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Abstract

We present a survey on the current status of the constructions of polyphase sequences with

low correlation, discrete Fourier transform (DFT), and ambiguity in both time and phase do-

main, including some new insights and results. Firstly, we systematically introduce the concepts

of phase-shift operators and ambiguity functions of sequences, and give a new construction of

polyphase sequences from combinations of different indexing field elements and hybrid charac-

ters. We then present the constructions, some known and some new, of polyphase sequences

with low degree polynomials, for their low correlation, DFT and ambiguity can be bounded by

directly applying the Weil bounds. Thirdly, we introduce the Hadamard equivalence, restate

the conjectured new ternary 2-level autocorrelation sequences, and present their Hadamard

equivalence relations. Some open problems are presented.

Key words: Polyphase sequence, character sum, finite field, time shift, phase shift, correla-

tion, discrete Fourier transform, ambiguity function, 2-level autocorrelation.

1 Introduction

Sequences with good correlation properties find many applications in wireless communications. In

particular, low correlation is used for acquiring the correct timing information and distinguishing

multiple users or channels, minimized discrete Fourier transform (DFT) spectra are for getting

low peak-to-average power ratio (PAPR) for orthogonal frequency division multiplexing (OFDM)

systems, and low ambiguity functions are for radar systems and signal processing schemes.

Correlation, DFT and ambiguity of polyphase sequences are three properties used in practical

systems for evaluating the performance of a communication system which employs polyphase se-

quences. We will give formal definitions for these three concepts in the later sections. However,

mathematically, those three properties of polyphase sequences are determined by some exponential

sums. Thus, sequences with low correlation, DFT and ambiguity can be constructed directly using

low degree polynomials where the Weil bounds are applicable. However, using additive character
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sums, there are many known sequences with low correlation or 2-level autocorrelation which corre-

spond to high degree polynomials, whose correlation cannot be bounded by the Weil bound, neither

their DFT nor their ambiguity.

In this survey, Section 2 is an introduction to basic definitions and concepts of sequences, and

additive, multiplicative, and hybrid character sums. Section 3 introduces phase-shift operators,

ambiguity functions, ambiguity signal sets, and the optimality of correlation, DFT, and ambiguity.

Section 4 introduces polyphase sequences defined by the additive group ZN and by additive and

multiplicative characters under different indexing methods, and their corresponding exponential

sums of the correlation, DFT and ambiguity. Section 5 shows the constructions of three types of

polyphase signal sets with low three metrics, namely, polyphase sequences defined by odd degree

polynomials, polyphase sequences from power residue and Sidel’nikov sequences, and polyphase

sequences from Weil representation and from general hybrid characters. In Section 6, we present

four conjectures on ternary 2-level autocorrelation sequences, Hadamard equivalence of those con-

jectured sequences, and the exponential sums in terms of iterative decimation Hadamard transform.

Section 7 addresses some open problems.

2 Basic Definitions and Concepts

2.1 Notations

The following notations will be used throughout this paper.

- C is the complex field, M a positive integer, ZM = {0, 1, . . . ,M − 1}, and ωM = ei
2π
M is a

primitive complex M -th root of unity where i =
√
−1.

- p is a prime, n a positive integer, q = pn, Fq the finite field with q elements, F∗q the mul-

tiplicative group of Fq, α a primitive element in Fq, Fq the algebraic closure of Fq and

Trnr (x) = x + xq1 + . . . + xq
n/r−1
1 (q1 = pr) the trace function from Fpn to Fpr with r |n

where Trn1 (x) is denoted by Tr(x) for simplicity.

- For x ∈ Fq, the discrete logarithm to the base α is defined by

logα x =

{
t, if x = αt, 0 ≤ t ≤ q − 2,

0, if x = 0

or simply as log x if the context is clear.

- a = {a(t)}t≥0 where a(t) ∈ ZM , is called an M -ary sequence. If a(t + N) = a(t), for all

t = 0, 1, . . ., then we say that N is a period of {a(t)}. The smallest integer with this property

is called the least period of the sequence. Throughout this paper, when we say the period of

the sequence we mean that it is the least period of the sequence for simplicity. If a has period

N , then we use (a(0), . . . , a(N − 1)), a vector of dimension N , to represent the sequence.
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- U is the set consisting of all complex sequences whose entries have magnitude 1, i.e., a =

(a(0), a(1), . . .) ∈ U , |a(t)| = 1, for t = 0, 1, . . .. Let x = (x0, . . . , xN−1) and y = (y0, . . . , yN−1)

be two sequences in CN , the inner product of x and y is defined by 〈x,y〉 =
∑N−1

j=0 xiy
∗
j where

y∗ is the conjugate of the complex number y.

2.2 Polynomial Functions over Fq

Any polynomial in Fq[x] = {
∑

i cix
i, ci ∈ Fq} is considered as a polynomial function mapping from

Fq to Fq. We may assume that their (algebraic) degrees of these polynomials are less than or equal

to q − 1 because of xq = x, x ∈ Fq.

Property 1 Let f(x) =
∑q−1

i=0 cix
i and g(x) =

∑q−1
i=0 dix

i be polynomials in Fq[x]. Then f(x) =

g(x) for all x ∈ Fq if and only if ci = di, for i = 0, 1, . . . , q − 1.

For a function mapping from Fq to Fp where q = pn, n > 1, we need some concepts on (cyclo-

tomic) cosets. A coset containing r modulo q − 1 is defined as Cr = {r, rp, . . . , rpnr−1} ⊂ Zq−1

where nr is the smallest positive integer such that r ≡ rpnr mod (q − 1). The smallest integer in Cr

is called the coset leader of Cr. Note that nr |n. Let Γ(q) be the set consisting of all coset leaders

modulo (q − 1).

Let ξ(x) be a mapping from Fq to Fp, then ξ(x) can be represented by

ξ(x) =
∑
r∈Γ(q)

Trnr1 (βrx
r) (1)

where βr ∈ Fpnr and nr = |Cr|, the size of the coset containing r. This is called the trace represen-

tation of a function from Fq to Fp. It can be computed in terms of the discrete Fourier transform

(DFT) over Fq (see [14]). The trace representation of a function from Fq to Fp is unique.

Property 2 The trace representation (1) of ξ satisfies ξ(x) = 0 for all x ∈ Fq if and only if βr = 0

for all r ∈ Γ(q).

Note that for any function ξ(x) from Fq to Fp, we can find a polynomial f(x) in Fq[x] with

exponents being coset leaders modulo (q − 1), i.e.,

f(x) =
∑
r∈Γ(q)

crx
r, such that ξ(x) = Tr(f(x)), x ∈ Fq. (2)

However, this representation is not unique except for the following case.

Property 3 For f(x) =
∑

r∈Γ(q) crx
r, cr ∈ Fq, if for all cr 6= 0, the coset leaders r have the full

length n (i.e., |Cr| = n), then f(x) = 0 if and only if cr = 0 for all r ∈ Γ(q).
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In this paper, in order to easily incorporate the process for directly applying the Weil bound,

we use the form given in (2) for a function from Fq to Fp. For the theory of finite fields and the

basics of sequences with good correlation properties, the reader is referred to [14,34].

2.3 Characters of Finite Fields

Let G be a finite abelian group with identity 1. A character χ of G is a homomorphism from G

into U (recalled that U is the multiplicative group of complex numbers with magnitude 1), i.e., a

mapping from G into U with χ(g1g2) = χ(g1)χ(g2) for all g1, g2 ∈ G.

Definition 1 (Additive character) For each j = 0, 1, . . . , p− 1, the function ψj, given by

ψj(x) = e2πijTr(x)/p = ωjTr(x)
p , x ∈ Fq

defines an additive character of Fq as a character of the additive group of Fq. We also denote it as

ψ(x) when j = 1. Furthermore,

ψj(x+ y) = ψj(x)ψj(y),∀x, y ∈ Fq.

Definition 2 (Multiplicative Character) Let M | (q − 1). For each j = 0, 1, . . . ,M − 1, a

multiplicative character χj of order M/ gcd(j,M), as a character of the multiplicative group F∗q of

Fq, is defined by

χj(α
k) = e2πijk/M = ωjkM , α

k ∈ F∗q

or equivalently

χj(x) = ω
(j logα x) mod M
M , x ∈ F∗q .

We extend the definition of χj at zero by χj(0) = 1 throughout this paper if not stated otherwise.

We denote χ0 as the trivial multiplicative character, i.e., χ0(x) = 1 for all x ∈ F∗q, and χ1(x) as

χ1(x) when we emphasize the case that M = q − 1 and j = 1. Furthermore,

χj(x · y) = χj(x)χj(y), for all x, y ∈ F∗q .

2.4 The Weil Bounds on Character Sums

The following three lemmas are in [54,55] and Corollary 1 is improved from a variation in [50].

Lemma 1 Let ψ be a nontrivial additive character over Fq and f(x) = crx
r+ . . .+c1x+c0 ∈ Fq[x]

with deg(f) = r ≥ 1, gcd(r, q) = 1 and f 6= gp − g + c for all g(x) ∈ Fq[x] and c ∈ Fq, then∣∣∣∣∣∣
∑
x∈Fq

ψ(f(x))

∣∣∣∣∣∣ 6 (r − 1)
√
q.
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Lemma 2 Let χ be a multiplicative character of Fq of order M > 1 and χ(0) = 0. For g ∈ Fq[x],

g(x) 6= c · hM (x) for some h ∈ Fq[x], let d be the number of distinct roots of g in the algebraic

closure Fq of Fq, then ∣∣∣∣∣∣
∑
x∈Fq

χ(g(x))

∣∣∣∣∣∣ ≤
{

(d− 1)
√
q

(d− 2)
√
q + 1 if M |deg(g).

However, in sequence design, it is more convenient to define χ(0) = 1, as shown in [59]. Thus,

the above lemma can be rewritten as follows in order to easily determine the correlation related

properties of sequences, which is the version that we use in this paper.

Corollary 1 With the notation in Lemmas 1 and 2, if we define χ(0) = 1 and let e be the number

of distinct roots of g(x) in Fq. Then∣∣∣∣∣∣
∑
x∈Fq

χ(g(x))

∣∣∣∣∣∣ ≤
{

(d− 1)
√
q + e

(d− 2)
√
q + 1 + e if M |deg(g).

From Corollary 1 and the hybrid sum in [55], the following result follows immediately.

Lemma 3 Let ψ be a nontrivial additive character of Fq and χ a nontrivial multiplicative character

of Fq of order M > 1 with χ(0) = 1. Let f(x) ∈ Fq[x] be a polynomial of degree r with the condition

in Lemma 1, and g(x) ∈ Fq[x] with g(x) 6= c · hM (x) and d distinct roots in Fq and e distinct roots

in Fq. Then ∣∣∣∣∣∣
∑
x∈Fq

χ(g(x))ψ(f(x))

∣∣∣∣∣∣ ≤ (r + d− 1)
√
q + e. (3)

We call the sum of (3) a hybrid character sum.

