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Abstract

For odd n = 2/+1 and aninteger p, 1 < p < {, anew family S, (p) of binary sequences with period

n42p—1

2" — 1 is constructed. For a given p, S,(p) has maximum correlation 1 + 2~ =, family size 2”7,

and maximum linear span ﬂ”Z—Jrll Similarly, a new family of S.(p) of binary sequences with period

2" — 1 is aso presented for even n = 2/ and an integer p, 1 < p < [, where maximum correlation,

family size, and maximum linear span are 1 + 2347, 277, @ respectively. The new family S, (p)

(or S.(p)) contains Boztas and Kumar’s construction [1] (or Udaya's [2]) as a subset if m-sequences
are excluded from both constructions. As a good candidate with both low correlation and large family

size, the family S,(2) is discussed in detail by analyzing its distribution of correlation values.

Index Terms

Family of binary sequences, sequences with low correlation, linear span.

I. INTRODUCTION

In code division multiple access (CDMA) communication systems, pseudo-noise sequences
are assigned to distinct users in a common channel at the same time [3]. To distinguish each user
and minimize interference due to others, we must have low cross correlation between distinct
sequences. Furthermore, we must also have low autocorrelation between a sequence and its time
shift version in order to acquire the accurate phase information at the receiver. The capacity of
the CDMA system can be increased by assigning a large number of such sequences to distinct
users. Consequently, a family of sequences with low correlation and large family size plays
important roles in CDMA communication systems.

The construction of a family of binary sequences is based on the combination of a binary m-

sequence and its decimations such that the resulting sequences have low correlation achieving the



well known lower bounds derived by Welch [4] and Sidelnikov [5]. For odd », Gold sequences [6]
constitute one of the family with optimal low correlation achieving the Sidelnikov bound. A
family of Kasami sequences [7] gives sequences with optimal low correlation achieving the
Welch’s lower bound for even n. In order to obtain binary sequences with large linear span as
well as low correlation, Boztas and Kumar constructed a new family of binary sequences for
odd n, so called Gold-like sequences [1]. It has the same period, family size, and maximum
correlation with the family of Gold sequences, but larger linear span giving better potential
cryptographic properties. Similarly, Udaya constructed a new family of binary sequences with
low correlation similar to Kasami sequences but larger linear span for even n [2]. Kim and No
generalized these two constructions [8]. However, it resulted in the decrease of maximum linear
span and the increase of maximum correlation. In [9], Chang et al. showed that a binary cyclic
code based on three-term sequences [10] has five-valued nonzero weight distribution, which is
identical to a dual code of a triple error correcting BCH code. From these cyclic codes, equivalent
families of binary sequences with six-valued correlation of maximum 1 + 23", family size 22",
and maximum linear span 3n, can be constructed. These are all known cases of binary signal
sets having linear span greater than 2n and good correlation.

In this paper, a new family S,(p) of binary sequences with period 2" —1 is constructed for odd

n = 2[+1 and an integer p,1 < p < [. For a given p, maximum correlation of sequences in S,(p)

n+2p—1
2

is1+42 and its family size is 2"#. Similarly, a new family S.(p) of binary sequences with
period 2" — 1 is also presented for even n = 2/ and an integer p,1 < p < [, where maximum
correlation and family size are 1 4+ 22*7 and 2", respectively. The maximum and minimum

R . n(n+1 n{n—2p+1 H
linear span of sequences in both S,(p) and S.(p) are ") and “("=2041) " regpectively. As p

increases, we can obtain a new family S,(p) (or S.(p)) of exponentially increased family size
with linear increase of maximum correlation from its optimal value. Since the family S,(p) (or
S.(p)) contains S,(p — 1) (or S.(p — 1)) as a subset, it contains S,(1) (or S.(1)) as a subset.
Here, S,(1) is the family of Gold-like sequences constructed by Boztas and Kumar, and S.(1)
is the one constructed by Udaya, where m-sequences are excluded in both constructions.

