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ABSTRACT. Joseph Yucas and Gary Mullen conjectured that there is
no self-reciprocal irreducible pentanomial of degree n over Fy if n is
divisible by 6. In this note we prove this conjecture for the case n = 0
(mod 12), and disprove the conjecture for the case n =6 (mod 12).

1. INTRODUCTION

Let f(z) be a polynomial in Fo[x] whose constant term is nonzero. Then
the reciprocal of f(z) is defined to be f*(x) = 2" f(1/x). If f(z) is irreducible
over Fo, then sois f*(x). If f*(x) = f(z), then f(z) is called a self-reciprocal
polynomial. The weight of f(z) is the number of the nonzero coefficients
of it. The order of an irreducible polynomial f(x) over [y is the smallest
integer e such that f(x)|z¢ — 1 in Fa[z].

Let f(x) be a self-reciprocal irreducible polynomial over Fgy of degree
n > 1. Then f is of even degree since ™! is a root of f whenever « is.
Thus n = 2m for some m. Also if f is a pentanomial, i.e. has weight 5, then
f(z) = 2?™ + 2™ 4 2™ + 27 + 1 for some j < n.

Yucas and Mullen [2] conjectured that there is no self-reciprocal irre-
ducible pentanomial of degree n over Fy if n is divisible by 6. In this note
we show that their claim is true when n is divisible by 12 and it is not true
when n =6 (mod 12). The main result of this note is the following:

Theorem 1. There is no self-reciprocal irreducible pentanomial of degree
n over [y if n is divisible by 12.
2. PROOF OF THE THEOREM
Our proof is based on the two following results.

Theorem 2. [2, Corollary 5] Let f be a self-reciprocal irreducible polyno-
mial of degree 2m and order e over o, and let D,, be the set of all positive
divisors of 2™ + 1 which do not divide 28 +1 for 0 < k < m. Then e € D,,.

An immediate corollary is that if m is an even number then 2 + 1 is not
divisible by 3 and thus 3 does not divide any element of D,,.
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Theorem 3. [1, Theorem 3.9] Let f(z) € Fa[z] be an irreducible polynomial
of degree n and order e and let ¢ be a positive integer. Then f(z?) is
irreducible over Fy if and only if

(i) ged(t, 2"—6_1) =1 and

(ii) each prime divisor of ¢ divides e.

Proof of Theorem 1: Let f(x) = 2?™ + 2™~/ + 2™ + 27 + 1 be a self-
reciprocal pentanomial over Fo where 6|/m and let m = 32p and j = 3¢
where p and ¢ are not divisible by 3. We have two cases: either s < r or
s > r. First assume s > 7 and let m; = 3°7"2p and g(z) = 2?™ 4 22™~9
™ 4 294 1. Since s > r, my is divisible by 3 and thus ¢ and 2m; — ¢ are
nonzero and different modulo 3. Hence g(x) = 22+ +1 (mod 23+ 1), and
so g is reducible. Since f(z) = g(z*"), it follows that f is also reducible.
Now let s <7, j; = 3" *q and g(z) = % + 2%~ + 2% 4 291 + 1. Notice
that f = g(2®). If g is reducible, then so is f and we are done. Thus assume
g is irreducible and is of order e. Now applying Theorem 3, if f = g(2%") is
irreducible then e must be divisible by 3. But by the comments made after
Theorem 2 we see that 3 does not divide e and thus f is reducible. U

In the above we proved that there is no self-reciprocal irreducible pen-
tanomial of degree n if 12 divides n. But this is not the case when n is
divisible by 6 and not by 12. For example, since f(z) = 24+ 2%+ 2° + 2 +1
is a self-reciprocal irreducible pentanomial of order 33, Theorems 2 and 3
imply that f(23") = 231042379 423" 4-2%" +1 is a self-reciprocal irreducible
pentanomial of degree 3°10 = 6 (mod 12) for every positive integer s.
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