3 Correlation, DFT, and Ambiguity Functions

3.1 Operators on Sequences

We first define four operators on U , namely, decimation Ds, the time-shift Lτ , (linear) M phase-

shift Pw, and discrete Fourier transform (DFT) F . Given a = {a(t)} ∈ U and a fixed positive

integer H > 1, for s, τ, w arbitrary integers, and t = 0, 1, . . ., we define

Decimation Ds[a](t) := a(st)

Time-shift Lτ [a](t) := a(t+ τ)

Phase-shift Pw[a](t) := ωwtH a(t)
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The N points (ã(0), ã(1), . . . , ã(N − 1)) of the DFT of (a(0), . . . , a(N − 1)) are defined as follows:

ã(k) = F [a](k) :=
N−1∑
t=0

a(t)ω−tkN (4)

where we use the notation ã for F [a] for simplicity. The inverse DFT (IDFT) is given by

a(t) =
1

N

N−1∑
k=0

ã(k)ωtkN .

The time-shift and phase-shift operators capture the characteristic of signals when they are

transmitted through physical channels. At the receiver’s side, due to the possible Doppler’s effect

and multipath propagation of the channel, the received signal (or sequence) could be both time

shifted and phase shifted. Also, one could receive multiple shifted signals. For the phase shift, the

received signal could have nonlinear phase shifts. However, it is difficult to build a model which

captures all these factors in real communication systems. Thus, we simplify the scenario to only

considering the linear phase shift.

Furthermore, in sequence design, the choice of H for the phase-shift operator is determined by

the algebraic structure over which the sequence is defined. In other words, we restrict the values

of H to N , q, p, q − 1 or p − 1 depending on the sequences defined over ZN , Fp or Fq, additively

or multiplicatively. Those phenomena will be elaborated clearly in the next section. Note that this

restriction is convenient for theoretical studies. However, it may be not the case in practice.

It is worth to point out that sequence a may not be periodic and N may not be the period of

a when the DFT is applied. The definition of DFT is very general, which is applied to any finite

segment of a sequence with an infinite length in U . This is the typical case in the application of

orthogonal frequency division multiplexing (OFDM) communications. However, in this paper, we

assume that a has the period N . For the theory of digital communications, the reader is referred

to [41,42].

Definition 3 For two sequences a and b with period N , if b = Dsa with gcd(s,N) = 1 or b = Lτa

or b = Pwa, then we say that a and b are decimation equivalent or time-shift equivalent or phase-

shift equivalent. We denote them as b ∼T a, T ∈ {Ds, Lτ , Pw}. Otherwise, they are decimation

distinct or time-shift distinct or phase-shift distinct.

3.2 Correlation Functions

Let S ⊂ U consist of the sequences with period N . For two sequences a = {a(t)} and b = {b(t)}
in S, the crosscorrelation between a and b is defined by

Ca,b(τ) =

N−1∑
t=0

a(t)b(t+ τ)∗, (5)
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or equivalently,

Ca,b(τ) = 〈a, Lτb〉. (6)

If a = b, then the crosscorrelation function becomes the autocorrelation function, denoted as Ca(τ).

The maximum correlation of S is defined by

Cmax := max{ACmax, CCmax}

where the maximum autocorrelation is

ACmax := max{|Ca(τ)| : a ∈ S, 1 ≤ τ ≤ N − 1}

and the maximum crosscorrelation is

CCmax := max{|Ca,b(τ)| : a,b ∈ S,a 6= b, 0 ≤ τ ≤ N − 1}.

We call Ca(τ) for τ 6≡ 0 mod N out-of-phase autocorrelation of a.

Definition 4 Let a = {a(t)} where a(t) ∈ ZM ′, then a modulated polyphase sequence of a, denoted

as ωa, is defined as ωa
M , i.e.,

ωa := ωa
M = (ω

a(0)
M , ω

a(1)
M , . . . , ω

a(N−1)
M )

where M and M ′ are not necessary to be equal. If both a and b are M ′-ary sequences, then the

crosscorrelation of a and b is defined through their modulated sequences, given as

Ca,b(τ) =

N−1∑
t=0

ω
a(t)−b(t+τ)
M .

Furthermore, the phase-shift operator is applied to the modulated sequence of a, i.e., Pw(a) =

{ωwtH ω
a(t)
M }.

Note that the decimation and time-shift operators do not change the image sets of the auto-

correlation functions provided some conditions are satisfied. Specifically, we have the following

results.

Property 4 For gcd(s,N) = 1, Ds(a), Lτ (a), and a + c where c is constant have the same

autocorrelation properties as a. Furthermore, the autocorrelation function of b := Pw(a) is given

by Cb(τ) = ω−wτH Ca(τ).

We say that sequence a is a perfect sequence if Ca(τ) = 0 for τ 6≡ 0 mod N and a is an (ideal)

2-level autocorrelation sequence if Ca(τ) = −1 for τ 6≡ 0 mod N .

According to Property 4, if a is a perfect or 2-level autocorrelation sequence, then Dsa, Lτa,

and a + c are perfect or 2-level autocorrelation sequences where 1 ≤ s < N with gcd(s,N) = 1.

Furthermore, if a is perfect then Pw(a) is perfect.

Example 1 We consider one binary sequence and one ternary sequence.
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(a) Let M = M ′ = 2, H = 3 and a = (1101100). We denote ω3 by ω for simplicity. Then D3(a),

L2(a), and P2(a) are given as follows.

a = (1101100)

(−1)a = (−1,−1, 1,−1,−1, 1, 1) {Ca(τ)} = (7,−1,−5, 3, 3,−5,−1)

D3(a) = (1100011) {CD3(a)(τ)} = (7, 3,−1,−5,−5,−1, 3)

L2(a) = (0110011) CL2(a)(τ) = Ca(τ)

P2(a) = (−1,−ω2, ω,−1,−ω2, ω, 1) {CP2(a)(τ)} = (7,−ω,−5ω2, 3, 3ω,−5ω2,−1)

(b) Let M = M ′ = 3, H = 3 and a = (1, 0, 1, 1, 2, 0, 2, 2) where ai ∈ Z3. Then D3(a), L2(a), and

P2(a) are given as follows.

a = (1, 0, 1, 1, 2, 0, 2, 2)

ωa = (ω, 1, ω, ω, ω2, 1, ω2, ω2)

D3(a) = (1, 1, 2, 0, 2, 2, 1, 0)

L2(a) = (1, 1, 2, 0, 2, 2, 1, 0)

P2(a) = (ω, ω2, ω2, ω, ω, ω, ω2, ω)

They all have the same autocorrelation as a:

Ca(τ) =

{
8 τ ≡ 0 mod 8

−1 τ 6≡ 0 mod 8.

3.3 Ambiguity Functions

Definition 5 The auto and cross ambiguity functions of a and b of period N in U are defined as

two-dimensional autocorrelation and crosscorrelation functions in both time and phase, given by

Ga(τ, w) = 〈a, PwLτa〉 and Ga,b(τ, w) = 〈a, PwLτb〉, 0 ≤ τ < N, 0 ≤ w < H.

Thus, the autocorrelation and crosscorrelation functions are equal to their respective auto and

cross ambiguity functions for the case w = 0.

Definition 6 A set S is called an (N, r, σ) (correlation) signal set if each sequence in S has period

N , there are r time-shift distinct sequences in S, and both the maximum magnitude of out-of-phase

autocorrelation values and crosscorrelation values are upper bounded by σ.



GONG Character Sums and Polyphase Sequence Families 9

Definition 7 A set S is called an (N, r, σ, ρ) ambiguity signal set if it is an (N, r, σ) correlation

signal set, all r sequences are both time-shift distinct and phase-shift distinct, and both the maxi-

mum magnitude of out-of-phase auto ambiguity functions and cross ambiguity functions are upper

bounded by ρ, i.e.,

|Ga(τ, w)| 6 ρ, (τ, w) 6= (0, 0),

|Ga,b(τ, w)| 6 ρ, a 6= b ∈ S.

For (τ, w) 6= (0, 0), Ga(τ, w) is referred to as the out-of-phase auto ambiguity. Similar to the

correlation, we denote by AGmax the maximum magnitude of the out-of-phase auto ambiguity and

by CGmax the maximum magnitude of the cross ambiguity functions of any two distinct sequences

in S. If we define Gmax = max{AGmax, CGmax}, then Gmax ≤ ρ.

Definition 8 If u = {u(t)} ∈ U and there exists an M -ary sequence a = {a(t)}, a(t) ∈ ZM such

that u(t) = ω
a(t)
M v(t) where v ∈ U , then we say that u has an M -ary factor sequence.

According to this definition, the phase-shifted sequence of u is a sequence in U which has an

H-ary factor sequence {ωwtH }. In other words, the phase-shifted sequence of u is the term-by-term

product sequence of {ωwtH } and {u(t)}.

Example 2 We assume that a = (1, 0, 1, 1, 2), M ′ = M = 3, H = 3 and ω = ω3. Then we list a

few values of auto ambiguity function of a in the following table.

a = (1, 0, 1, 1, 2) Ga(τ, w) = 〈a, PwLτa〉
ωa = (ω, 1, ω, ω, ω2)

P1(a) = (ω, ω, 1, ω, 1) Ga(0, 1) = −ω
P2(a) = (ω, ω2, ω2, ω, ω) Ga(0, 2) = −ω2

L1(ωa) = (1, ω, ω, ω2, ω) Ga(1, 0) = −1

P1L1(ωa) = (1, ω2, 1, ω2, ω2) Ga(1, 1) = 2ω

P2L1(ωa) = (1, 1, ω2, ω2, ω) Ga(1, 2) = −1

Property 5 Let S1 be an (N, r, σ, ρ) ambiguity signal set and let S2 = {Pwu = {ωwtH u(t)} |w ∈
ZH ,u ∈ S1}. Then S2 is an (N,Hr, ρ) correlation signal set.

Note that the concept of ambiguity functions is strongly related to Costas arrays, introduced

by Costas in [6], and extensively studied in the literature, see [9, 13, 15], just to list a few. Up to

now, systematically, there are only two constructions. One is the Welch construction using Fp and

the other is the Lempel-Golomb construction using F2n , which correspond to power residue and

Sidel’nikov sequences, respectively. In the remainder of the paper, we restrict ourselves to a subset

of U in which each sequence has at most two different M -ary factor sequences. From Property 5,

given an ambiguity signal set, we can obtain a correlation signal set with the same correlation and

the size increased to a multiple of the size of the given ambiguity signal set.
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3.4 Convolution and Correlation

For a,b ∈ U with period N , the correlation function between a and b is equal to convolution

between a and b, denoted as a ∗ b, i.e.,

(a ∗ b)(τ) = Ca,b(τ) =
N−1∑
t=0

a(t)b(t+ τ)∗. (7)

From the signals and systems in digital communication [41], we have the following relation with

their respective DFTs.

Property 6 Let a and b be two complex sequences in U . Then

DFT of the convolution: C̃a,b(−k) = ã(k)̃b(k)∗

Parseval Identity:
∑N−1

t=0 |a(t)|2 = 1
N

∑N−1
k=0 |ã(k)|2 = N.

3.5 Optimal Correlation, DFT and Ambiguity

From the Welch bound [56], an (N, r, σ, ρ) ambiguity signal set S where r > 1 has the maximum

correlation, maximum DFT spectra Fmax = max{|ã(k)| : ∀a ∈ S,∀k} (it can be considered as

crosscorrelation of two sequences), and maximum ambiguity being at least the square root of N ,

i.e.,

Cmax, Fmax, Gmax ≥
√
N, for large N.