For a specific application, we can choose a proper value p and corresponding family S,(p)
or S.(p). For example, a small value of p can be chosen if low correlation is more crucial than
large family size in the application. Otherwise, we can choose a large value of p in order to get

large family size. The family S,(2) with maximum correlation 1 4 2“3" and family size 22 is



an example for good compromise between correlation and family size.

This paper is organized as follows. In Section Il, we give some preliminaries on concepts
and definitions of codes and sequences. Also, we review the weight distribution of a linear
cyclic subcode of the second order Reed-Muller code [11], which will be used to investigate the
distribution of correlation values of sequences in our new family. In Section 111, we present new
families S,(p) and S.(p) of binary sequences with period 2" — 1 for odd and even n, respectively,
and analyze the correlation and linear span of each family. In Section 1V, the distribution of
correlation values of the sequences in S,(2) is derived in terms of the weight distribution of a
linear cyclic subcode of the second order Reed-Muller code. Concluding remarks are given in
Section V.

Il. PRELIMINARIES

The following notations will be used throughout this paper.
- Fo = GF(Q) is the finite field with @ elements and Iy, the multiplication group of Fg.
- F7 is a vector space over F, = {0, 1} with a set of all binary n-tuples.
- Let n, m be positive integers and m|n. The trace function from F,» to F,= is denoted by
Trr (), ie.,

m(Z—1)

Trn(;y):$+:[j2m_|_...—|—;[j2 " ,ZEE]FZTL.

m

Tri(z) is simply denoted as T'r(x) if context is clear.

A. Basic concepts

(a) Boolean function
Let x = (zy,---,2,) be a vector in F; with z; € F, and f(x) a function from F; to F,.
Then, the function f(x) taking on values 0 or 1 is called a Boolean function [11]. A Boolean

function consists of a sum of all possible products of z;,’s [12], i.e.,

f(X) = f(l’l, s ,:L'n) = Z Ciyig-ij Tiy Tig =+ Tizy  Ciyigenij e IF,
where maximum value of j with nonzero c;,;,..;; is called the degree of the Boolean function
f(x).

(b) Reed-Muller codes



For 0 < r < n, the rth order Reed-Muller (RM) code R(r,n) of length N = 2" is defined by
the set of all vectors F(yi,---,y,) of length N given by [11]
F(yi,- -+ ,¥n) = col+ Z Citigi;Yir " Yio * " Yijs  C0» Cirigij € Fa,
1<5<r
where 1 = (1,---,1) of length N, yq,---,y, are basis vectors of length N for R(1,n),
{t1,---,4;} € {1,2,---,n}, and y, - y; is the vector whose kth element is the product of
kth elements of y, and y, respectively. Therefore, the kth element of a codeword in R(r,n) is

given by a Boolean function f(yi,--- ,ynx) With degree of at most r, where y; - -+, ynx are
the kth elements of y4,--- ,y,, respectively. If we remove the £th component corresponding to
Y1k = - = ynx = 0, then we obtain a punctured RM code R(r,n)* for 0 <r <n — 1, where

each codeword has length 2™ — 1.

(c) Trace representation of a binary periodic sequence
Let S be the set of all binary sequences with period ¢|(2" —1) and F be the set of all functions

from Fy» to F,. For any function f(x) € F, f(x) can be represented as [12]
fle) =) Trif(Aa"), A€ F2")
=1

where ¢, is a coset leader of a cyclotomic coset modulo 2" — 1, and n;|n is the size of the

cyclotomic coset containing ¢;. For any sequence a = {a,} € S, there exists f(x) € F such that
ai:f(ai)a i:0717"'7

where « is a primitive element of Fy». Then, f(z) is called a trace representation of a. The
linear span of the sequence a is equal to >, ,. 4o M, OF equivalently the degree of the shortest
linear feedback shift registers that can generate a.

