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Abstract

Frequency-hopping sequences (FHSs) are employed to teitiha interferences caused by the
hits of frequencies in frequency-hopping spread spectrystems. In this paper, we present two new
constructions for FHS sets. We first give a new constructiorFHS sets of length N for two positive
integersn and N with ged(n, N) = 1. We then present another construction for FHS sets of length
(¢ — 1)N, whereq is a prime power satisfyingcd(q — 1, N) = 1. By these two constructions, we
obtain infinitely many new optimal FHS sets with respect ® Beng-Fan bound as well as new optimal
FHSs with respect to the Lempel-Greenberger bound, whigh fegthn N or n(¢—1)N. As a result,

a great deal of flexibility may be provided in the choice of FB&Ss for a given frequency-hopping

spread spectrum system.
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. INTRODUCTION

Frequency-hopping spread spectrum techniques have béehywised in ultrawideband com-
munications, military applications, Wi-Fi, Bluetooth, asg on [1-6]. A frequency-hopping
sequence (FHS) represents an ordered list of the frequeasigned to a user at each time
slot. In communication systems based on frequency-hopjing necessary to properly select
an FHS or an FHS set in order to mitigate the interferenceezhby the hits of frequencies. For
example, multiple access systems require FHS sets with tmwelation and large size, while
some systems such as Bluetooth need a single FHS with goocbartgiation. For these reasons,
design of good FHS sets or FHSs has been a major issue in ireghepping spread spectrum
systems.

The main purpose of FHS design is to find an FHS or an FHS sethwhioptimal under a
given condition. In general, the optimality of an FHS set isasured by the Peng-Fan bound
[7], whereas that of a single FHS is by the Lempel-Greenlvebgend [8]. There are several
algebraic or combinatorial constructions for optimal FHB4-HS sets in the literature [8-27].
Moreover, some generic extension methods have been pf2829], which generate several
new families of optimal FHS sets. In the case that no mathealattructure which gives an
optimal FHS set with some desired parameters has been fextehsion of a given FHS set

may be a good alternative to obtain new FHS sets with suchrpeas.

In this paper, we present two new extension methods for an sétSwhich increase its
length and alphabet size, but preserve its maximum Hamnonglation. We first give a new
construction for FHS sets of lengthV for two positive integers: and N with ged(n, N) = 1.
We then present another construction for FHS sets of lefigthl) NV, whereq is a prime power
with ged(¢—1, N) = 1. The two construction methods can be applied to any exi§tih§ sets or
FHSs satisfying some constraints, as summarized in Taloiteover, by properly combining
the two methods, it is possible to obtain infinitely many ngstimal FHS sets with respect to the
Peng-Fan bound as well as new optimal FHSs with respect thehgel-Greenberger bound,
which have lengtm N or n(q — 1) N. As a result, a great deal of flexibility may be provided in

the choice of FHSs or FHS sets for a given frequency-hoppimgagl spectrum system.

The outline of the paper is as follows. In Section I, we giveng preliminaries to FHSs.

We give a new construction of FHS sets with lengtN and provide some new optimal FHS
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sets and optimal FHSs as its example in Section Ill. We ptes@&ew construction of FHS sets
with length (¢ — 1) N and obtain optimal FHS sets and optimal FHSs with new paremseén
Section V. Finally, we give some concluding remarks in feciv.

Il. PRELIMINARIES

Throughout this paper, the following notation will be used:

. (z),: the least nonnegative residue omoduloy for an integerz and a positive integey;
. |z]: the largest integer less than or equalto
« [z]: the least integer greater than or equakto

« Zy: the ring of integers modula for a positive integer.

Let F = {fo,f1,...,fu_1} be the set of available frequencies in a frequency-hopping
multiple-access system. A sequenke= {X(¢)}Y ! is called an FHS of lengtiV over F
if X(t) e Fforall0 <t < N —1. Forf e F, the number of occurrences ¢fwithin X

denoted byNx(f), can be written as

Nx(f) =t : X(t) = f, 0<t < N =1}

For two FHSsX andY of length N over F, the (periodic Hamming correlationbetweenX

andY is defined as

N-1
Hxy(r) =Y h[X(t),Y({t+7)n)], 0<7<N-1
t=0
where
1, If z=y
hlz,y] =

0, otherwise.

If X =Y, itis called theHamming autocorrelatiorof X, and is denoted by/x(7) for short.

The following proposition can be easily derived.

Proposition 1. The Hamming correlation between two FHSS = {X(#)}V,' and Y =

{Y(t)}X,! over F can be written as

Hxy (T Zzh Y ({t+7)n), f]-

t=0 feF
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The maximum out-of-phase Hamming autocorrelatmnX is defined as

H(X)= max {Hx()}.

