fields such as in multislit spectrometry, ultrasound measurements, acoustic
measurements, radar pulse compression, Wi-Fi networks, 3G CDMA wireless networks, and OFDM
communication systems [9]. Periodic complementary sets are used to design a sets of signature vectors,
which have been used in direct sequence code division multiple (DS-CDMA) cellular communication
systems [10, 4].

Note that the Golay pairs are a special class of even periodic or odd periodic complementary pairs.
So there would be interesting to find out two sequences, which is even periodic or odd periodic comple-
mentary pair although they do not form a Golay pair. In this paper, our motivation is to design such
odd periodic and periodic complementary pair by means of the generalized Boolean function technique,
based on which Davis and Jedwab have developed an elegant description for a large class of Golay pairs
in [2].

This paper is organized as follows. In Section 2, we will provide the necessary background infor-
mation and notions used throughout the paper. In Sections 3 and 4, we will show the constructions of

even periodic and odd periodic complementary sequence pairs by using generalized Boolean functions.

2 Preliminaries

Let N be a positive integer, and a = (ag, a1, - ,an—_1) be a complex sequence of period N. The

aperiodic autocorrelation function of a at shift 7, 0 < 7 < N — 1, is defined as

N—-1—71

Cu(1) = Z a;a;, . (1)
i=0

where z* denotes the conjugate of the complex number x. Based on it, the periodic autocorrelation
function and odd periodic autocorrelation function of a at shift 7, 0 < 7 < N, are respectively defined
by

Ro(t) = Co(r)+Co(N —1)* (2)
Ry(1) = Cu(r) = Co(N — 1) (3)

Let a and b be two sequences of length N. A pair of a and b is said to be an aperiodic complementary

sequences pair if Co(T) + Cp(7) = 0 for 0 < 7 < N. In this case, a and b are also called the Golay



sequences, and the pair is called a Golay pair. Similarly, (a,b) is called periodic complementary pair (or
odd periodic complementary pair) if Ry(7) + Ry(7) = 0 (or Ra(7) + Ry(7) = 0) for any 0 < 7 < N.

Let H be a positive integer and ¢ be the primitive element of H-th unity, i.e., £ = exp(2mv/—1/H).
A modulated sequence of sequence (ag, a1, - ,an—1) over Zy is written as the complex sequence
(oo g1 ... ¢2N-1) TIn the following, we will use those two expressions of sequences interchangeably
for convenience.

A generalized Boolean function f(x1,: -+ ,x,,) from Z5* to Zy is represented as a linear combination

of the 2™ monomials:

[y, om) = Z Chrl_[xi7 ar € Zy.

Ie{1,---,m} i€l

Let (i1,42,+ ,4m) be the binary representation of the integer i = > /", 2m=kj, . Then a sequence
over Zg of period 2™ can be generated from the truth table of a Boolean function f(z1,z2, - ,Zm)
from Z3* to Zy: the i-th element of the sequence is f(i1,42, -+ ,4m,). For example, m =3, H = 2, and

f(x1, 29, x3) = w122 + T3, the sequence is defined as

(£(0,0,0), £(0,0,1), £(0,1,0), £(0,1,1), £(1,0,0), f(1,0,1), f(1,1,0), f(1,1,1)),

ie, (0,1,0,1,0,1,1,0), which can be regraded as (1,-1,1,—-1,1,—-1,—1,1).
In [2], Davis and Jedwab developed a powerful theory to construct Golay sequence in terms of
generalized Boolean function. From now on, it is always assumed that m > 4 is an integer and 7 is a

permutation from {1,--- ,m} to itself.

m_ .
Definition 1 Define a sequence a = {a; ?:0 L over Zy, whose elements are given by

H m—1 m
a4 =7 Z U (k) br (k1) T Z Crir + co, (4)
k=1 k=1
where ¢; € Zy, 1=0,1,--- ,m.

When H = 2", h > 1 an integer, Davis and Jedwab proved that {a;} and {a; +2" i (1) + ¢’} form
a Golay pair for any ¢ € Zgr in the Theorem 3 of [2]. Later on, Paterson generalized this result by

replacing Zon with Zg [15], where H > 2 is an arbitrary even integer.

Fact 1 (Corollary 11, [15]) Let a = {a;}2 ;" be the sequence given in Definition 1. Then the pair

of the sequences a; and a; + %iﬂ(l) + ¢ form a Golay complementary pair for any ¢’ € Zy.