(d) Weight and exponential sum of a binary codeword or sequence
Let a = (ao,a1,--- ,a,—1) be a binary codeword of length v, or a binary sequence with period
v. The number of 1°s in the codeword is called a (Hamming) weight. Clearly, the total sum of

additive character (—1)* of a codeword or sequence a with weight w is given by

v—1

Z(—l)‘“ =v — 2w.

=0



If v =27 —1 and a is represented by a trace representation f(z), i.e., a; = f(a') for a primitive
element o of F,», then the exponential sum of f(x) over Fy- is given by

v—1
2 (=143 () =2 - 2w
z€F9n =0

with f(0) = 0. Hence, the exponential sum of a polynomial function f(z) has one-to-one

correspondence with the weight of a codeword or sequence given by f(x).

(e) Correlation of binary sequences

Let a and b be binary sequences with period v. The correlation of a and b is defined by
v—1
Ca,b(T) = Z(_l)ai+bi+r’ 0 <7 <wv-— 1’
=0
where 7 is a phase shift of the sequence b and the indices are reduced modulo v. If b is shift
equivalent to a, i.e., b = (a;,ai+1,--- ,a;—1), Cap(7) IS the autocorrelation of a, C,(7) for
short. Otherwise, C, 1(7) is the cross correlation of a and b. If we write a; + b;,, = f(a') for

a polynomial function f(x) with a given 7 and a primitive element « of F~, then

v—1
Cap(7) = D (1) = —14 Y (1)),
=0 z€Fon

with f(0) = 0. Hence, Ca(7) can be presented by the exponential sum of f(zx).

(f) Binary signal set
For r binary shift distinct sequences with period v, i.e., s@) = (s&, ... 59 ) 0 < j <7, let
S = {S(O)’ ces 75(7’—1)} and

Cinax = max [Cyi) o) (7)] forany 0 <7 <wv, 0 <45 <r

where 7 # 0 if + = 5. Clearly, Cp,ax 1S maximum of all nontrivial auto and cross correlations of
sequences. The set S is called a (v, r, Cihax) Signal set or family of sequences, where r is called

a set size or family size, and C,,.. IS maximum correlation of S.

B. Weight distribution of a linear subcode of R(2,n)*

In this paper, we consider a component-wise sum of a pair of binary sequences, where the sum

is equivalent to a codeword of a linear cyclic subcode of a punctured second order Reed-Muller



code. Thus, we can apply the weight distribution of the subcode to the distribution of correlation
values of the sequences.

(a) Weight distribution of a codeword set with rank 2/

For odd n» = 2/ 4+ 1, we can consider a codeword given by

l
f(z) = Tr(nz) + ) Tr(niz'*?), €., 1)

7=1
where each n;,0 < 5 <, is an element in Fy». For even »n = 2[, on the other hand, we can
consider a codeword given by

-1

f(x) = Tr(nox) + Y Tr(na'*¥) + Tri(na'*?), =€ F;, @)

j=1
where each n; € Fan for 0 < 5 <1 -1, and n; € F,i. With respect to a basis {y1,--- ,v.} of
Fon, = >0, 2,7, is the expansion of x with z; € F, for all ;. Applying this expansion to (1)
or (2), we see that f(z) = f(>_, z;vi) is equivalent to a Boolean function of degree less than
or equal to 2, a quadratic Boolean function [13], and it may be written as follows:

f(x) = flzr, - 20) =xQx' +w-x', x € F} \ {0} 3)

where Q is an n x . binary upper triangular matrix, w is a binary vector in 5, and 0 = (0, --- ,0)
is a zero vector of length ». Obviously, Q is determined by 7,’s for nonzero j, and w by 7.
While x = (zy,--- , z,) runs through each nonzero binary n-tuple in F3, f(x) produces each
element of a codeword of length 2 — 1 in R(2,n)*. Equivalently, f(z) forms a codeword in
R(2,n)* for x € F..