1<r<N-1
If H(X) = A\, for a nonnegative integek,, X is called an(N, M, \,)-FHS. In general, the

optimality of an FHS is measured by the Lempel-Greenbergend.

Theorem 2 (Lempel-Greenberger Bound, [8]). For an (N, M, \,)-FHS X, we have

(N—=b)(N+b—M)
>
Aa 2 { M(N —1) @
whereb = (V).
The Lempel-Greenberger bound can be rewritten as follows.
Corollary 3 ([12]). For any FHSX of length N over a frequency set of sizd,
a, it N#M
H(X) > (2)
0, Tt N=M

where N =aM +b, 0 <b< M — 1.

Let X be an FHS set consisting &f FHSs of lengthNV over F with |F| = M. For f € F,
the number of appearances pfin X is defined as

Na(f) = 3 Nx(f).

Xex

For any two distinct FHSsC andY of X, let

H(X,Y)= max {Hxy(7)}.

0<7<N-—1
The maximum out-of-phase Hamming autocorrelatiggX') and themaximum Hamming cross-
correlation H.(X') of X are defined as
Hy(X) = max{ H(X)},
Ho(X) =  max {H(XY)},

respectively. Thanaximum Hamming correlatioof X is defined as

H(X)=max{H,(X), H.(X)}.
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If H(X) = X for a certain nonnegative integer, then X' is called an(NV, M, \; L)-FHS set.
Peng and Fan established a boundiy{X’) and H.(X') of an FHS set in terms of frequency
set size, length, and the number of FHSs.

Theorem 4 (Peng-Fan Bound, [7]). Let X be an FHS set consisting df FHSs of lengthV
over F with |F| = M. Then

M(N = 1)Ho(X) + NM(L — 1)Hy(X) > N(NL — M). 3)

The following corollary is frequently used as a simplifiedsien of the Peng-Fan bound.

Corollary 5 ([7]). An (N, M, \; L)-FHS setX satisfies

(NL — M)N
H0 = | | *
and
2INL — (I +1)IM
H(x) 2 [ (NI 1)L w
wherel = |XE |,

In practical applications, the required length and alphaibee of an FHS or an FHS set are
variable according to the specification of a given systemrmeirenment. Thus, it is very important
to select FHSs or FHS sets with optimal Hamming correlatioden the given condition. In the
following sections, two new FHS construction methods wdl iresented, from which infinitely

many new optimal FHSs or FHS sets can be obtained.

IIl. CONSTRUCTION OFFREQUENCY¥HOPPINGSEQUENCES OFLENGTHNnN

Several optimal FHS sets were constructed from algebragobinatorial structures [8-27].
In the case that no mathematical structures for optimal FéiSwith some desirable parameters
can be found, extension of a given FHS set may be a good soltwiabtain new optimal
FHS sets with such parameters. In [28], Chwt@l. applied the interleaving technique [30,31]

to the construction of FHS sets. As a result, @ M, \; L)-FHS set can be extended to a
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(dN, M,dX\; | L/d])-FHS set for any integet with 2 < d < L. While the number of frequencies
is fixed in this extension, the maximum correlation incresaged the set size decreases. Later,
Zeng et al. [29] presented another extension method of FHS sets byg ubia interleaving
technique and field extension, in which the maximum con@ta&nd the set size are preserved.
These two extension methods are generic in the sense thyatdnebe applied to any FHS set
satisfying some constraints. In this section, we will giveeav generic extension method which
preserves the maximum correlation and the set size. We Vgitl show that several infinite

families of new optimal FHSs or FHS sets can be constructea four extension.

A. New Construction of FHS Sets

The Chinese Remainder Theorem (CRT) [32] tells us that whemd 11 are positive integers
such thatgcd(V, W) = 1, any integert with 0 < ¢ < VIV can be uniquely represented as

t 2 (ty,tw)

wheret, = (t)y andty = (t)w. By using the CRT, it is possible to extend an FHS set to

another one in the following way.

Construction A: Let X £ {Xy, X,,..., X1} be an(N, M, \; L)-FHS set overF, where
X; = {X;(t)},1 Let ¢, = p* for a primep; and a positive integet;, wherep, satisfies
ged(py, N) =1 andNy(f) <p,—1forany f e F. For0 <i < L —1, letY; & {y;(t)}25 "
be the FHS ovekZ, x F, defined as

Yi(t) £ Yi(to, t1) = ((ni(t1)to)g,, Xi(t1))
wheret, = (t),,, t1 = (t)~, andn; is the function given by
ni(t) = D Ny, (Xi(th)) + {u : Xi(uw) = Xi(t), 0 <u <t} )
m=0

Construct an FHS se¥, as

Va={Y:|0<i<L—1}.