In the next two sections, we will present periodic and odd periodic complementary sequence pairs

by using other generalized Boolean functions.



3 Even Periodic Complementary Pairs

In this section, we will consider the pair of sequences a = {ai}?zo_l and b = {bi}?zo_l, where

m—1 m
ai = 5 3 dryin(ern) + 2 Chinge) T €0+ Fin(p)in(g)

k=1 k=1 (5)
bi = ai+ 50

where p and ¢ are two integers with 1 < p < g < m, and ¥; is a linear function from Z5* to Zy, H an

even integer.

3.1 Results

Theorem 1 Let g =p+2 with 1 < p < m—2. The pair of sequences a and b given by (5) is a periodic

complementary pair, if
1. p=1,
((l) 7T(2) =1, € {Oa H/2}; and l; € {iﬂ'(l)7iﬂ'(3)) Z“n'(m)7i7r(1) + Z.'rr(B) + 'L'rr(m)}y
(b) 7(1) =1, c1 € {0, H/2}, and l; € {ir(2): in(3)s in(m)» in(2) T in(3) + in(m)}:

2.2<p<m-2,7(p+1)=1, c; €{0,H/2}, and {; € {ix(1);in(m)in(1) T In(p) T in(p+2),in(p) T+

bn(p+2) T bn(m)}-

Theorem 2 Let p = 2 and q = 3. The pair of sequences a and b given by (5) is a periodic comple-
mentary pair if £; € {doir(1) + diir() + ir), doiz1) + diiz2) + in(m) : do,d1 = 0,1}, 1 € {0, H/2},
m(2)=1orn(l) =1.

Theorem 3 Letp =2, and ¢ = m. The pair of sequences a and b given by (5) is a periodic complemen-
tary pair if £; € {doix(2) +ix(m)s doix(2) Tix(3)s in(1) T Aoin(2) Tix(w)s in(1) +doix(2) Tix(3) Tir(w) Fir(m) :
do=0,1}, 1 € {0, H/2}, and w(1) = 1.

Define a mapping 7’(k) = m(m+1—k), k € {1,--- ,m}, and replace 7 by 7', the following corollary

follows from Theorems 1-3.

Corollary 1 The pair of sequences a and b given by (5) is a periodic complementary pair, if
1.p=m-—2,qg=m,
((l) ﬂ-(m - ]-) =1,c¢€ {Oa H/2}7 and Ez € {iﬂ(m)7iﬂ'(m—2)7iﬂ'(1)7iﬂ'(m) + Z’71'(m—2) + 7;77(1)};
(b) m(m) =1, c1 € {0, H/2}, and l; € {irx(m—-1) in(m=2)s In(1)> in(m—1) T in(m—-2) T ix(1)};

2. 3< p< m72; q= p+2) W(m*p) = 17 c1 € {OvH/2}7 and {; € {iﬂ(1)7iﬂ'(m)ai7r(m) +i7r(m+1—p) +

iﬂ'(m—l—p)v iﬂ(m—i-l—p) + iﬂ(m—l—p) + Z‘n'(l)}



S.p=m—-2andg=m-—1,/¢; € {doiﬂ(m) —|—d1i7r(m,1) Fin(m—2) doiﬁ(m) +d1iﬂ(m,1) Fix(1) : do,d; =
0,1}, 1 € {0,H/2}, 71(m —1) =1 or w(m) = 1.

4. p=1, and g=m-—1, L € {doiﬂ'(mfl) +i7r(1)7 dOiﬂ'(mfl) +Z.7r(m72)7 ’Lﬂ'(m) +d0i7r(mfl) +i7r(1)7 Z7T(m) +
doir(m—1) + ix(m—2) : do = 0,1}, c1 € {0, H/2}, and m(m) = 1.

Remark 1 The two sequences a and b given by (5) are different from the Golay sequences given by
Fact 1.

Example 1 Let m = 5, H = 2 and m = (23154) be the permutation. Let a; = Zi:l (k)i (k1) +
in2)in(a) and by = a; +ir1). The periodic autocorrelation function of binary sequences a and b are

listed in Table 1. Furthermore they form a periodic complementary sequence pair.