Thus the best we aim for is to find signal sets for which those values are upper bounded by c
√
N

for a small constant c ≥ 1.

Thus, we have the following criteria for measuring correlation, DFTs and ambiguity properties

of ambiguity signal sets:

Cmax ≤ c1

√
N (8)

Fmax ≤ c2

√
N (9)

Gmax ≤ c3

√
N (10)

where the cis are constants satisfying 1 ≤ ci < log logN which do not depend on N . Therefore, in

order to avoid repeatedly saying that the maximum of correlation functions, DFTs and ambiguity

functions of the sequences in an ambiguity signal set satisfy (8)-(10), we simply refer each inequality

above as a metric. For example, a metric for good correlation of a signal set means its maximum

correlation is upper bounded by (8).
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4 Polyphase Sequences for Three Metrics

In this section, we introduce polyphase sequences constructed from the additive group ZN or finite

fields. We will separate the sequences obtained from Fp additive and multiplicative characters and

Fq additive and multiplicative characters, since their constructions are slightly different and easily

confused. For polyphase sequences over a Galois ring, the reader is referred to [25] and references

listed there.

4.1 Sequences from Additive Group of ZN and Additive Group of Zp

Let
f(x) = crx

r + . . .+ c1x+ c0, ci ∈ ZN .

An N -ary sequence a = {a(t)}t≥0 with period N from ZN additive group and its modulated

sequence are defined below.

a(t) = f(t) ∈ ZN ωa(t) = ω
a(t)
kN

an N -ary sequence a (kN)-phase modulated sequence
(11)

where k is a positive integer. When N = p, a p-ary sequence a(t) and its modulated sequence are

defined as follows.

a(t) = f(t) ∈ Fp ωa(t) = ψ1(a(t)) = ω
a(t)
p

a p-ary sequence a p-phase modulated sequence
(12)

where ψ1(x) = ωx, x ∈ Fp, an additive character defined in Section 2. We say that the sequence a

is an additive sequence over ZN or an additive sequence over Fp if N = p. Note that the modulated

sequence given in (12) is a special case of (11) when N = p and k = 1.

4.1.1 Frank-Zadoff-Chu (FZC) sequences

Proposition 1 (Frank, Zadoff, Chu [4,10]) For c ∈ ZN with gcd(c,N) = 1, we define ac = {ac(t)}
and its modulated sequence, denoted as bc = {bc(t)} as follows

ac(t) = f(t), t ∈ ZN and bc(t) := ω
ac(t)
2N

where

f(x) =

{
cx2, Neven

cx(x+ 1), Nodd.

Then {ac(t)} is a perfect sequence, called a Frank-Zadoff-Chu (FZC) sequence. If N = p, let

f(x) = c2x
2 + c1x, ci ∈ Fp where c2 6= 0 and p > 2, then the p-ary sequence a defined in (12) is a

perfect sequence.
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A modulated FZC sequence {ωac(t)} can be obtained by another way for N odd, which is

presented by Sarwate [44].

Proposition 2 (Sarwate [45]) Let N be odd.

1. The modulated FZC sequence bc can be represented by

bc(t) = (−1)ctωct
2

2N . (13)

2. In the following, we assume S = {bc | gcd(c,N) = 1}.

(a) b̃c(k) = b1(c−1k)∗ · b̃c(0), ∀k.

(b) |̃bc(k)| =
√
N, k = 0, 1, . . . .

(c) If c 6= d and gcd(c− d,N) = 1, then the crosscorrelation between bc and bd is given by

|Cbc,bd(τ)| =
√
N.

(d) Let p be the smallest prime divisor of N and S1 = {bc−1 | 1 ≤ c ≤ p− 1, gcd(c,N) = 1}.
Then S1 is an (N, p − 1,

√
N) correlation signal in which each sequence is perfect and

Fmax =
√
N .

Note that in [45] the condition in (c) is listed as gcd(d−1 − c−1, N) = 1, which is equivalent to

the condition listed here.
Assertion (i) is straightforward. The proof for Assertion (ii) is to first prove (a) which can be

obtained by directly expanding the DFT, then using the Parseval identity presented in Property 6

and together with (a) to obtain (b). Taking DFT of the correlation together with (b) to get (c),

then (d) follows from (c) directly. The proof given by Sarwate was an earlier work to compute the

correlation of sequences using transform, i.e., use of DFT. In the work by Dillon and Dobbertin [8]

for proving the validity of the conjectured binary 2-level sequences also used this technique.

It is worth to point out that the results in Propositions 1 and 2 cannot be obtained by the

Weil bound if N is not prime. Furthermore, the ambiguity of the FZC sequences can reach N .

However, up to now, this is the only class of perfect sequences with optimal correlation and DFT

for an arbitrary odd integer N (see [45] for its optimality).

Remark 1 The result of (c) in Proposition 2-(ii) shows that the crosscorrelation of two different

FZC sequences with some condition is equal to
√
N . Sarwate proved this by showing that the DFT

of the crosscorrelation of two FZC sequences is equal to an FZC sequence up to a scalar factor ±N .

If the definition of DFT in (4) had a factor 1√
N

, then the DFT of the crosscorrelation of two FZC

sequences were equal to an FZC sequence. This is the reason that FZC sequences are considered

superior than the other known sequences with good correlation. Note that the elements of an FZC

sequence belong to ZN and its modulated sequence is defined by the (2N)th primitive complex root

of unity.
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Remark 2 From the identity (13) in Proposition 2-(i), an FZC sequence for odd N can be con-

sidered as being defined by a kind of hybrid characters, which resembles a new type of sequences

constructed from the Weil representation (see Section 5).

4.1.2 Another Class for ZN

Another class of quadratic phase sequences is defined by Alltop [1].

Proposition 3 Let N be odd, p be the smallest prime factor of N , fc(x) = cx2 with 1 ≤ c < p,

a(t) = ct2 ∈ ZN , and the modulated sequence is defined by

bc(t) = ω
a(t)
N = ωct

2

N .

Let S = {{bc(t)} | 1 ≤ c < p}. Then Cmax = Fmax =
√
N .

Note that the ambiguity of this set can reach N no matter whether N is a prime or not.

4.1.3 Sequences from Fp Additive Characters

For Fp additive sequences, its phase-shift operator is defined by additive characters. If the defining

polynomials over Fp have degrees at most d, then all their correlations, DFTs, and phase-shifts

are determined by a polynomial with degree at most d. Thus, the three metrics can be bounded

directly by the Weil bound, Lemma 1, on the additive characters. This is straightforward, so we

omit them here. However, there is one special case, given below.

Alltop sequences ([1,37]): Let S consist of all Fp additive sequences given by fc(x) = cx3 + x,

c ∈ F∗p and p > 3. Then Cmax =
√
p given in [1], which is better than the bound given by Lemma

1. From Lemma 1, we have Fmax, Gmax ≤ 2
√
p.

4.2 Sequences from Fp Multiplicative Characters

Let M | (p − 1), f(x) ∈ Fp[x], and χ be a multiplicative character of order M with χ(0) = 1. An

M -ary sequence u = {u(t)} with period p from the multiplicative structure of Fp and its modulated

sequence are defined as follows:

u(t) = c logα f(t) mod M, c 6= 0 ∈ ZM ω
u(t)
M = χc(f(t))

an M -ary sequence a modulated sequence
(14)

(Recall that logα 0 = 0, defined in the beginning of Section 2.) The sequence u is called an Fp
multiplicative sequence. It has period p, the same as the additive case. If f(x) = x, then {u(t)}
is called a power residue sequence. If M = 2 and p ≡ 3 mod 4, then the complement of u(t) is a

quadratic residue sequence (or Legendre sequence) with 2-level autocorrelation.
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Example 3 Let p = 7 and α = 3 be a primitive element in F7. Then we have sequences from F7

additive and multiplicative structures listed in the following table (note that logα 0 = 0):

Additive a(t) = t2 {a(t)} = (0, 1, 4, 2, 2, 4, 1)

Multiplicative:M = 6 u(t) = log3 t {u(t)} = (0, 0, 2, 1, 4, 5, 3)

M = 3 u1(t) = log3 t mod 3 {u1(t)} = (0, 0, 2, 1, 1, 2, 0)

M = 2 u2(t) = log3 t mod 2 {u2(t)} = (0, 0, 0, 1, 0, 1, 1)

1 + u2 = (1, 1, 1, 0, 1, 0, 0)

a quadratic residue sequence

of period 7

A phase shift of u is defined in terms of multiplicative characters of Fp with order M , given by

Pw[u](t) = ω
w logα t
M ω

u(t)
M = χw(t)χ(f(t)), t, w ∈ Fp. (15)

We have the following relationship of correlation, DFT and ambiguity with character sums.

Proposition 4 For Fp multiplicative sequences u, defined in (14), and v, given by v(t) = d logα g(t) mod

M, 1 ≤ d < M where g(x) ∈ Fp[x], their correlation, DFT, and ambiguity function are given by

Cu,v(τ) =
∑
t∈Fp

χc(f(t))χd(g(t+ τ))∗ =
∑
t∈Fp

χ(h0(t)) (16)

where h0(x) = f(x)cg(x+ τ)M−d

ũ(k) =
∑
t∈Fp

χc(f(t))ω−tkp =
∑
t∈Fp

χc(f(t))ψ(−tk) (17)

Gu,v(τ, w) =
∑
t∈Fp

χc(f(t))[χd(g(t+ τ))χw(t)]∗ =
∑
t∈Fp

χ(d0(t)) (18)

where d0(x) = h0(x)xM−w.

From Proposition 4, we know that both correlation and ambiguity can be bounded by the Weil

bound on multiplicative characters when both f and g have low degrees, and their DFTs can be

bounded by the Weil bound on hybrid character sums as long as f has low degree. For a power

residue sequence with f(x) = x, from (17), both f(x) and (−kx) have degree 1. According to

Lemma 3, the DFT of a power residue sequence is bounded by
√
p+ 1.

In order to facilitate a quicker assessment for the condition in Corollary 1 and Lemma 3, we

introduce the following concepts (see [22]), which will be also used in the Fq case. For f ∈ Fq[x]

(q = p or q = pn), if f(x) = c · hM (x), then we say that f(x) is an M -th power multiple in Fq[x].

Thus, the following assertions are equivalent.
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(i) f(x) is an M -th power multiple in Fq[x].

(ii) The factorization of f(x) is f(x) = c(x−γ1)e1 . . . (x−γs)es where γi ∈ Fq, c ∈ Fq where M | ei
for all i’s.

Using this result, we can easily see that ambiguity of a power residue sequence cannot be

bounded since d0(x) in (18) could be an M -th power multiple. In detail, d0(x) = xc(x+τ)M−dxM−w

where 1 ≤ c, d, w < M . By choosing c = d + w mod M with c 6= d mod M and τ = 0 we have

d0(x) = x2M , an M -th power multiple. So, Gu,v(0, w) = p.

In the following, we summarize the correlation, DFT, ambiguity of power residue sequences in

a theorem where the last two results are from [53].

Theorem 1 Let M | (p − 1), an M -ary power residue sequence uc = {uc(t)} whose elements are

defined by uc(t) = c logα t mod M, t ∈ Fp,M | (p− 1), and let S = {uc : 1 ≤ c < M}. Then uc has

the period p.