J.-H. CHUNG, G. GONG, AND K. YANG: NEW FAMILIES OF OPTIMAL FHS OF COMPOSITE LENGTHS 7

Remark: Define theL x N array associated with the FHS s&tin Construction A as

Xol0) o Xo(t) e Xo(N 1)
Xi1(0) -0 Xiq(t) -0 Xia(N 1)
X;(0) - Xi(t1) - Xy(N-=1)
| X21(0) oo Xpoa(t) -0 Xpo(N—1)

The numbern;(¢;) in Construction A is equal to the number of appearances of ynebsl

f = X;(t1) in the subarray

Xo(0) -+ Xo(t)) -+ Xo(N-—1)
Xi1(0) - Xia(t) - Xig(N—1)
X;(0) - Xi(th)

Clearly, 1 < n;(t;) < Ny(f) < pp—1forany0 <i < L—1andanyd <t < N — 1.
Furthermore, we have;(t;) # n;((t1 + 7)n) if i # j or i # 0, when X;(t;) = X,(t1 + 7).
These properties af; would be useful to prove the optimality of the FHS 3&f. |

Each symbol of the FHSs in Construction A has a vector form twithcomponents. However,
the structure of the alphabet does not matter since eachdysimapped into an available
frequency by a one-to-one mapping. The Hamming correlateom be calculated by using the
fact that a hit occurs only when boity(¢) andY;(t+7) in Z,, x F have the same components in
each coordinate. The following lemma is useful to calcutate Hamming correlation of FHSs

whose symbols are of a vector form with two components.

Lemma 6. Let V and W are two positive integers withed(V, W) = 1. Let X £ {X (¢)};2 *
andY £ {Y ()} ' be two FHSs of lengti' 1/ over F; x F, such thatX (t) = (a(ty), b(tw)),
and Y (t) = (c(tv),d(tw)) with ty, = (t)y and ty = (t)w, Where{a(ty)} and {c(ty)} are
sequences of lengthi over 7, and {b(tw )} and {d(tw )} are sequences of lengifi over F,.
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The Hamming correlation betweexi and Y is given by

wW-1

Hxy(r) = Y hlbltw), flhld((tw + 7w)w), f]

tw=0 feFs

wherery, = (7)y and ry = (7).

Proof. Define twoV x W arraysX andY by

(a(0),6(0)) -+ (a(0),b(tw)) -+ (a(0),b(W —1))

X £ (a(tv),b(0)) -+ (a(tv),b(tw)) -+ (a(tv),b(W —1))
| (a(V =1),b(0)) -+ (a(V —=1),b(tw)) --- (a(V =1),b(W —1)) |
and
[ Ccv)dw) - (c(rv) d((tw +Tw)w)) - (c(rv)dl(rw — Dw)) |
Y £ | (c(itv +rdv)diw)) o (e(tv F o) dtw +mwdw)) - (et + v, d({mw — Lw)
| (v =Dv)dirw)) - (c({rv = v), d({tw +7w)w)) -+ (c({rv = Dv),d({tw — Dw)) |

where each entry aX andY is in F; x F». It is clear thatH x y (7) is equal to the number of the
common entries oX andY having the same elements i x F. If b(tw) # d({tw + Tw)w),

the ty--th columns ofX andY have no such entries. Otherwise the number of such common

entries in them is determined by comparifig(ty)}; —, and {c({ty + 7v)v)},, . That is, we
have
Hxy(r) & Hxy(mv,™w)
V-1 W-1
= D> hl(altv),btw)), (c({ty +7v)v),d({tw + Tw)w))]
= 3 hlatt)elity + )] B d((tw + 7))
‘:/:1 o V-1
= > h[b(tw),d({tw + mw)w)] - > hlalty),c((ty +7v)v)].

By applying Proposition 1, we get the assertion. O
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Theorem 7. The sef)4 in Construction Ais &q N, g1 M, \; L)-FHS set. Furthermoref{ (Y;) =
H(X;)forall 0 <i<L-—1.

Proof. For0 < 7 < ¢N — 1, let y = (r),, andm, = (7)y. By Lemma 6, the Hamming

correlationH; ;(7) betweenY; andY; is given by

Hi,j<7—> = Hi,j(ToaTl)

i D AX(t), F1- B (( +)N), ]

t1=0 feF
q1—1

: Z A{{mi(t) —ni (B + 1))} - to)y, . (mi({t+ T1)w) - 7o), )

to=0

In order to compute?; ;(7), we divide the problem into two cases.