Table 1: The autocorrelation function of binary sequences a and b

a (0,0,0,1,0,1,0,0,0,0,0,1,1,0,1,1,0,1,0,0,1,1,1,0,0,1,0,0,0,0,0,1)
b (0,0,0,1,0,1,0,0,1,1,1,0,0,1,0,0,0,1,0,0,1,1,1,0,1,0,1,1,1,1,1,0)
07 07 4a Oa 0) 87 _4a 07 47 87 07 Oa _47 07 Oa 07 07 07 _4a 07
(R}, (

07 8a 45 07 747 87 07 07 47 0? 0)
(07 Oa _47 07 07 _87 47 07 _45 _87 Oa 07 47 07 07 Oa 07 07 47 07 Oa
—8,-4,0,4,-8,0,0, —4,0,0)

{Ro(7) 21:1

Example 2 Let m =5, H = 4 and m = (23154) be the permutation. Let a; = 2Zi:1 G (k)b (1) +
2ig(2)ix(4) T in(s) and by = a; + 2ir1y. The periodic autocorrelation function of quaternary sequences a
and b are listed in Table 2. Furthermore they form an odd periodic complementary sequence pair. In
Table 2 and Table 4 below, & = /—1.

Table 2: The autocorrelation function of quaternary sequences a and b
a (0,0,1,3,0,2,1,1,0,0,1,3,2,0,3,3,0,2,1,1,2,2,3,1,0,2,1,1,0,0, 1, 3)
(0,0,1,3,0,2,1,1,2,2,3,1,0,2,1,1,0,2,1,1,2,2,3,1,2,0,3,3,2,2,3,1)
(0,0,4¢,0,0,8¢,4¢,0,4¢,—8£,0,0,4¢,0,0,0,0,0, —4E,
0,0,8¢,—4¢,0,—4€,—8£,0,0,—4¢,0,0)
(0,0, —4£,0,0,—8¢, —4¢€,0, —4€,8£,0,0,—4£,0,0,0,0,0, 4¢,
0,0, —8¢,4¢,0,4¢,8¢,0,0,4¢,0,0)

{Ra(7) oL

T=1

{Ro(7)}35

3.2 Proof of Results

From now on by convenience, for any given integers 1 <7 <2™ -1,0<i< 2™ —7and 0 < s < T,
we always set j =i+ 7, t =s+ 2™ — 7, and let (i1,42,  + ,im), (J1,72, " »Jm), (51,82, ", Sm) and

(t1,t2,- -+ ,tm) be the binary representations of 4, j, s and ¢, respectively.



In this section, we will prove that
Ry(T)+ Rp(1) =0, 0<7<2™

for pair (a,b) given in (5).
Due to relationship between aperiodic autocorrelation and even periodic (resp. odd periodic) auto-
correlation shown in (2) (resp. (3)), we first compute

2Mm —1—1

CaM+Colr) = 3 (€79 +¢")

2M—1—71

= Z £ % (1 + f%(fﬁf.f))
i=0

2M —1—7

= Y e (-)sY)
=0
= 2 Z £

i€J(T)
where j =i+ 7 and the set J(7) is defined as
J(r)={0<i<2™ —7:4; =4;}.

Proof of Theorem 1: We only prove for p = 1 since 2 < p < m — 2 can be proved in the same

fashion. We divide J(7) into the following four disjoint subsets

Ji(1) = {0<i<2" =7 irq) Fine) # Ir) T In(3)rin(2) = In(2), b = G
Jo(r) = {0<0<2™ =T in) Fin@) F Jr() T Ix(3) in(2) F Jn2):bi = i}
J3(r) = {0<d<2™ =7 iza) +in@) = Jr) T Jn(3)s in(1) = Jn), b = 45},
Ju(r) = {058 <2™ — 7 ira) FinE) = Jr) T Jr3)s in(1) F Jn), b = 45}

For any i« € J;(7), let ¢’ and j' be the two integers whose bits in the binary representation are
defined by

. iﬂ' k) if k 7é 2
=3 (6)
172#(1@'), if k=2
and
j;r(k) = ( ). . (7)
1_,77r(k)7 if k=2.
In other words, i’ and j" are obtained from i and j by “fHipping” the 2-th bit in (ir(1y, -+ ,ix(m))

and (jr(1), " »Jnx(m)). Then, the following facts hold.

1. ¢ — 4’ and j — 5’ are respectively one-to-one mapping;



2. j/—i'=j—i=m;
3. by =L fori € Jy(7);
4. i € Iy (7).