1. For any sequence u ∈ S, the autocorrelation function of u is bounded by (Sidel’nikov [48],

Lempel et. al. [33], Sarwate [44])

|Cu(τ)| ≤ 3, τ 6≡ 0 mod p.

In particular, for M = 2,

Cu(τ) ∈

{
{−1} τ 6≡ 0 mod p if p ≡ 3 mod 4

{1,−3} τ 6≡ 0 mod p if p ≡ 1 mod 4.

2. For any two sequences u ∈ S and v ∈ S, their crosscorrelation function is bounded by

|Cu,v(τ)| ≤ √p+ 2 (Kim et al. [29]).

3. The DFT is bounded by |ũ(k)| ≤ √p+ 1.

4. The cross ambiguity function has a peak value p.

4.3 Sequences from Fq Additive Characters

We now introduce sequences defined by Tr(f(x)), a function from Fq to Fp in (2), which are the

most popular sequences in both theory and practice. We assume that f(0) = 0 in this case. Let

a = {a(t)} whose elements are defined by

a(t) = Tr(f(αt)), t = 0, 1, . . . . (19)

Then a is a sequence over Fp with period N | (q − 1) where α is a primitive element in Fq, and we

also say that a = {a(t)} is defined by f(x). The equation (1) is also called a trace representation of
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the sequence {a(t)}. If f(x) = xd with (d, q − 1) = 1, then a is an m-sequence over Fp with period

pn − 1, i.e.,

m-sequence ←→ Tr(xd), gcd(d, q − 1) = 1.

Any m-sequence has a 2-level autocorrelation function. If b = {b(t)} where b(t) = a(dt), then b

is a d-decimation of a. Thus, any sequence of period N | (q − 1) can be obtained by summing up

different decimations on a shifted m-sequence with trace representation Tr(x).

The study of correlation of the sequences defined in (19) has been around for more than 5

decades. Since the polynomials considered here usually have high degrees, they cannot be bounded

by the Weil bounds. Each case with low correlation was found by a special method for manipulating

the exponential sums (see [25]). In general, DFT and ambiguity for those sequences with low

correlation are unknown. One exceptional example is the Kasami small set of the sequences of

period 2n − 1 (n even), which are defined by polynomials Tr(x + cxd), c ∈ Fq where d = 2n/2 + 1

having very high degree, but the DFT is bounded, see [32].

We may write f(x) =
∑

r∈Γ(q) crx
r, cr ∈ Fpnr (recall that Γ(q) consists of all the coset leaders

modulo q in Section 2.2). Let

S = {{a(t)} : cr ∈ Fpnr }

where a(t)’s are defined by (19). The set S corresponds to a cyclic code. To determine maximum

correlation is equivalent to find the minimum distance of this code. This connection also indicates

the hardness for determining the three metrics of this set if f(x) is too general. Starting now,

for the sequences defined by (19), we restrict ourselves to the case that the sequences have period

N = q − 1.

The sequences defined here are p-ary sequences, so the phase shift is defined through an additive

character ψ(x) = ω
Tr(x)
p (see Section 2), given by

Pw[a](t) = ψ(Tr(αt+w))ωa(t)
p = ψ(αt+w + a(t))

= ψ(αt+w + f(αt)), t, w = 0, 1, . . . (20)

where the last identity comes from (19). The following proposition presents correlation, DFT and

ambiguity of an Fq additive sequence using character sums.

Proposition 5 With f(x) and a above, let b(t) = Tr(g(αt)) where g(x) ∈ Fq[x] with g(0) = 0 and

the exponents of x in g belong to Γ(q). Recall that χ1 is a multiplicative character of order q − 1.

Ca,b(τ) =
∑
x∈Fq

ψ(f(x))ψ(g(ατx))∗ − 1 =
∑
x∈Fq

ψ(h1(x))− 1 (21)

where h1(x) = f(x)− g(ατx), τ ∈ Zq−1.

ã(k) =

q−2∑
t=0

ωTr(f(αt))
p ω−tkq−1 =

∑
x∈Fq

ψ(f(x))χ1(x−k)− 1, k ∈ Zq−1. (22)
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Ga,b(τ, w) =

q−2∑
t=0

ψ(f(αt))[ψ(g(αt+τ ))ψ(αt+k)]∗

=
∑
x∈Fq

ψ(d1(x))− 1 (23)

where d1(x) = h1(x)− αwx, τ, w ∈ Zq−1.

From (22), when f(x) = x we immediately see that the DFT is less than or equal to
√
q by

the Weil hybrid sum in Lemma 3. In other words, the DFT of an m-sequence defined by Tr(x)

is upper bounded by
√
q. This is reported in several papers, say [40]. From Proposition 5, three

metrics can be obtained using the Weil bounds only when the polynomials have low degrees.

The sequence a has 2-level autocorrelation if and only if the exponential sum in (21) is equal to

zero. For the binary case, i.e., p = 2, all known 2-level autocorrelation sequences with period 2n−1

are presented in [14]. For nonbinary cases, i.e., p > 2, there are not so many constructions known.

We will introduce them in Section 6 and present some conjectures on zero exponential sums.

4.4 Sequences from Fq Multiplicative Characters

Let f(x) ∈ Fq[x]. For M | (q − 1), and 1 ≤ c < M , recall that the definition of a multiplicative

character χc(α
x) = ωcxM from Definition 2. An M -ary Fq multiplicative sequence uc = {uc(t)} and

its modulated sequence are defined as

uc(t) = c logα f(αt) mod M, and ω
uc(t)
M = χc(f(αt)), t = 0, 1, . . . .

Let S = {uc : 1 ≤ c < M}. Then each sequence in S has period q−1 and |S| = M . If f(x) = x+1,

we have

uc(t) = c logα(αt + 1) mod M and ω
uc(t)
M = χc(α

t + 1), t = 0, 1, . . . . (24)

{u(t)} is called a Sidel’nikov sequence and {ωuc(t)M } is its modulated sequence.

Example 4 Let p = 2, n = 4 and F24 be defined by a primitive polynomial t(x) = x4 + x+ 1, and

let α be a primitive element in F24 with t(α) = 0. We list below a binary m-sequence defined by

Tr(x) and three Sidel’nikov sequences for M = 15, 5, 3.

Additive a = (000100110101111), a(t) = Tr(αt) f1(x) = x

Multiplicative u(t) = log(αt + 1) mod M f2(x) = x+ 1

M = 15 u = (0, 4, 8, 14, 1, 10, 13, 9, 2, 7, 5, 12, 11, 6, 3)

M = 5 u1 = (0, 4, 3, 4, 1, 0, 3, 4, 2, 2, 0, 2, 1, 1, 3)

M = 3 u2 = (0, 1, 2, 2, 1, 1, 1, 0, 2, 1, 2, 2, 2, 0, 0)
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The phase shift of an Fq multiplicative sequence is defined by multiplicative characters of order

M , i.e.,

Pw[u](t) = ωwtM ω
u(t)
M = χw(αt)χ(f(αt)), 0 ≤ t < q − 1, 1 ≤ w < M.

We now present the correlation, DFT and ambiguity of an Fq multiplicative sequence in terms

of character sums.

Proposition 6 With f(x) as above, let g(x) ∈ Fq[x] and v(t) = d logα g(αt) mod M . Then

Cu,v(τ) =
∑
x∈Fq

χc(f(x))χd(g(ατx))∗ − 1 =
∑
x∈Fq

χ(h2(x))− 1 (25)

where h2(x) = f(x)cg(ατx)M−d.

ũ(k) =

q−2∑
t=0

χc(f(αt))ω−tkq−1 =
∑
x∈Fq

χc(f(x))χ1(x−k)− 1. (26)

Gu,v(τ, w) =

q−2∑
t=0

χc(f(αt))[χd(g(αt+τ ))χw(αt)]∗

=
∑
x∈Fq

χ(d2(x))− 1 where d2(x) = h2(x)xM−w. (27)

From Proposition 6, all three metrics can be obtained by the Weil bound on multiplicative

characters by Corollary 1 when both f and g have low degrees. Thus, for f(x) = x + 1, i.e., the

Sidel’nikov case, from (26), the polynomial f(x) has −1 as a root and the polynomial x has zero as

a root, but both in Fp. Applying Lemma 2, the magnitude of the DFT is upper bounded by
√
q+1.

Similarly, from (27), d2(x) has three distinct roots where two are in Fp and it is not an M -th power

multiple in Fq[x]. Again using Corollary 1, the magnitude of the auto and cross ambiguity functions

are upper bounded by 2
√
q + 3. We summarize these results in the following theorem where the

last part is taken from [53].

Theorem 2 With the notation defined above, then each Sidel’nikov sequence has period q − 1 and

S is an (q − 1,M,
√
q + 3, 2

√
q + 2) ambiguity set, whose properties are listed below in details.

1. The autocorrelation function is bounded by (Sidel’nikov [48], Lempel et al. [33], Sarwate [44])

|Cu(τ)| ≤ 4, τ 6≡ 0 mod (q − 1).

In particular, for M = 2,

Cu(τ) ∈

{
{−2, 2} τ 6≡ 0 mod (q − 1) if q ≡ 3 mod 4

{0,−4} τ 6≡ 0 mod (q − 1) if q ≡ 1 mod 4.
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2. The crosscorrelation is bounded by
√
q + 3 (Kim et al. [28]).

3. The DFT is bounded by |ũ(k)| ≤ √q + 1 (Yu et al. [57]).

4. Ambiguity are bounded by |Gu,v(τ, w)| ≤ 2
√
q+2 for any (τ, w) when u 6= v and (τ, w) 6= (0, 0)

when u = v.

We summarize these four types of sequences and their corresponding characters in Table 1 where

ψ is a nontrivial additive character, χ is a multiplicative character of Fp or Fq of order M , and χ1

is a multiplicative character of Fq of order q − 1.

Table 1: Four types of sequences and characters

Fp Fq
Additive: p-ary sequence

Sequence a(t) = f(t) a(t) = Tr(f(αt))

Correlation ψ(f0(x)) ψ(h1(x))

DFT ψ(f1(x)) ψ(f(x))χ1(x−k)

Ambiguity ψ(f2(x)) ψ(h1(x) + αwx)

fi’s have the same degree h1(x) = f(x)− g(ατx)

Multiplicative: M -ary sequence

Sequence u(t) = logα f(t) mod M u(t) = logα f(αt) mod M

Correlation χ(h0(x)) χ(h2(x))

DFT χc(f(x))ψ(−kx) χc(f(x))χ1(x−k)

Ambiguity χ(h0(x)xM−w) χ(h2(x)xM−w)

h0(x) = f(x)cg(x+ τ)M−d h2(x) = f(x)cg(ατx)M−d

Note that Fp or Fq additive sequences have p phases in their modulated sequences. On the

other hand, Fp or Fq multiplicative sequences have M phases in their modulated sequences. For Fp
additive and Fq multiplicative sequences, correlation, DFT and ambiguity only involve Fp additive

characters and Fq multiplicative characters, respectively. However, for Fp multiplicative and Fq
additive sequences, their DFTs are hybrid characters sums.