Case i)i = j andr = 0. Sincem(tl) =n;((t1 + 7)) in this case, we get

qa—1
H 7_0’ Z Zh [Xi(tl)af] Z h 772 tl To th]
t1=0 feF to=0
If 0 =0, then
N-1 q1—1
H;;(0,0) = > Y h[Xi(t), f]- > h[0,0]
t1=0 feF to=0
N—-1
= Zﬂh
t1=0
= qN.
If 1§7‘0§q1—1,then
N-1 q1—1
H; j(10,0) = Z Zh[Xi(t1>af] : Z 0
t1=0 feF to=0
=0

where the first equality comes from the fact thdt, )7 # 0 mod ¢; sincel < n;(t;) < p; —1.

Therefore,

N, f1=0
HZ'J'(T(), 0) = N 0
0, otherwise.

Case ii)i # j or 1 # 0. In this case, itX;(t;) = X;((t; + 7)n) = f for somef € F, then

ni(t1) —n;({(¢1 +71)n) #0  mod py
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sincel < n;(t1) # n;({(t1 + 7)n) < p1 — 1. Hence,

qa—1
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Z h{ni(t1) =it +70)} - to)grs (0 (B + 1)) - To)g] = 1

to=0

WhenXi(tl) = X](<t1 + 7_1>N)- Then,

Hi,j(To,Tl) = Z_ Zh[Xi(t1>7f] h[Xj(<t1 +71>N)7f]

t1=0 fEF

— Z_: h[Xi(t1), X;((t1 + 71) )]

t1=0

= Hxi,xj(ﬁ)

A

IN

sincei # j or 7y # 0.
By summarizing the results of Cases i) and ii), we have

G N, if =0
Hi; () =14 0, if o#A0andm =0
Hx, x,(m1), if 7 #0
forany0 <i<L -1, and

Hi (1) = Hx, x;(11) < A

forany0<i#j<L—-1landany0 <7 <N — 1.

It is easily checked tha¥y, ((a, f)) = Nx(f) for anya € Z,, and anyf € F in Construction

A. Therefore, it is possible to extend the length)f by the factorg, = p3?, wherea, is a

positive integer angh, is a prime withp, > p; andged(ps, N) = 1. |

A can be applied recursively infinitely many times.

n this way, Construction

Corollary 8. Let X be an(N, M, X; L)-FHS set overF, whereX; = {X;(t)},'. For a positive

integer k, let ¢; = p;* for 1 < i < k, wherep,...,p, are primes

ai,...,a are positive integers. Assume that= ¢, - - - ¢, satisfiesged(

withp; < --- < p, and
n,N)=1land Ny (f) <

p1 — 1 for any f € F. Then there exists atmN,nM, \; L)-FHS set ovelZ,, x --- x Z,, x F.
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If X in Corollary 8 is optimal with respect to the Peng-Fan bouhd, resultant FHS set is

(NL—M)N 1 “ _ ’V(NLfM)N

also optimal Whenevefm — 7 mw since

(NL—M)N 1 (hNL —nM)-N  (NL— M)N

< < .
(NL—1)M LM =~ (hNL—-1)-nM ~ (NL-1)M

For example, theé9n, 3n, 3; 3)-FHS set extended from th@, 3, 3; 3)-FHS set given in [10] is
always optimal as long as satisfies the conditions in Corollary 8. Moreover, if each FHSY

is optimal with respect to the Lempel-Greenberger bouni, guaranteed that each FHS in the
resultant set is always optimal becayse’ | = | |. Some new optimal FHS sets obtained by
recursively applying Construction A are listed in Table lin& Construction A can be applied
to any existing FHS sets, it is expected that there exist smme classes of optimal FHS sets

which can be obtained from our construction, but are nogdighere.

Example 9. Let X = {X,, X;, X,} be the optimal(9, 3, 3; 3)-FHS set overZ; given in [10],

where

{Xo(tl)}i:() = {07 07 07 Ov 1a 27 07 27 1}7
{Xl(t1>}§120 = {17 17 17 17 27 07 17 07 2};