Given ¢ € J1(7), by (5) we have

(ai —az) = (ar = aj1) = 5 (i) + Jn(1) +in@) +n3) = 5

which indicates that £*~% /€% =% = —1, i.e., %% 4 £% % = (. Hence,
a; —aj H a; —a; H Q;r—a.,;s
T = IS e S e
1€J1(T) 1€J1(7) i €Jqi (1)
H a; —a; a;r—a.,r
= 3 2 (@) =0
1€Jq(T)

and then

Z Eaifaj =0

1€J1(2m—7)

by replacing 2™ — 7 with 7.

For any i € J3(7), since j # i, we can define v as follows:
v=min{l <k <m:izg) # e} (8)
Obviously, 2 < v < m. In addition, v # 3 because ir(3) = jr(3) from the definition of J3(7). For any

i € J3(7), let i’ and j’ be the two integers whose bits in the binary representation are defined by

(9)

ba (k)

. . iﬂ(k), if k %U* 1
L —inpy, fk=v-1

and

. Jr(k)s ifk£v—1
Jnk) = (). . (10)
1= Jrry, fk=v-1

Note that the following facts hold.

1. i — 4 and j — j’ are respectively one-to-one mapping;
2. /=i =5—i=m;

3. by =L for i € I3(7);

4. v ¢ Jg(T).



Consequently, we get from (5) that

(a; = a;) — (air — aj)
Hlin() + Jrn(2) + in) +dn@) + 2621 (in1) = Jr(1))s ifv=2

= Lliny + Jrn) +in@) + Jr@) +in@) + Jn@) + 26x(3) (inz) — dn(), fv=4
g(zﬂ'(v 2) + jﬂ'(’U 2) =+ 7'71'(1)) +.77T(v) =+ 26#(1} 1)(Z7T(’U 1) — .771'(1) 1)) ifv>4
which is £ according to the definition of v. Then, it gives £%~% 4 £%' =%’ = (. So
DRSNS SRS
1€J3(T) 1€J3(2m—71)
In the following, firstly we define two mappings as follows.
] (ﬂ-(l) =1, iﬂ(l) 7é j7r(1)7

Mapping 1: If (7(2) = 1, ir2) # Jr(2), and ir(1) +in(3) 7 Jn(1) + Jn(3)) OF

and ir(2) + ix(3) 7 Jr(2) + Jn(3)), then set two integers s and t as

k), imw(k)=1
Sey =14 (k) (11)
Jrky, i (k) #1

and
if m(k)=1 (12)

Loy = )
iﬂ(k), if ﬂ(k) 7& 1.

By (5), we have

(a; —aj) — (ar — as)

Llirq) + Jr) T in@) + dn@) (i) + Jr2) + 260@2) (in2) — Jr(z)), i 7(2) =1
L linia)y + Jr@) + in@) + Jr3)) lin1) + Jr) + 2¢x1) (in(1) — Jrqr))s i m(1) =1
H
2

because of c.(2) € {0, H/2} for 7(2) = 1 and ¢,y € {0, H/2} for n(1) = 1. That is,

gai—a]' + gat—as — 0.

Mapping 2: If ir3) + ix(m) 7# Jr(3) + Jx(m), then set i’ and j’ be the two integers defined by

and
j;‘_(k) = 1_7;71'(]6)7 k= 17 ,m. (14)
Therefore, we have that

(ai —aj) — (ai —aj) = 5(%(3) + Jn(3) +in(m) + Jnim)) = 5



which leads to
gai—aj + gai/—a]-/ — 0

Next based on the two mappings above, we investigate Jo(7) and J4(7) case by case according to
m(2) =1 or w(1) = 1, and distinct ¢;.

Case 1. m(2) = 1.
For i € Jo(7), define two integers s and ¢ by (11) and (12) respectively in Mapping 1. It is easy to
check that the following facts hold.

1. j — s and ¢ — t are respectively one-to-one mapping;

2. t—5=2""(jux) —in@) + Dbt 2" F ine) — Gnw) =27 — (G —4) =27 — 7
3. by =14 for i€ Jo(7);

4. se Ja(2m — 7).