Remark 3 The auto and cross ambiguity functions of an Fq additive sequence are equal to the

Hadamard transform of their respective autocorrelation and crosscorrelation functions. We will

come back to the Hadamard transform in Section 6.
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4.5 Sequences Defined by Indexing Field Elements Alternatively

For Fp sequences, regardless they are additive or multiplicative, the elements are indexed by

0, 1, . . . , p − 1 in the additive group of Fp. On the other hand, for Fq sequences, both additive

or multiplicative cases, the elements are indexed by 1, α, . . . , αq−1 in the multiplicative group of Fq.
Thus, for the Fp case, we have two different indexing methods to define the sequences: the field

elements are indexed by 0, 1, . . . , p−1, as shown in Sections 4.2 and 4.3, or indexed by 1, α, . . . , αp−2

where α is a primitive element of Fp, as shown in Sections 4.4 and 4.5 when q = p. However, for

the Fq case with q > p, we also have an alternative definition for indexing Fq elements. In order to

do so, we need a one-to-one correspondence between a p-adic integer t = 0, 1, . . . , q − 1 (q = pn),

and the elements in Fq as shown below.

t =

n−1∑
i=0

tip
i, ti ∈ Fp ←→ αt =

n−1∑
i=0

tiα
i ←→ t = (tn−1, . . . , t0).

These four alternative definitions of sequences are given in Table 2.

Table 2: Four types of sequences by indexing the elements of Fp and Fq alternatively

Fp Fq
Additive b(t) = f(αt) b(t) = Tr(f(αt))

Multiplicative v(t) = logα f(αt) mod M v(t) = logα f(αt) mod M

t = 0, . . . , p− 2 t = 0, 1, . . . , q − 1

Period p− 1 q

For example, Golay sequences are ordered by the additive group of F2n [7, 39].

Example 5 Let n = 3 and f(x0, x1, x2) = x0x1 + x1x2. Then a binary Golay sequence, denoted

by b = {b(t)} is defined as follows:

b(t) = f(t) where t = t222 + t12 + t0, t = (t2, t1, t0), t = 0, 1, . . . , 7, and

f = (f(0, 0, 0), f(1, 0, 0), f(0, 1, 0), f(1, 1, 0),

f(0, 0, 1), f(1, 0, 1), f(0, 1, 1), f(1, 1, 1))

= (0, 0, 0, 1, 0, 0, 1, 0).

In other words, the sequence b consists of the values of f in the truth table in Table 5.

Let F23 be the finite field defined by a primitive polynomial g(x) = x3 + x + 1 over F2, α be

a primitive element of F23 satisfying g(α) = 0. Using the finite field discrete Fourier transform
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(DFT) (see [14]), we can obtain the trace presentation of b, which is given by

B(x) = Tr(h(x)) where h(x) = α6x+ α3x3 (28)

and Tr(x) = x+ x2 + x4 is the trace function of F23 . Then b(t) = Tr(h(αt)), t = 0, 1, · · · , 7 where

the conversions between t and αt are given in Table 5.

Table 3: Truth table of the Golay sequence b

Index t αt x2 x1 x0 f

0 α0 = 0 0 0 0 0

1 α1 = 1 = α0 0 0 1 0

2 α2 = α 0 1 0 0

3 α3 = α3 0 1 1 1

4 α4 = α2 1 0 0 0

5 α5 = α6 1 0 1 0

6 α6 = α4 1 1 0 1

7 α7 = α5 1 1 1 0

If we evaluate B(x) = Tr(h(x)) over {αt : t = 0, 1, . . . , 6}, i.e., let a(t) = B(αt), then we obtain

{a(t)} = (0001100). In other words, for a given function B(x) in (28), using the additive character,

we have two sequences:

Indexed Indexed

in the additive group of F23 in the multiplicative group of F23

b(t) = B(t) a(t) = B(αt)

{(−1)b(t)} = (1, 1, 1,−1, 1, 1,−1, 1) {(−1)a(t)} = (1, 1, 1,−1− 1, 1, 1)

Period: 8 Period: 7

Autocorrelation

{Cb(τ)} = (8, 0, 0, 4, 0, 4, 0, 0) {Ca(τ)} = (7, 3,−1,−1,−1,−1, 3)

In general, the sequences indexed in the additive group of F2n have period 2n or a factor of

2n. However, it is not easy to find the polynomials or boolean functions such that the sequences

defined through the additive group of Fq for having low correlation, DFT and ambiguity, since no

known bounds can be applied to those cases. Even for the Golay sequences, the autocorrelation of

an individual sequence is unknown, although the sum of the autocorrelation functions of a Golay

pair sequences is equal to zero. Some preliminary treatments about correlation of the sequences

defined by Fq additive group order can be found in [14]. It could be interesting to see whether some

new sequences with good correlation, DFT and ambiguity could arise from those classes.
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5 Sequences with Low Degree Polynomials

From Propositions 4, 5, and 6 or the summaries in Table 1 in the previous section, we know three

metrics can be bounded by the Weil bounds on additive character sums, multiplicative character

sums, and hybrid sums when the defining polynomials have low degrees. In the last section, we

have also introduced sequences with low degree polynomials from additive characters over Fp, and

f(x) = x in Fp or f(x) = x+ 1 in Fq through multiplicative characters. In this section, we continue

our journey along this line with emphasis on the constructions of ambiguity signal sets with low

degree polynomials.

5.1 Methods for Generating Signal Sets from A Single Sequence

For Fq additive sequences, a general method is to apply the decimation-and-add operation, as

explained in Section 2.3, which has been attracting researchers since the end of 1950s. For those

constructions, most of them are the sum of two m-sequences. Golomb constructed binary m-

sequences using linear feedback shift registers in the middle of 1950’s [12] and Zieler extended them

to Fq [62] with period q − 1. The multi-term sequences from the decimation-and-add operations

on an m-sequence have been marked by various footprints from many researchers, [56] (1974), [23]

(1976), [31](1991), just to list a few.

Investigating Fq multiplicative sequences including Fp case occurs more recently. It can be

classified as follows.

1. Amplitude scaling operation: yc(t) = cu(t), where c is a constant (see [29] for the case that

u(t) is a power residue sequence and [28] for a Sidel’nikov sequence u(t)).

2. Shift-and-add with/without inverse: y(c,d,τ)(t) = cu(t) + du(δt+ τ) where δ = ±1, c, d and τ

are constant (first observed in [61], and later proved in [43] in 2006 for δ = 1).

3. Interleaved method: A Sidel’nikov sequence of period q2 − 1, writing it as an q − 1 by q + 1

array, then taking some columns to form a signal set. (The result in [59] shows that it can

be done when u(t) is a Sidel’nikov sequence.)

In the remainder of this section, we first introduce the signal sets with low odd degree poly-

nomials, then present sequences from power or Sidel’nikov sequences using the above operations,

thirdly, we present the sequences from the Weil representation and their extensions, and finally,

we give a new construction of sequences from combinations of different indexing field elements and

hybrid characters sums.

5.2 Sequences with Low Odd Degree Polynomials

In this subsection, we consider the following polynomial functions of odd degrees over Fq, which

have been considered extensively in the literature, for example, [38, 40, 46], for constructing signal
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sets using Fq additive characters. Let

d <

{ √
q if p = 2
√
q/2 if p > 2

(29)

T0 =

{
d∑
i=2

bix
2i−1 + x+ 1 | bi ∈ Fq with (29)

}
(30)

T1 =

{
d∑
i=2

bix
2i−1 + x | bi ∈ Fq with (29)

}
(31)

T2 =

{
d∑
i=3

bix
2i−1 + x3 | bi ∈ Fq with (29)

}
. (32)

The polynomials in T1 are recently considered in [11] for deterministic extractors for affine ran-

dom sources. By directly applying the Weil bounds, the authors show that the character sum∑
x∈Fq η(f(x)) is bounded when η is an additive character where p = 2, or η is a multiplicative

character of order 2 for p > 2. In the following, we investigate the size and three metrics of the

signal set consisting of the sequences defined by polynomials in T2 using Fq additive characters and

T0 for multiplicative characters.

5.2.1 Fq Additive Sequences with Low Odd Degree Polynomials

For the additive case, the exponents of the polynomials should belong to different cosets in order to

generate time-shift distinct and phase-shift distinct sequences. According to Property 3 in Section

4, we need the following result. For an easy reference, we also include a proof there.

Proposition 7 The odd integers 2i−1’s with the condition in (30) belong to different cosets modulo

(q − 1) for p = 2 and for p > 2 provided 2i − 1 6= 0 mod p. Furthermore, each coset of 2i − 1 has

the full size n.

Proof. Case 1. p = 2. For s = 2i− 1, i > 1, since d <
√
q = 2n/2, the binary representation of

s is

(1, s1, . . . , sbn/2c−1, 0, . . . , 0︸ ︷︷ ︸
m

),m = n− bn/2c, si ∈ {0, 1}. (33)

Thus, for any two different vectors in the form of (33), one cannot be obtained from the other by

the shifting operator. Thus they are not in the same coset modulo 2n − 1. Furthermore, the coset

containing s has the full size n, since any binary vector given in (33) does not have a period less

than n.
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Case 2. p > 2. Since s 6= pi, the p-ary representation of s is given as

(s0, . . . , sbn/2c−1, 0, . . . , 0︸ ︷︷ ︸
m

), si ∈ Fp, s0 6= 0.

A similar argument can be made for this case, thus the assertion is true.

�
Let

a(t) = Tr(f(αt)), f ∈ T2, and S2 = {{ωa(t)
M } : f(x) ∈ T2}. (34)

Using the Weil bounds in Lemmas 1 and 3, and Proposition 5, the following results on binary

sequences follow immediately.

Theorem 3 For p = 2 and 3 6 | q − 1, S2 defined by (34) is an ambiguity signal set where the size

of S2 and three metrics are given by

|S2| = qd−2, Cmax, Gmax ≤ (2d− 2)
√
q + 1, and Fmax ≤ (2d− 1)

√
q.

Remark 4 For p > 2, f(x) could contain monomial terms with even exponents. In other words,

we may assume that there exists some 1 < i0 ≤ d such that gcd(i0, q − 1) = 1, then we set

S′2 = {{a(t)} : f(x) =
d∑

i=2,i 6=i0

cix
i + xi0 , ci ∈ Fq}

where a(t) = Tr(f(αt)). Then the number of the phase-shift distinct sequences defined by S′2 and

their three metrics are given by

|S′2| = q
d−2−b d

p
c
, Cmax, Gmax ≤ (d− 1)

√
q + 1, and Fmax ≤ d

√
q.

Note that i0 is not unique, which is used to prove the phase-shift distinctness of the sequences in

the set.

Remark 5 Note that the correlation bound obtained directly by applying the Weil bound is not

as good as those obtained by a special method (see [25]). The following two cases show how far the

bounds of Cmax given by Theorem 3 are from the bound proved using a special technique.

1. f(x) = cx3 + x, c ∈ F2n , and S is the set consisting of the sequences defined by all those

polynomials. Then S is a Gold pair signal set (see [25]) where Cmax ≤
√

2q. However, Cmax

in Lemma 1 or Theorem 3 is bounded by Cmax ≤ 2
√
q. However, the sequences in S are not

phase-shift distinct. Thus, the ambiguity can reach 2n − 1.
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2. f(x) = c2x
5 + c1x

3 + x, ci ∈ F2n . Then S is a triple error correction code where Cmax ≤
√

8q.