{XQ(tl)}z:O = {27 27 27 27 Oa ]-7 27 17 0}
It is easily checked that

{no(t1)}5—0 = {1,2,3,4,1,1,5,2,2},

{nl(tl)}flzo ={3,4,5,6,3,6,7,7,4},

{772(751)}?1:0 - {5’ 67 77 87 87 8a 97 97 9}

Letq; = p; = 11 in Construction A. The FHS| overZ,, x Z3 can be obtained from thé&l x 9
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array
(0,0) (0,0) (0,0) (0,0) (0,1) (0,2) (0,0) (0,2) (0,1) ]
(1,0) (2,0) (3,0) (4,0) (1,1) (1,2) (5,00 (2,2) (2,1)
(2,0)  (4,0) (6,0) (8,0) (2,1) (2,2) (10,0) (4,2) (4,1)
(3,0) (6,0) (9,0) (1,0) (3,1) (3,2) (4,0) (6,2) (6,1)
(4,0)  (8,0) (1,0) (5,0) (4,1) (4,2) (9,00 (8,2) (8,1)
(5,0) (10,0) (4,0) (9,0) (5,1) (52) (3,0) (10,2) (10,1)
(6,0) (1,0) (7,0) (2,0) (6,1) (6,2) (8,00 (1,2) (1,1)
(7,0)  (3,0) (10,0) (6,0) (7,1) (7,2) (2,00 (3,2) (3,1)
(8,00 (5,0) (2,0) (10,0) (8,1) (82) (7,0) (5,2) (51)
(9,0) (7,0) (5,0) (3,0) (9,1) (9,2) (1,00 (7,2) (7,1)
| (10,0) (9,0) (8,0) (7,00 (10,1) (10,2) (6,0) (9,2) (9,1) |
that is,
{Yo(t) ?io = (07 0)7 (27 0)7 (67 O)» (17 0)7 (47 1)7 (57 2)7 (87 0)7 (37 2)7 (57 1)> (97 0)7
-+ ,(2,1),(2,0),(6,0),(1,0),(9,0),(6,1),(7,2),(7,0),(7,2),(9,1) }.
Similarly,
Vi), = {(0,1), (4, 1), (10,1),(7, 1), (1,2),(8,0), (9, 1), (5,0), (10,2), (5, 1),
T (47 2)? (67 1)7 (17 1)7 (97 1)? (87 1)7 (77 2)7 (97 O)? (17 1)7 (87 O)a (77 2)}3
{Y2(t) ?io = {(07 2)7 (67 2)7 (37 2)7 (27 2)7 (107 0)7 (7> 1)7 (107 2)7 (87 1)7 (67 0)7 (117 2)7
-+ ,(9,0),(10,2),(7,2),(6,2),(7,2),(4,0),(1,1),(6,2),(4,1),(2,0) }.

For 0 <4, j <2, the Hamming correlatiorfZ; ;(7) betweenY; andY] is easily computed as

(99, if i=jandr =0 mod99
0, if i=4 9/randlltr
0, if ijand9|r

3,  otherwise.

H; (1) =

Clearly, V4 = {Y;, Y1, Ya} is an optimal(99, 33, 3; 3)-FHS with respect to the Peng-Fan bound.
Moreover, each FHS is an optimal(99, 33, 3)-FHS with respect to the Lempel-Greenberger
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bound. In a similar way X can be extended to an optim@l17, 39, 3; 3)-FHS set, an optimal
(1287, 429, 3; 3)-FHS set, or infinitely many optimal FHS sets. [ |

B. New Optimal Single FHS

Given a length and a frequency set size, the existence of amalpFHS with respect to
the Lempel-Greenberger bound is not always guaranteednBtance, it is easily checked that
neither a(5, 2, 2)-FHS nor a(6, 2, 3)-FHS exists. Thus, it is also an important problem to find an
optimal FHS with respect to the Lempel-Greenberger bourdghvhas a length or an alphabet
size not covered in the literature.

Construction A in the case df = 1 leads to the construction of a new single FHS. Based on
Construction A, it is possible to obtain new optimal FHSs weébpect to the Lempel-Greenberger

bound.

Corollary 10. Assume that there exists an optinial, M, \,)-FHS X with respect to the Lempel-
Greenberger bound, defined ovér. For positive integers: and ay, ..., ax, let ¢; = pi*, 1 <

i < k, wherepy, ..., p; are primes withp; < --- < pg. If n = q; - - - ¢, satisfiesged(n, N) =1
and Nx(f) < p1 — 1 for any f € F, then there exists an optim@&h/N,nM, \,)-FHS over
Ligy X+ X Lgy X F.

Proof. Let N = aM + b with 0 < b < M — 1. Then), = a if M # N, and), = 0
if M = N by Corollary 3. From Construction A, amN,nM, \,)-FHS Y can be obtained.
SincenN = a(nM) 4+ nb with 0 < nb < n(M — 1), Y is optimal with respect to the Lempel-

Greenberger bound by Corollary 3. O

Corollary 10 tells us that any optimal FHS with respect to tlemipel-Greenberger bound
can be extended to an optimal FHS of a longer length over ailagt of available frequencies,

if properly chosen. Some examples of new optimal FHSs aresthio Table .
Example 11. Let X = {X(¢)};2, be the(19, 6, 3)-FHS overZg given by