Then,

Z gai—aj + Z é‘at_as =0

1€J2(T) s€Ja(2m—7)

For i € J4(T), we have iﬂ(l) #* j7r(1) and iﬂ(g) #* jﬂ,(3). If¢; € {iﬂ(l),iﬂ(g)}, then set J4(T) is an

empty set. If 4; € {iﬁ(m)aiw(l) + Z‘71'(3) + Zw(m)}v then 'Lw(m) = .jTr(m)a ie., iTr(3) + iw(nl) 7& j7T(3) + Jw(m)
Set two integers ¢’ and j’ defined by (13) and (14) respectively in Mapping 2. It is easily checked the

following facts.
1. 4 — 1 and j — j' are respectively one-to-one mapping;
2. /=i =5—i=m;
3. by = fj/ for i € J4(T);
4. ¢ € J4(T).
Therefore,
D VI
i€Ja(r) i€Jy(2m—7)

Case 2. (1) = 1.
The set Jo(7) can be divided into two disjoint subsets:

Js(7) = {0<i<2™ =T i) = Jr(1)s In(2) 7 Jr(2)s in3) 7 Jn(3), b = 45}

Jo(7) = {0<i<2™ =7 i) # Jn(1)s In(2) 7 Jr(2)s in(3) = Jn(3), bi = {5}



The set J4(7) can be divided into two disjoint subsets:

J7(1) = {0<i<2™ =7 i) # Jr)sin2) = Jr(2), in(3) 7 Jn(3), i = £}
Js(7) = {0<i<2™ =T i) = (1), In(2) 7 Jr(2)s in(3) 7 Jn(3), b = 5}
For Jg(7) and J7(7), by means of Mapping 1 we can derive that
DR o
iGJg(T) S€J6(27"7T)
and
S e ¥ e
1€J7(T) s€Jz(2m—1)

Both J5(7) and Jg(7) are empty unless £; € {ix(m), ix(2) Tix(3) +in(m)}, Which implies ir(m) = jr(m)-
Then, by using Mapping 2, we can deduce that
X e ¥ e
i€J5(T) seJs (1)
and then
Y oeme 3 e
i€J5(2m—1) s€Jg(2m—1)

Therefore, we obtain

Z gaifaj + Z fatfas

i€J2(T) s€Jz(2m—T)
S D i R S
1€J5(T) s€Js(2m—1) 1€J6(T) s€Jg(2m—1)
and
IR
1€J4(T) s€J4(2m—1)
s 5 e Semn x e
i€J7(T) se€Jz(2m—1) 1€Jg(T) s€Jg(2m—1)

Finally, according to the above discussion we then obtain

Ra<7>+Rb<T>—Zl > e Y 5(“5]_0'

k=1 LieJy(7) s€J(2m—71)

|
Proof of Theorem 2: Similar to Theorem 1, we can prove Theorem 2 by dividing J(7) and then

using the following mapping.
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4

For Ji(r) ={0<i< 2™ —7: In(1) = Jx(1) (i,r(g) #* Jm(2) OT ix(3) = jﬂ(g)),gi = {;}, define i’ and

0
j’ by (9) and (10) respectively where the integer v is defined as (8);

. For JQ(T) = {0 < 1< 2M -7 2.71.(1) = jﬂ'(l))i‘n’(Q) = jﬂ-(g),iﬂ-(g) 7é jﬂ.(3),€i = fj}, define ¢ and j/

by (13) and (14) respectively. Note that: Jy(7) is an empty set if £; € {doir(1) + diin(2) + in(3)
d; =0, 1}; When ¢; € {doiﬂ.(l) + dliﬂ(g) + i,r(m) :d; =0, 1}, we have i,,r(m) = jﬂ(m);

. For J3(1) = {0 <4 < 2™ =7 :irq) # ix(1),Jn(2) 7# Jn(2)}, define s and ¢ by (11) and (12)

respectively;

. For .]4(7’) = {O << 2m — 1 i,r(l) 75 iﬂ(l),iﬂ(g) = jﬂ(g),éi = éj}, define 7" and j/ by (6) and (7)

respectively.

Proof of Theorem 3: Similar to Theorem 1, Theorem 3 can be proven as follows.