From Theorem 3, it is bounded by Cmax ≤ 4
√
q + 1. Note that not all sequences in S are

phase-shift distinct. However, all sequences in S2 for d = 3 are phase-shift distinct. Thus,

the ambiguity function of the sequences in S can reach 2n− 1 except for c1 = 1. In this case,

S = S2 for d = 3.

Note that ambiguity of the above Case 1 is not bounded and Case 2 is not bounded if c1 6= 1.

5.2.2 Fq Multiplicative Sequences with Low Odd Degree Polynomials

Next we look at the multiplicative case. Let

u(t) = c logα f(αt) mod M,f ∈ T0, and

S0 = {{ωu(t)
M } | ∀f ∈ T0, 1 ≤ c < M}.

We need to show that the associated polynomials are not M -th power multiples in Fq[x] where

M | (q − 1). In the following, we only present the proof for the case of M = 2 and d = 3, i.e., the

binary case. The proof for this case and the results on general M and d are reported in [52]. Note

that the size of S0 is equal to the number of phase-shift distinct sequences. In this case, as long

as not all d − 1 coefficients in f(x) ∈ T0, defined in (30) are equal zero, then their corresponding

sequences are phase-shift distinct. Thus |S0| = (q − 1)qd−2. The following results are due to [52].

Theorem 4 For any p, assume that M = 2 and d <
√
q/2. Then S0 is an ambiguity signal set

where the size and three metrics are given by

|S0| = (q − 1)qd−2

Cmax ≤ (4d− 4)
√
q + 4d

Fmax ≤ (2d− 1)
√
q + 2d− 1

Gmax ≤ (4d− 2)
√
q + 4d− 2.

Proof. According to Proposition 6 or Table 1, for Cmax, we only need to show

Claim 1: g(x) = f1(x)cf2(ατx)M−d = f1(x)f2(ατx), fi ∈ T0 is not a square multiple in

Fq[x].

For Gmax, from Proposition 6 or Table 1, we only need to prove

Claim 2. g(x)xM−w = g(x)xw is not a square multiple in Fq[x] where g(x) is defined in

Claim 1.
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However, Claim 1 implies Claim 2. Thus, we only need to show that Claim 1 is true. We now

show the case of d = 3. We assume that both f1 and f2 have degree 5. The other cases can be

proved in a similar way, but much simpler. By considering the coefficient of x and constant term,

f2(ατx) = c · f1(x) will induce τ = 0 and f1 = f2. Thus f1(x) and f2(ατx) have at least one

different root in F q. If f1(x)f2(ατx) is a square multiple, then we have the following three cases

where the computations are in Fq. Note that M |, q − 1 and now M = 2, so p 6= 2 in the following

derivations.

Case 1. f1(x) and f2(ατx) share 5 roots. This case leads to f2(ατx) = c · f1(x), which is a

contradiction.

Case 2. f1(x) and f2(ατx) share 3 roots, say, a, b and c. In this case, each of these two

polynomials will have the form h(x) = e(x − a)(x − b)(x − c)(x − d)2 since f1(x)f2(ατx) is a

square multiple. We now consider the coefficient of x4 of h(x), which is zero. Then we get d =

−2−1(a+ b+ c) which implies that f1(x) and f2(ατx) share 5 roots. This is a contradiction.

Case 3. f1(x) and f2(ατx) share 1 root a. In this case, each of these two polynomials will have

the form t(x) = e(x− a)(x− b)2(x− c)2. Since the coefficients of x4 and x2 of t(x) are zero, we get

a+ 2b+ 2c = 0,

2(b2c+ c2b) + 4abc+ b2a+ c2a = 0.
=⇒

b+ c = −2−1a,

bc = −(2−1a)2.

Thus b and c are the roots of equation x2 + 2−1ax − (2−1a)2 = 0 over F q which imply that f1(x)

and f2(ατx) share 5 roots. A contradiction occurs.

Every case induces a contradiction here, so f1(x)f2(ατx) is not a square multiple in Fq[x].

Hence, the assertions are true. �

The results on Theorems 3 and 4 are true for d <
√
q/2. When d < log log2 q and d < log2 n

when p = 2, they satisfy the bounds given in (8)-(10).

5.3 Sequences from Power Residue and Sidel’nikov Sequences

5.3.1 Interleaved Structure of Sidel’nikov Sequences

We first present a result on Sidel’nikov sequences. Yu and Gong [60] studied the interleaved

structure of Sidel’nikov sequences (for interleaved sequences, see [16]). They consider the case of

M -ary Sidel’nikov sequences of period q2−1 for M | (q−1). By investigating the (q−1)×(q+1) array

structure of the Sidel’nikov sequences, they proved that half of the column sequences correspond

to the polynomials

fj(x) = (αjx− 1)(αqjx− 1) = α(q+1)jx2 − Tr(αj) · x+ 1 (35)

where Tr(x) = x+ xq, 1 6 j 6 q
2 and fq+1−j = fj . Then fj is irreducible over Fq.
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Example 6 Let q = p = 7, M = 6, q2 = 72, and a finite field F72 defined by a primitive polynomial

t(x) = x2 + x + 3. Then a 6-ary Sidel’nikov sequence u(t) of period q2 − 1 = 48 can be presented

by a (q − 1)× (q + 1) = 6× 8 array as follows.

(v0, v1, . . . , v7) =



4 1 5 0 5 1 5 1

2 4 4 2 2 2 5 4

2 4 3 3 1 0 4 4

0 5 0 3 5 2 3 5

4 1 3 1 2 3 0 1

0 0 5 2 1 3 3 0


where vj(t) = logα fj(t) mod M, 0 ≤ t ≤ q − 1 and f8−j(x) = fj(x), j = 1, 2, 3.

5.3.2 Sequences from Linear and/or Quadratic/Inverse Polynomials

Similar to (35), we formally define quadratic polynomials over Fp as follows, although those do not

correspond to any interleaved structures of power residue sequences.

gj(x) = (x− jα)(x− jαp) = x2 − j · Tr(α) + j2αp+1, 1 6 j 6
p− 1

2
(36)

where α is a primitive element of Fp. Then gj(x) is irreducible and deg(gj(x))= 2. We now assume

that u is defined by

u(t) =

{
logα t mod M,M | (p− 1) for Fp
logα(αt + 1) mod M,M | (q − 1) for Fq

(37)

and

vj(t) =

{
logα gj(t) mod M,M | (p− 1) forFp
logα fj(α

t) mod M,M | (q − 1) forFq
(38)

where the quadratic polynomials fj and gj are defined by (35) and (36), respectively. We can now

write a unified set for both Fp and Fq. For r ∈ {p, q}, we define the following signal sets where

δr = p when r = p and δr = q − 1 when r = q.

Note that the sequence {c0u(t)+c1u(t+τ)} inA2,r corresponds to polynomial f(x) = xc0(x+τ)c1

and the sequences in Z2,r correspond to polynomials (x + 1)c0(βx−1 + 1)c1 . Thus their respective

correlation functions correspond to a polynomial with 4 distinct roots and a polynomial with 5

distinct roots. Note that A1,p is only a correlation signal set, but not an ambiguity signal set (see

Theorem 1 in Section 4). From Theorems 1 and 2 in Section 4, we have the results listed in Table

5.
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Table 4: Signal sets from power residue and Sidel’nikov sequences
Scalar A1,r = {cu | 1 ≤ c < M} ,Z1,r = {c{u(−t)} | 1 ≤ c < M}
Shift-and-Add A2,r =

{
{c0u(t) + c1u(t+ τ)} | 1 ≤ τ ≤ b δr2 c, c0, c1 6= 0

}
c0 < c1 if τ = b δr2 c then c0 = 1 for r = p,

which are applied for all the cases below

A2,0,r = {{c0u(t) + c1u(t+ τ)} ∈ A2,r | c0 + c1 ≡ 0}
c0 < c1 if τ = b δr2 c

Shift-and-Add Inverse Z2,r =
{
{c0u(t) + c1u(−t+ τ)} | 1 ≤ τ ≤ b δr2 c, c0, c1 6= 0

}
c0 6= c1 if τ = b δr2 c

Quadratic and Scalar B2,r =
{
{cvj(t)} | 1 ≤ c ≤M − 1, 1 6 j 6 p−1

2 or q
2

}
, and

Quadratic B2,0,r =
{
{M2 vj(t)} | 1 6 j 6

p−1
2 or q

2

}
for M even

Table 5: Three metrics for A1,r

|A1,r| = M − 1, Cmax ≤
√
r + 2 + hr, where hr =

{
0 for r = p

1 for r = q

Fmax ≤
√
r + 1, and Gmax ≤ 2

√
q + 2.

Together with Corollary 1 in Section 2, for the signal sets in Table 4, one only needs to show

that each of the corresponding polynomials for correlation, DFT and ambiguity is not an M -th

power multiple in Fr[x], r ∈ {p, q}. This can be easily done. Thus they are ambiguity signal sets

where the three metrics are listed in Table 6. These ambiguity signal sets have been studied by a

number of researchers. In particular, it is shown that A2,r and Cmax in [30] for r = q and in [21]

for r = p; A2,r ∪ Z2,r and Cmax in [5] for r = q; A2,r ∪ B2,r and Cmax in [60] for r = q, and A2,c,r

and Cmax in [59] for both r = p and r = q. The rest of the results are due to [53].

In Table 6, we use the notation P and S to indicate the sequences constructed from the power

residue sequences and Sidel’nikov sequences, respectively, because the Sidel’nikov sequences can

have both cases for Fq for q = pn, n > 1 and q = p. The sizes of the signal sets constructed from

Sidel’nikov sequences are only listed for the case q = 2n for simplicity. The sizes will be slightly

different for q = pn where p is odd (see [53]). Note that the values given in Table 6 for Cmax, Fmax,

and Gmax are precise values and not bounds.
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Table 6: Ambiguity signal sets with quadratic/inverse polynomials and their three metrics

Sets Cmax Fmax Gmax Sizes

A2,p(P ) 3
√
p+ 4 2

√
p+ 2 3

√
p+ 4 (M − 1)p−1

2

A1,r ∪ A2,r(S) 3
√
q + 5 2

√
q + 2 4

√
q + 4 (M − 1) + (M − 1)2 q−2

2

A1,r ∪ A2,r∪ 4
√
q + 4 2

√
q + 2 4

√
q + 4 2(M − 1)+

Z1,r(S) ∪ Z2,r(S) 2(M − 1)2 q−2
2

A2,p ∪ B2,p(P ) 3
√
p+ 4 2

√
p+ 2 4

√
p+ 2 (M − 1)(p− 1)

A1,r ∪ A2,r ∪ B2,r(S) 3
√
q + 5 2

√
q + 2 4

√
q + 4 (M − 1) q+2

2 +

(M − 1)2 q−2
2

A2,0,p ∪ B2,0,p(P ) 2
√
p+ 5 2

√
p+ 2 4

√
p+ 2 p− 1

A2,0,r ∪ B2,0,r(S) 2
√
q + 6 2

√
q + 2 4

√
q + 4 M q−2

2 + 1

5.4 Sequences from Hybrid Characters

5.4.1 Sequences Using Weil Representation and Their Generalizations

By using the Weil representation, a signal set was constructed by Gurevich, Hadani and Sochen [20],

and three metrics of this signal set were proved by algebraic geometry. This is the first work to

consider all the three metrics together for a signal set, which leads to the following new discoveries.