{(X ()2, =1{0,0,1,1,2,4,2,0,3,2,5,0,3,5,1,5,4,4,3}



14 CACR TECHNICAL REPORT 2014

in [13]. By applying Construction A toX with ¢; = p; = 5, we obtainY = {Y(¢)}}%, over

Zs X Zg aS
{Y (1)}, = {00,20,21, 11, 42, 04, 22, 10, 33, 22, 05, 40, 43, 15, 21, 05, 24, 14, 43,
40,00, 11,41, 32,44, 02, 30, 23, 42, 45, 00, 23, 45, 41, 25, 04, 34, 13,
30, 30,01, 21,22, 34, 32,00, 13,12, 35, 10, 03, 25, 11, 45, 34, 04, 33,
20,10, 41,01, 12,24, 12,20, 03, 32, 25, 20, 33, 05, 31, 15, 14, 24, 03,
10,40, 31,31, 02, 14, 42, 40,43,02, 15, 30, 13, 35,01, 35, 44, 44, 23}

where (z,y) is simply denoted byy for z € Zs; andy € Zg. It is easily checked that™ is
an optimal (95, 30, 3)-FHS with respect to the Lempel-Greenberger bound. SingjlaXl can
be extended to an optima&l 33,42, 3)-FHS, an optimal(665, 210, 3)-FHS, or infinitely many
optimal FHSs. |

V. CONSTRUCTION OFFREQUENCYHOPPINGSEQUENCES OFLENGTH (¢ — 1)N
In [29], some new optimal(¢—1)N,gM — A, \; L)-FHS sets obtained from &V, M, \; L)-
FHS set were presented, wherés a prime power and\ is determined by the properties of the
given FHS set. In this section, we present a new construftionptimal FHS sets with similar
parameters in a different approach. &t be the finite field ofg elements andv a primitive
element ofF,. For any nonzero element of F,, we have3 = ' for an integer) <[ <q— 2.
By using the CRT and the finite field, it is possible to construcea FHS set.

Construction B: Let X = {X,, X;,...,X; 1} be an(N, M, \; L)-FHS set overF, where
X; = {X;(t)},'. Assume that is a prime power satisfyingcd(q—1, N) = 1 and Ny (f) < ¢
for any f € F. Let ( be a one-to-one function frofil, ..., ¢} to F,. For0 <i < L —1, let
Y; 2 (Vi) 14, PV ! be the FHS oveF, x F, defined as

Yi(t) = Yi(to, t1) = (' + Gi(t1), Xi(t1))

wherety = (t),—1, t1 = (t)n, and(;(t1) = ((n;(t1)) with 7; defined in (5). Construct the FHS
set)p as
Vg ={Y[0<i<L—1}.
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Theorem 12. The set))s in Construction B is & (¢ — 1) N, gM, \; L)-FHS set.

Proof. For0 <7 < (¢ —1)N — 1, let iy = (7),-1 andm, = (7). In a similar way to the

Proof of Theorem 7, the Hamming correlatiéf) ;(7) betweenY; andY; is given by
Hij(1) 2 Hij(ro,m)

= " S ALK, £ AL (). S

t1=0 feF

: Z hla' (1 —a™), ¢ty +71) — Gi(t) ].

to=0

In order to computed; ;(7), we divide the problem into two cases.

Case i)7y = 0. In this case,

H;;j(t) = H;j(mo,7)

= z_: D hX(t), FIAXG (0 +7), f1- ) h[0,G(h 4+ 7) — Gt ]
t1=0 feFr t0=0

Note that
g—1, ifi=jandm =0

2_: hO, ¢t +71) — G(t)] =

to=0

by the fact thaty;(t;) # n;((t; + 71)~) and( is one-to-one. Consequently,

0, otherwise

H, . (7) (g—1)N, ifi=jandm =0
ij\T) = .
’ 0 otherwise.

Y

Case ii)7y # 0. Sincea is a primitive element of',, we have

q_2 H - o
Z h[ato(l o aTO)v Cj(tl + 7'1) - Cz(t1>] = 0, if 4= J andr =0

1, otherwise.

to=0
Hence,
0, if i=j5andm =0
H; (1) = .
Hy, x;(m1), otherwise.
In summary,
(g—1)N, ifi=jand7=0
Hi (1) <

A, otherwise.
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Therefore, we get the assertion. O

Remark: Compared with the construction in [29], Construction B reesiione additional con-
dition thatged(¢ — 1, N) = 1. However, the alphabet size 9fz in Construction B is always
, WwhereW = {f | Nx(f) = 1}.
Moreover, the condition that < Nx(f) < ¢—1in [29] is also different from the condition that
1 < Nx(f) < ¢ in Construction B.

exactlygM, while the alphabet size in [29] is given g/ — |

Note thatNy, ((z, f)) < Nx(f) for anyz € F, and anyf € F in Construction B. Hence, it
is possible to apply Construction A @g. By combining Construction B with Construction A
in this way, other classes of optimal FHS sets and FHSs with perameters can be obtained,

as shown in the following corollaries and Tables Il and IV.