. For Ji(1) = {0 < i < 2™ — 7 tir1) = Jra), b = £}, set i’ and j’ to be two integers defined by

(9) and (10) respectively where the integer v is defined as (8). In this case: If £; € {doir(2) +
ir(m)s in(1) T dotn(2) + in(m) : do = 0,1}, then ir(mmy = jr(m) OF (in(2) # Jn(2) A in(m) 7 Jr(m));
If £; € {doir(2) +in@3)sin1) + doin(2) +ix(z) : do = 0,1}, then i3y = jr3) and (ir(2) # jn(2) and
in(3) 7 Jn(3))

. For Jo(1) = {0 <4 < 2™ — 7t i) # ix(1), Jn(2) = Jr(2): i = £}, set @' and j' to be the two

integers defined by (13) and (14) respectively;

. For J3(7) = {0 <4 < 2™ — 7 tirq) # in(1),in(2) 7 Jr(2),li = £;}, set s and t to be the two

integers defined by (11) and (12) respectively.

Odd Periodic Complementary Pairs

4.1 Results

Theorem 4 Let p = 1 and ¢ = 2. The pair of sequences a and b given by (5) is an odd periodic
complementary pair if 7(1) = 1, ¢; € {0, H/2}, and £; € {doir(1) + in(2), doir(1) + ix(m) : do = 0,1}.

Theorem 5 Let p = 2 and ¢ = 4. The pair of sequences a and b given by (5) is an odd periodic

complementary pair if m(2) =1, c1 € {0, H/2}, and £; € {ir(3),ir(m)sin(1) + ix(2) + in(4) in(1) + inc2) +

in(3) T in(4) T in(m)}-

Define a mapping 7’(k) = m(m+1—k), k € {1,--- ,m}, and replace 7 by 7', the following corollary

followes from Theorems 4 and 5.

11



Corollary 2 The pair of sequences a and b given by (5) is an odd periodic complementary pair, if

IL.p=m—1and q=m, n1(m) =1, c; € {0,H/2}, and ; € {doir(m) + ix(m-1) dolir(m) + ix(1) :
dp =0,1}.

2.p=m—-3andqg=m-—1, ﬂ(mf 1) =1,¢c1 € {O,H/Q}, and l; € {iﬂ(m_2)7iﬂr(1),iﬂ—(m) +i7r(m_1) +
iﬂ(m—3)7 Zﬂ(m) + iﬂ(m—l) + Z‘7r(m—2) + iﬂ'(m—B) + 'L'rr(l)}

Example 3 Let m = 5, H = 2 and 7 be the identity permutation. Let a; = Zi:z igig4+1 and by =
a; + 15, 0 < i < 31. The odd periodic autocorrelation function of binary sequences a and b are listed in

Table 3. Furthermore they form an odd periodic complementary sequence pair.

Table 3: The autocorrelation function of binary sequences a and b
a (0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,0,0,0,1,0,0,1,0,0,0,0,1,1,1,0, 1)
(0,1,0,0,0,1,1,1,0,1,0,0,1,0,0,0,0,1,0,0,0,1,1,1,0,1,0,0, 1,0, 0,0)
] 2,0,2,0,2,0,2,0,6,0, 10,0, 2,0, -2,0,2,0,2,0, 10,
{Ha(m)}rs ( 0,-6,0,-2,0,-2,0, 2,0, —2)
(=2,0,-2,0,-2,0,—2,0,—6,0,10,0,2,0,2,0,—2,0,—2,0, —10,
0,6,0,2,0,2,0,2,0,2)

{Rb(T) 21:1

Example 4 Let m =5, H = 4 and 7 be the identity permutation. Let a; = 22%12 Tkik+1 + 284 + 15
and b; = a; + 2i5, 0 < ¢ < 31. The odd periodic autocorrelation function of quaternary sequences a and

b are listed in Table 4. Furthermore they form an odd periodic complementary sequence pair.

Table 4: The autocorrelation function of quaternary sequences a and b
a (0,1,2,1,0,1,0,3,0,1,2,1,2,3,2,1,0,1,2,1,0,1,0,3,0,1,2,1,2,3,2,1)
(0,3,2,3,0,3,0,1,0,3,2,3,2,1,2,3,0,3,2,3,0,3,0,1,0,3,2,3,2,1,2, 3)
(—2£,0,2£,0,—-2¢£,0,2¢,0,—6£,0, —10¢,0,2¢,0, —2¢, 0, —2¢,
0,2¢,0,—-10¢,0, —6¢,0,2¢,0, —2¢,0,2¢,0, —2¢, )
(2£,0,—2£,0,2£,0,—2£,0,6£,0,10¢,0, —2¢,0,2¢, 0, 2,
0,—-2¢,0,10¢,0,6¢,0,—2¢,0,2£,0,—2£,0,2¢,)

{]%a(T) ilzl

{By(1)}2Ly

4.2 Proof of Results

In this subsection, we will prove that
Ro(m)+ Ry(1) =0, 0 <7 <27

for pair (a,b) given in (5) under the conditions listed in the former subsection.