A simple elementary construction for these sequences was found by Wang and Gong [51]. Let

g(x) = x, f(x) = bx2 + x, b ∈ Fp, for 1 ≤ c < p− 1, define

sc,b(t) = χc(g(t))ψ(f(t)) = χc(t)ψ(bt2 + t).

Let
Ω2,p = {sc,b | 1 ≤ c < M, b ∈ Fp}.

Wang and Gong [51] showed that Ω2,p is the sequences constructed using the Weil representation

by Gurevich, Hadina and Sochen [20]. Shortly after that, Schmidt [47] gave a direct proof of

three metrics of those sequences and the following generalized construction. Let g(x) = x, f(x) =∑d
j=2 bjx

j + x where d < p, 1 ≤ c ≤ p− 2 and b = (bd, . . . , b2, 1) with bj ∈ Fp and b1 = 1, define

sc,b(t) = χc(g(t))ψ(f(t)) = χc(t)ψ(

d∑
j=1

bjt
j), sc,b = {sc,b(t)}

where χ is a multiplicative character of Fp of order p − 1. We may further extend the above

sequences to a multiplicative character with order M | (p− 1) as follows:

sc,b(t) = ω
c logα t
M ψ(f(t)). (39)
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Let

Ωd,p = {sc,b|1 ≤ c < M, bi ∈ Fp}.

The phase-shift operation for hybrid sequences, defined by (39), is through additive characters in

Fp. By directly applying the Weil bound in Lemma 3, we obtain that Ωd,p is an ambiguity signal

set with the following parameters.

Proposition 8 With the above notation, if the phase-shift operation for hybrid sequences is defined

by additive characters in Fp, then we have the results listed in Table 8.

Table 7: Three metrics of hybrid sequences over Fp

Cmax Fmax Gmax |Ωd,p|

3
√
p+ 2 2

√
p+ 1 3

√
p+ 2 (M − 1)p, d = 2

(d+ 1)
√
p+ 2 d

√
p+ 1 (d+ 1)

√
p+ 2 (M − 1)pd−1, d > 2

Remark 6 For d = 2 and M = p − 1, the result on correlation in (8), appeared in [47], actually

improved the bounds originally proved by using the Weil representation in [20,51].

5.4.2 Generalization to Fq Hybrid Sequences

A generalization of the construction of Ωd,p to Fq is given in [53] and as a special case, the product

of a binary m-sequence and a ternary Sidel’nikov sequence is investigated in [27]. Let M | (q − 1),

g(x) = x+ 1, u(t) be an M -ary Sidel’nikov sequence, and f(x) ∈ Fq[x] be defined as

f(x) = bx2 + x, b ∈ Fq where p > 2 or (40)

f(x) =

d∑
i=2

bix
2i−1 + x ∈ T1, where T1 is defined in (31). (41)

Let

sc,b(t) = χ(αt + 1)ψ1(f(αt)) = ω
c logα(αt+1)
M ωTr(f(αt))

p

where χ is a multiplicative character of order M | q − 1. We write b = (b1, . . . , bd) where b1 = 1.

Let

Ω2,q = {sc,b|1 ≤ c < M, b ∈ Fq}, f(x) in (40).

Ωd,q,o = {sc,b|1 ≤ c < M, bj ∈ Fq}, f(x) in (41).

Note that the coset containing 2 modulo q − 1 has the full size n.
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Table 8: Three metrics of hybrid sequences over Fq

Sets Cmax Fmax Gmax Sizes

Ω2,q 3
√
q + 3 2

√
q + 1 3

√
q + 3 (M − 1)q

Ωd,q,o 2d
√
q + 3 (2d− 1)

√
q + 1 2d

√
q + 3 (M − 1)qd−1

Proposition 9 With the above notation and the phase-shift operator is defined through additive

characters of Fq. Then Ωd,q is an ambiguity signal set where the size and three metrics are given

in Table 9.

Example 7 The signal set Ω2,q is an analogue of the signal set from the Weil representation where

g(x) = x + 1 and f(x) = bx2 + x, b ∈ Fq. For Ω2,32 (q = 32), let F9 be defined by a primitive

polynomial t(x) = x2 +2x+2 over F3 and t(α) = 0, then α is a primitive element of F9. In this case,

Tr(x) defines the m-sequence {0, 1, 1, 2, 0, 2, 2, 1} and and Tr(bx2) gives the shifts of 2-decimation

of the m-sequence for different b2 ∈ F32 , i.e., {0, 1, 0, 2, 0, 1, 0, 2} and {1, 2, 2, 1, 1, 2, 2, 1}.

Table 9: Component sequences for hybrid sequences from F9 for M = 8

u(t) = ω
c logα(αt+1)
8 ψ(b2t

2) = ω
Tr(b2t2)
3

(−1, ω2
8, ω

7
8, ω

6
8, 1, ω

3
8, ω

5
8, ω8) (1, ω3, 1, ω

2
3, 1, ω3, 1, ω

2
3)

(1,−1, ω6
8,−1, 1, ω6

8, ω
2
8, ω

2
8) (ω3, 1, ω

2
3, 1, ω3, 1, ω

2
3, 1)

(−1, ω6
8, ω

5
8, ω

2
8, 1, ω8, ω

7
8, ω

3
8) (1, ω2

3, 1, ω3, 1, ω
2
3, 1, ω3)

(1, 1,−1, 1, 1,−1,−1,−1) (ω2
3, 1, ω3, 1, ω

2
3, 1, ω3, 1)

(−1, ω2
8, ω

3
8, ω

6
8, 1, ω

7
8, ω8, ω

5
8) (ω3, ω

2
3, ω

2
3, ω3, ω3, ω

2
3, ω

2
3, ω3)

(1,−1, ω2
8,−1, 1, ω2

8, ω
6
8, ω

6
8) (ω2

3, ω
2
3, ω3, ω3, ω

2
3, ω

2
3, ω3, ω3)

(−1, ω6
8, ω8, ω

2
8, 1, ω

5
8, ω

3
8, ω

7
8) (ω2

3, ω3, ω3, ω
2
3, ω

2
3, ω3, ω3, ω

2
3)

(ω3, ω3, ω
2
3, ω

2
3, ω3, ω3, ω

2
3, ω

2
3)

(1, 1, 1, 1, 1, 1, 1, 1)

A sequence in Ω2,9 is a term-by-term product of three sequences from each of the columns in

Table 9 and the m-sequence. Note that this example is used only to illustrate the construction of

the sequences through hybrid characters, since the bounds of the three metrics in this case is not

meaningful.

Remark 7 Note that the phase-shift operation for the case for Fq is different from the case of Fp.
In Proposition 9, the phase shift of the Fq hybrid sequences is defined through additive characters of
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Fq. However, it can also be defined through multiplicative characters of Fq, since the field elements

are indexed by the order of multiplicative group of Fq. If so, the bound on ambiguity functions in

Proposition 9 will be changed to 4
√
q + 2 and (2d+ 1)

√
q + 2 respectively.

The known ambiguity signal sets with the sizes in the order of q2 are A2,0,q ∪ B2,0,q, Ω2,p and

Ω2,q given by Tables 6, (8) and (9) which are collectively grouped in Table 10. We denote by P the

number of phases in a sequence in the table.

Table 10: Known ambiguity signal sets with the sizes in the order of q2

Sets (Cmax, Fmax, Gmax) Sizes (P, minP )

A2,0,q ∪ B2,0,q (2
√
q + 6, 2

√
q + 2, 4

√
q + 4) M q−2

2 + 1 (M, 2)

Ω2,p (3
√
p+ 2, 2

√
p+ 1, 3

√
p+ 2) (M − 1)p (Mp, 2p)

Ω2,q (3
√
q + 3, 2

√
q + 1, 3

√
q + 3) (M − 1)q (Mp, 6) when p = 2

Thus Fq multiplicative sequences with quadratic polynomials have the best parameters in terms

of correlation and DFT, and the other two are superior in terms of ambiguity.

5.5 A New Construction

As we have introduced in Section 4.5, there are alternative four classes of sequences in terms of

the different methods for indexing the elements of Fp and Fq. Thus a sequence defined by hybrid

characters could have a number of different combinations.

Construction A. Let

s(t) = η(x(t))σ(y(t)), where

η, σ ∈ {ψi, χj | 0 < i < p, 0 < j < q − 1}, and x(t), y(t) ∈ P, where

P = {a(t) and u(t), defined in Table 1, and b(t) and v(t), defined in Table 2}.

The ambiguity signal sets presented in Section 5.4 for both Fp and Fq use x(t) = a(t), y(t) = u(t),

η = ψ and σ = χ. Thus, it is interesting to see whether there exist some combinations which yield

ambiguity signal sets with low three metrics. An example of this new construction is the sequences

considered in [49], which is obtained by flipping a few bits of the following sequence

s(t) = χi(u(t))χj(v(t)) = (−1)s1(t)(−1)s2(t) where

s1(t) = logα t mod 2

s2(t) = log
(αt+1)
α mod 2, t = 0, 1, . . .
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where u(t), v(t) ∈ P in Construction A, and both χi and χj are multiplicative quadratic characters

of Fp. Note that {s1(t)} has period p and {s2(t)} has period p− 1 since it uses the multiplicative

group order of Fp. Thus {s(t)} has period (p− 1)p.

6 Two-Level Autocorrelation Sequences and Double Exponential
Sums

In this section, we look at the sequences with ideal 2-level autocorrelation. Up to now in all the

known multiplicative cases, there are only polynomials with degree 1, which produce the sequences

with optimal autocorrelation, i.e., power residue sequences for Fp multiplicative and Sidel’nikov

sequences for Fq multiplicative. For ZN additive, FZC sequences are perfect sequences with defining

polynomials of degree 2. However, for Fq additive, there are several classes of sequences with 2-

level autocorrelation with high degree polynomials. The work on binary 2-level autocorrelation

sequences, i.e., q = 2n, has been collected in [14] and has no new sequences coming out since then.

For the ternary case, i.e., q = 3n, there are several conjectured sequences, whose validity has been

established recently by Arasu, Dillion and Player [3], but the proofs did not appear yet. For p > 3,

there are only two known classes of primary constructions (we will define this concept below), one

is the class of m-sequences and the other is the Helleseth-Gong (HG) class.

In this section, we first introduce the concepts on prime 2-level autocorrelation sequences and

Hadamard equivalence, then we show the conjectured ternary sequences and their alternative ex-

ponential sums in terms of the 2nd order decimation-Hadamard transform. We use the trace

representation of Fq additive sequences in this section.