Corollary 13. Assume that there exists an optingal, M, \; L)-FHS setX over F. Letg; = p;"
for 1 < i < k such thatpy,...,p, are primes withp; < --- < p, and ged(p;, N) = 1 for
1 <i < k. Letq be a prime power satisfyingcd(q—1,¢;---qx) =1 andged(¢—1, N) = 1. If
Nx(f) <p1—1landNy(f) < qforall f € F, then there exists atm(q—1)N,ngM, \; L)-FHS

setYp, wheren = pi* - - - p* with positive integersiy, . .., ay.

Corollary 14. Assume that there exist an optimaV, M, \,)-FHS X over F. Let ¢; = p;"
for 1 < i < k such thatpy,...,p, are primes withp; < --- < p, and ged(p;, N) = 1 for
1 <i < k. Letq be a prime power satisfyingcd(q—1,¢;---qx) =1 andged(q¢—1, N) = 1. If
Nx(f) <p1—1and Nx(f) < qforall f e F, then there exist afin(q — 1) N, ngM, \,)-FHS
Y overF, x F. In particular, Y is optimal if N = M or bg > N, where N = aM + b with
0<b< M.

Note that in Corollary 10, the optimality with respect to thenhpel-Greenberger bound is

always preserved becaugr% = % However, an additional condition is needed in Corollary 14

(g—1)nN
qnM

N

since <

V. CONCLUSION

We showed two new extension method for constructing FHS ¥étsalso proved that infinitely

many families of new optimal FHS sets with respect to the Fesg bound as well as new
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optimal FHSs with respect to the Lempel-Greenberger bousd lme obtained from them.
Compared with the previous extension methods in [28] and, [88} constructions give new
optimal FHS sets for much more general cases, as shown i TabMoreover, several new
classes of optimal FHSs or FHS sets are provided in Tabld¥, iw#hose parameters are not

covered in the literature.
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TABLE |

EXTENSION METHODS OF AN(N, M, X\; L)-FHS ST X. HERE, p1, ..

PRIME POWER
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., Pk ARE PRIMES WITHp; < --- < px, AND ¢ IS A

References Extended FHS set Constraints
[28] (AN, M, dX; | £]) 2<d<L
1< Nx(f)<qg—1
[29] ((g=1)N,qM — [¥|, \; L) forall f e F,

U =A{fINx(f) =1}

Construction A

(nN,nM,\; L)

1< Nx(f)<p1—1
forall f e F,
n:p?l...pzk,

ged(n,N) =1

Construction B

((g=1)N,qM, \; L)

1< Nx(f) <4q,
forall f e F,
ged(g—1,N) =1

Combination of

Constructions A and B

n(qg—1)M,\; L)

1< Nx(f) <p—1,
1< Nx(f)<q
forall f € F,
n:p‘lll ...pzk’
ged(n,g—1) = ged(q — 1, N)
=gcd(n,N) =1
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TABLE I
PARAMETERS OFSOME NEW OPTIMAL FHS SETS WITH RESPECT TO THEPENG-FAN BOUND OBTAINED FROM
CONSTRUCTIONA. HERE, p,p1, ..., Pk ARE PRIMES WITHp1 < -+ < pg,n = pi* -+ - py®, AND 7 IS A PRIME POWER
New FHS Set Individual FHS )
Constraints
(N7M7A7L) (N7M7)‘a)

. . (n(r' = 1),nr™ r'=m —1) 1<m<I,
(n(r —1),nr™,r m,rm) _ z
optimal p1r>r
2
(np*,np, p)
(np?, np, p;p) _ p1>p°
optimal
p=eg+1,
(np,n(e+1),9—1)
(np,n(e+1),g5€) . 2<g<e,
optimal
p1>p
r=eg+1,

(n(r—1),n(e+1),g;e)

(n(r—1),n(e+1),9-1)

ele+1)>r—1,

optimal
p1>r
ged(l,h) =1,
n(rl—1) m olmm_q h

(n('rlfl) nr™ rlfm—l.h) h T, h |’f’—1,
" h optimal 1<m<lI,

1
p1 > T ;1

(n’Ufn (e + 1),9;91)