Proof of Theorem 4: Similarly, Theorem 4 can be proven by using following technique.
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For Ji(7) = {0 < < 2™ — 7 tir(1) = Jn(1), in(2) = Jr(2), Li = {5}, let i’ and j’ to be two integers
defined by (9) and (10) respectively where the integer v > 3 is defined as (8);

For JQ(T) = {0 < 1< 2M — 17 i,r(l) = jﬂ.(l),iﬂ.(g) 7& jn(2)>’€i = fj}, let ¢/ and j' to be the
two integers defined by (13) and (14). In this case, ir(m) = Jr(m) if €i € {irq) + in(m), in(m)}

respectively;

For J3(7) = {0 <@ < 2™ — 7T : i1y # ir(1)s Jn(2) = Jn(2),4 = £}, let s and t to be the two
integers defined by (11) and (12) respectively;

For Ju(r) = {0 <i< 2™ —71: (1) #+ (1) brr(2) #* jﬂ(g),éi = fj}, let s and ¢ to be the two
integers defined by (11) and (12) respectively.

Note that Jo(7) and J3(7) are empty sets if £; € {ir1) + ix(2), in(2)}-

Proof of Theorem 5: Theorem 5 can be proven similarly by the following cases.

1.

For Ji(7) = {0 <@ < 2™ — 7 tiz1) = Jr(1),in(2) T i) + in(m) = Jr(2) + Jn@) T Jnim), b = L}
define i’ and j’ by (9) and (10) respectively where the integer v > 3 is defined as (8). In this case:
If¢; € {iw(S)v Z'ﬂ.(l) + Z'ﬂ,(g) + Z'.n.(g) + ’iﬂ(4) + iﬂ(m)}, then Z'ﬂ,(g) = jﬂ.(g), which indicates that v # 3; If
Li € {in(m)s in(1) T in(2) T ix@)}, then izn) = jrm) and ir@) + jra) = in(2) + Jra)- The latter
equality implies that v # 4;

For Jo(7) = {0 <4 < 2™ — 7 2 ir(1) = Jr(1), n(2) + in(a) + in(m) 7 Jn(2) + Jra) + Jnm)s li = L5},
define 7" and j’ by (13) and (14) respectively;

For J3(7) = {0 <4 < 2™ — 7T tir1) # Jn(1)in(2) = Jn(2)>in(3) T Jn(3) = in(a) T Jn(a),bi = {5},
define i’ and j’ by (6) and (7) respectively;

For ‘]4(7—) = {0 <ie<2M—1T: iﬂ'(l) 7& .jTI'(l)VZ.T((Q) = j7r(2)7i7r(3) = j‘n’(3)ai7r(4) 7& j7'r(4)7€7l = EJ}7
define i’ and j’ as (9) and (10) respectively by setting the integer v = 4;

. For J5(1) = {0 <0 < 2" — 7 tir(1) # Jn(1),in(2) = Jr(2)in(3) 7 Jn(3)sin(a) = Jn(a),li = £},

define " and j" by (13) and (14) respectively. Note that J5(7) is an empty set if £; € {ir(3), ir(1) +
ir2) *ira) }; Ml € {ingm), in(1) T in2) +ix@) +ix@) + ixom) ), then izim) = jrm);

. For Jg(7) = {0 <@ < 2™ — 7T tiz) # Jr(1)sin@) 7 Jr(2)in@3) + Jx(3) = in@a) + Jra), bi = £},

define s and ¢ by (11) and (12) respectively.
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5

Conclusion

In this paper, we have shown several constructions of even periodic (odd periodic) complementary

sequences pairs over Zg and 47-QAM complementary sequences pairs, which are defined using the gen-

eralized boolean functions, where H = 0 (mod 4) and ¢ > 2 is an arbitrary integer. Those constructed

sequences pairs can be used to design optimal signal sets. An interesting problem is to search for perfect

even periodic complementary pairs or perfect odd periodic complementary pairs with new length.
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