6.1 Prime 2-Level Autocorrelation Sequences

Let f(x) be the trace representation of a p-ary sequence a = {a(t)}, i.e., a(t) = f(αt), t = 0, 1, . . .,

with 2-level autocorrelation, i.e., f(x) is a function from Fq to Fp. Let m be a proper factor of n

and h(x) be a function from Fq to Fpm . We say that h(x) is Fpm linear if for y ∈ Fpm , and x ∈ Fq,
we have h(xy) = ydh(x) for some d with 1 ≤ d < pm − 1. If we can write

f(x) = g(x) ◦ h(x)

where g(x) is a polynomial nonlinear function from Fpm to Fp (i.e., g(x) 6= Trm1 (ax),∀a ∈ Fp) such

that the sequence defined by g(x) has 2-level autocorrelation, and h(x) is an Fpm linear function

from Fq to Fpm , then we say that a is a composited 2-level autocorrelation sequence. Otherwise, it

is said to be a prime 2-level autocorrelation sequence.

Currently, there are only two classes known Fpm linear functions, one is given by Trnm(xd)

with 1 ≤ d < q − 1 and gcd(d, q − 1) = 1, and the other is HG functions, which will be defined

shortly. For example, GMW sequences or generalized GMW sequences are the composited 2-level
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autocorrelation sequences (see [14]). So, we only need to classify all prime 2-level autocorrelation
sequences.

6.2 Hadamard Transform, 2nd Order Decimation-Hadamard Transform, and

Hadamard Equivalence

The Hadamard transforms of f(x) and a are defined by

f̂(λ) =
∑
x∈Fq

ψ(Tr(λx))ψ(f(x))∗ =
∑
x∈Fq

ωTr(λx)−f(x)
p , λ ∈ Fq

â(τ) = f̂(ατ )− 1, τ = 0, 1, . . . . (42)

Note that the Hadamard transform of a is equal to the crosscorrelation of a and an m-sequence

defined by Tr(x). From (42), the Hadamard transform of f(x) and a are determined by each other.

From now on, we focus on the Hadamard transform of functions. The inverse formula for f(x) is

given by

ψ(f(λ)) =
1

q

∑
x∈Fq

ψ(Tr(λx))f̂(x)∗, λ ∈ Fq.

For (v, t) ∈ Z2
q−1 and λ ∈ Fq, the first-order and second order decimation-Hadamard transforms

(DHT) are defined as follows.

1st order DFT: f̂(v)(λ) =
∑

x∈Fq ψ(Tr(λx))ψ(f(xv))∗

=
∑

x∈Fq ω
Tr(λx)−f(xv)
p .

2nd order DFT: f̂(v, t)(λ) =
∑

y∈Fq ψ(Tr(λy))f̂(v)(yt)∗

=
∑

x,y∈Fq ω
Tr(λy)−Tr(ytx)+f(xv)
p .

In general, for any integer pair (v, t), x ∈ Fq, f̂(v, t)(x) may be just a complex number. However,

if it satisfies the following condition:

f̂(v, t)(x) ∈ {qωip | i = 0, . . . , p− 1}, ∀x ∈ Fq,

then we can construct a function, say g(x), from Fq to Fp, whose elements are given by

ψ(g(x)) =
1

q
f̂(v, t)(x), x ∈ Fq. (43)
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In this case, we say that (v, t) is realizable, and g(x) is a realization of f(x) or a. If g(x) is realized

by f(x) with (v, t), from (43), we have

ĝ(λ) = f̂(v)(λt), λ ∈ Fq. (44)

Definition 9 If f and g satisfy (44), then we say that f and g are Hadamard equivalent, written

as f ∼H g.

In order to determine the autocorrelation of the sequence defined by g(x), we need the Parseval

formula on the Hadadmard transform.

Property 7 (Parseval Formula)∑
x∈Fq

ψ(f(λx))ψ(f(x))∗ =
∑
x∈F1

f̂(λx)f̂(x)∗, λ ∈ Fq.

From the Parseval formula, the autocorrelation of a, defined by f(x), is equal to the autocorre-

lation of its Hadamard transform sequence. If one of them has 2-level autocorrelation, so does the

other. Formally, we have

Property 8 Let b be a sequence defined by g(x), i.e., b(t) = g(αt), where g(x) is a realization of

a. Then a has 2-level autocorrelation if and only if b has 2-level autocorrelation.

Dillon and Dobbertin [8] used the Parseval formula to prove binary 2-level sequences. The

concepts on the second order DHT are introduced in [17] by Gong and Golomb for the case that

both v and t are coprime with q − 1 and those are extended to any integers in [58].

6.3 Conjectures on Ternary 2-Level Autocorrelation Sequences

Let p = 3, n = 2m+ 1 and d = 2 · 3m + 1. Lin’s Conjecture [35] is stated as follows.

Conjecture 1 (Lin [35]) Let f(x) = Tr(x + xd) and a(t) = f(αt). Then a = {a(t)} has 2-level

autocorrelation. In other words,∑
x∈F3n

ω
Tr(x+xd)−Tr(ατx+ατdxd)
3 = 0, for all τ = 1, . . . , q − 2.

Conjecture 2 (Gong et al. [18]) Let f(x) = Tr(x) and (v, t) be defined as follows

v =

{
2(3m+1 − 1) for m even

−2(3m+1 − 3) for m odd
and t =

3n + 1

4
.

Then (v, t) is a realizable pair and f̂(v, t)(λ) realizes the conjectured 2-term sequences in Conjecture

1.
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Note that in this case, gcd(v, q− 1) 6= 1. So the realized sequence should be computed through

the multiplexing method as presented in [58].

The following two conjectures involve the HG sequences.

Theorem 5 (Helleseth et al. [24]) Let n = (2m + 1)k and s be an integer with 1 ≤ s ≤ 2m and

gcd(s, 2m + 1) = 1. Define b0 = 1, bis = (−1)i and bi = b2m+1−i for i = 1, 2, . . . ,m, where all

indices of bi’s are taken modulo 2m+ 1. Let u0 = b0/2 = (p+ 1)/2 and ui = b2i for i = 1, 2, . . . ,m.

Define

e(x) =

m∑
i=0

um−ix
(q2i1 +1)/2, q1 = pk.

Then the sequence {s(t)} over Fp whose elements are defined by s(t) = Tr(e(αt)) has an ideal

two-level autocorrelation for any p.

This is referred to as HG sequences, which was discovered by Helleseth and Gong [24]. Note

in [24] there are two classes of 2-level autocorrelation sequences, however, they are decimation

equivalent. When p = 3, k = 1, and s = 2, e(x) becomes

e(x) = Tr

(
m∑
i=0

um−ix
(32i+1)/2

)
.

Let

δ =

{
1 m odd

2 m even
and ε =

{
1 m odd

0 m even.
(45)

The following conjecture illustrates that Lin’s conjectured 2-term sequences are the realizations

of HG Sequences.

Conjecture 3 (Ludkovski and Gong [36]) Let u0 = 3n−1
2 , u1 = 3m−1

2 , f(x) = x + xd, defined in

Conjecture 1, and g(x) = δe(x). Then

f̂(λ) = ĝ(λt
−1

), ∀λ ∈ F3n (46)

where t = εu0 + u1. Thus, Lin sequences and HG sequences are Hadamard equivalent. The expo-

nential sum equality of (46) is written as

∑
x∈Fq

ωTr(λx−x−x
d) =

∑
x∈Fq

ωTr(λ
t−1

x)−g(x), ∀λ ∈ Fq.

The following conjecture indicates that the conjectured ternary 2-level autocorrelation sequences

by Ludkovski and Gong in [36] can also be realized by HG sequences.
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Conjecture 4 Keep g(x) = δe(x). Let

v = 3n+1
4 and tj = 3n−1−1

2 − 3j ,

j = n− 2, n− 3, . . . , n+1
2 , εn+1

2 , n−1
2

where ε is defined in (45) and let

ωTj(x) =
1

q
ĝ(v, tj)(x), x ∈ Fq.

Then Tj(x) defines a 2-level autocorrelation sequence. Equivalently,∑
x,y∈Fq

ωTr(λy−y
tjx)+g(xv) ∈ {q, qω, qω2}, ∀λ ∈ Fq.

Tj contains exactly three classes B, C and D conjectured in [36].

The validity of all the conjectures has been verified for n = 5, 7, 9, 11 and 13 and probabilistically

verified for n = 15. From Conjectures 2-4, we have the Hadamard equivalence relations listed in

Table 11.

Table 11: Hadamard equivalence relations given by Conjectures 2-4

m-sequences ∼H Lin conjectured 2-term sequences

(Conjecture 2)

Lin conjectured 2-term sequences ∼H HG-sequences (Conjecture 3)

HG-sequences ∼H Ludkovski-Gong conjectured

sequences (Conjecture 4)

7 Some Open Problems

In this section, we summarize some unsolved problems on polyphase sequences with good correla-

tion, DFT and ambiguity properties, which are introduced in previous sections.

7.1 Current Status of the Conjectures on Ternary 2-Level Autocorrelation

Arasu announced in [2] the validity of the 2-level autocorrelation property of Lin conjectured

sequences, and Ludkovski and Gong conjectured sequences in an unpublished paper [3]. However,

the Hadamard equivalences given by Table 11 still remain open. It is not clear whether those

questions could be solved by the light of their approaches.
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If all Conjectures 2-4 are true, then there are only two classes of known ternary 2-level autocor-

relation sequences. One is the class, denoted by T1, consisting of all known ternary prime 2-level

autocorrelation sequences and one type of HG sequences. Note that the ternary 2-level autocorre-

lation sequences in [26] is a special case of HG sequences. The other class, denoted by T2, is the

rest of HG sequences. Conjectures 2-4 state that all the sequences in T1 are Hadamard equivalent,

which still remain unsolved.

7.2 Possibility of Multiplicative Sequences with Low Autocorrelation

It is natural to ask whether there exist Fp or Fq multiplicative sequences with low autocorrelation,

but the defining polynomials have high degrees. For example, Fp multiplicative sequences have

the same autocorrelation as the power residue sequences and Fq multiplicative sequences have the

same autocorrelation as the Sidel’nikov sequences. Those sequences, if there exist any, should be

revealed using some special techniques. This could constitute an extremely challenge task.

7.3 Problems on Four Alternative Classes of Sequences and the General Hybrid

Construction

As we have shown in Section 4.5, corresponding to the four classes of sequences through Fp and Fq
algebraic structures, there are the other four classes of the sequences using alternative indexing field

elements of Fp and Fq. Among those sequences, only Golay sequences [7], indexing the elements of

F2n by additive group, are extensively investigated in the literature. Recently, it has been reported

in [19] that Golay sequences have a large zero autocorrelation zone. However, the other out-of-

phase autocorrelation values have very large peaks. We ask whether there exist some classes of

those sequences with low autocorrelation or with low crosscorrelation. The other open question is

to find some class of the sequences with three metrics, constructed from combinations of different

indexing field elements and hybrid characters in Construction A.

8 Conclusions

We have introduced four types of polyphase sequences defined by Fp additive and multiplicative

characters, and Fq additive and multiplicative characters, respectively. We considered polyphase

sequences with three metrics, namely, correlation, DFT and ambiguity together. We have showed

sequences with three metrics which are obtained from odd degree polynomials, power residue se-

quences, Sidel’nikov sequences, Weil representation sequences, and the sequences from combina-

tions of different indexing field elements and hybrid characters. We restated conjectured ternary

sequences with 2-level autocorrelation and their Hadamard equivalence relation. Some open prob-

lems were addressed.
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