(nv,n(e+1),g—1)

optimal

v=eg+1=s"t - 5",
81 < -+- < s, : odd primes
si = eg; + 1 for all 4,

g12>2e>2, p12>eq
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TABLE 1l

PARAMETERS OFSOME NEW OPTIMAL FHSs WITH RESPECT TO THELEMPEL-GREENBERGERBOUND OBTAINED FROM
CONSTRUCTIONSA AND B. HERE, p, p1,

, Dk ARE PRIMES WITHp1 < -+ < pg, n = pi' -+ p.*, AND BOTH ¢ AND 7 ARE
PRIME POWERS

Parameters .
Constraints
(N, M, \a)
v=eg+1=r"t - .r]k,
ry <--- <7 : odd primes
(nv,ne,g)
r; = eg; + 1 for all i,
2*927 p1>e+ 1
v=eg+1=r"t - .r]'k,
r < ---<rg: odd primes
(nv,ne, g)
ri =eg; + 1 andr; = 3 mod4 for all 4,
2‘91'7 p1 > e+ 1
(np?, np, p) p1>2p—1
r=eg+1,

(TL(’I" - 1),71(6-"- 1)7 9 — 1)
ele+1)>r—1, p1>e
(n(r! =1),nem,rtmm 1) 1<m<l, p>r'"
(n(rbn —_— Tl—nl_l) ged(n,h) =1, hir—1,
Lo 1<m<n, p>" 7=
v=eg+1=r"t .k,
ry < --- <rp: odd primes

(Tb(q— 1)U7nq 679)

r; = eg; + 1 for all 4,
2tgi, p1 >e+1,
ged(n, g — 1) = ged(q — 1,v) = ged(v,n) =1

(n(q - 1)07 ne, g)

v=eg+1=r"" - .r]k,

ry <--- <rp: odd primes

ri =3 mod4 andr; = eg; + 1 for all 4,
2lg, p1 >e+1,

ng(’I’L, q— 1) = ng(q - 17U) = ng(U,’I’L) =1

(n(g—1v,nqle+1),g - 1)

v=eg+1=r"t pk,

ry < --- <rE: odd primes

r; = eg; + 1 for all 4,

2<g<e pi>e (e—g+2)g>wv,
ged(n,g— 1) = ged(g — 1,v) = ged(v,n) =1
1<m<n,
(nlg =1) (r' = 1)) ,ngr™,r'=™ — 1) pr>rlTT g > DL
ged(n,g—1) =ged(g— 1,7 = 1) = ged(r! —1,n) =1
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TABLE IV
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PARAMETERS OFSOME NEW OPTIMAL FHS STS WITH RESPECT TO THEPENG-FAN BOUND OBTAINED BY COMBINING

CONSTRUCTIONSA AND B. HERE, p, p1, ..

., Pk ARE PRIMES WITHp1 < -+ < pg, n = py' -+ - p.*, AND BOTH ¢ AND 7 ARE

PRIME POWERS

New FHS Set
(N, M, ;L)

Individual FHS
(N7 M7 >\a)

Constraints

(n(g—1)(r" = 1), ngr™, '~ r™)

(n(q — 1)(rl — 1),nqrm,rl7m — 1)
optimal

1<m <,
P1 >7“l, q>rl
ged(n, g — 1) = ged(g — 1,7 — 1)

=ged(r' —1) =1

(n(q — 1)p*, ngp, p; p)

(n(q — 1)p*, ngp, p)
near-optimal

p1>p°, q>p7,
ged(n, g — 1) = ged(g — 1,p)
=gcd(p,n) =1

(n(g — 1)p,ng(e+1),g;e)

(n(g—1)p,ng(e+1),9 1)
optimal

p=eg+1,
2<g<e,
pL>p, ¢>p,
ged(n,q — 1) = ged(q — 1,p)
=ged(p,n) =1

(n(g—=1)(r—1),nq(e+1),g;e)

(n(g—=1)(r-1),ng(e+1),9g-1)
optimal

r=eg+1,
ele+1)>r—1,
p1>T, q>qi,
ged(n,g— 1) =ged(g— 1,7 — 1)
=gced(r—1,n)=1

L —m
(n(q—lzz(r _1>,nqrm, il A _l;h)

1 —m
(n(qflgl('r 71)’nqrm7 ol i _1>

ged(n, h) =1,
hir—1,
1<m <,

i 1
p1>rh17 Q>%7

(n(q - 1)U71’Lq (6 + 1)79;91)

(n(g = v,nq(e+1),9—1)
optimal

optimal
ged(n,q — 1) = ged(g — 1,7' — 1)
=ged(r',n) =1
v=eg+1=s"t - s'",
$1 < -+- < s, : odd primes

si=egi+1, 1 <e>2
p1 > eg1, qle+g—2) >,
ged(n, g — 1) = ged(g — 1,v)
=ged(v,n) =1