For a given nonzero Q, it is well known that the weight distribution of corresponding set of
codewords of f(x) for all w is determined by a rank of the symplectic matrix B = Q + Q? [11].
Equivalently, we can consider the symplectic form B¢(z,z) = f(z)+ f(x + z) + f(z) associated
with f(x) for given n;’s, 1 < 5 <1 [13] [14]. We list the following fact regarding the distribution

of exponential sums of f(z).

Fact 1 (Theorem 6.2 in [13]): Let n,’s of f(z) in (1) or (2) be given such that at least one 7;
is nonzero for 1 < j <1, where I = |7 |. For an integer 2, 1 < h <[, if f(x) has a rank 24, or

equivalently By(z, z) = 0 has 2"~2" solutions of = € F,» for all z € F;., then the exponential



sums of f(z) have values of 0 and £2"" for all 5, € Fy», and its distribution is given by
0, 2n — 22k times
Y (=1 = jon-h o 92h=1 4 9h-1 times
—on=h  9%h=1 _ 9h-1 times

with f(0) = 0.

(b) Weight distribution of a linear subcode with multiple ranks

For a set of distinct nonzero Q’s, we can consider a set of codewords given by f(x) in (3)
for all w. Equivalently, we can consider a set of codewords given by f(x) for distinct sets of
n;’s such that in each set of n;’s, at least one 7; is nonzero for 1 < j <. Then, f(z) may have
distinct multiple ranks each of which corresponds to each set of given n;’s. Consequently, the
exponential sums of f(z) can take 0 and 4-2"~" for each possible 4 from Fact 1. If f(x) further
constitutes a linear subcode Cs for the sets of n;’s, we can use the weight distributions of Cs in
order to investigate the distribution of exponential sums of f(x). With given weights of a linear
code, we can obtain its distribution which is determined by its codeword length, dimension,
and the number of distinct weights [11]. Finally, the distribution can be used to investigate the
distribution of correlation values of binary sequences, where the correlation corresponds to the
exponential sum of f(x).

Next, we specify the known weight distributions of two linear cyclic subcodes of R(2,n)*
for odd =, which will be used in a later section for determining the distribution of correlation
values of a new family of sequences. For a,b in Fy» and k& with ged(k,n) = 1 for odd n, a
linear cyclic subcode C¢; given by f(x) = Tr(az)+ Tr(bz?"+") for 2 € F;. has the distribution
of weights and corresponding exponential sums in Table I. In Table I, 2 = ”2;1 For a,b,c in
IF,» for odd n, a linear cyclic subcode Cr given by f(z) = Tr(ax) + Tr(bz®) + Tr(cz®) for
z € [, has the distribution of weights and corresponding exponential sums in Table II. In both
Tables, the exponential sum means EZGF2R(—1)/‘(I) with f(0) = 0. There are several different
ways to establish the validity of weight distribution of Cg, for example, see [6] and [11]. For
those of Cr, see [11].

I1l. NEW FAMILY OF BINARY SEQUENCES WITH LARGE SIZE

In this section, we present new families of binary sequences with large family size as well as

large linear span for odd and even n.



TABLE |

WEIGHT DISTRIBUTION OF C GIVEN BY f(z) = Tr(az) + Tr(bz® *1)

Weight Exponential Sum Distribution
0 27 1
gn—1 _ gn—h—1 gn—nh (2 - 1)(22h—1 + 2h—1)
2n—1 0 (27 - 1)(2» - 227 4+ 1)
gn=1 4 gn—h-1 _gn—h (2 - 1)(22h—1 _ 2h—1)
TABLE Il

WEIGHT DISTRIBUTION OF Cr GIVEN BY f(x) = Tr(az) + Tr(bz®) + Tr(ca®)

Weight Exponential Sum Distribution
0 2n 1
e I = I TC e ARt DT
2nt 0 (27 —1)-(9-22n=1 £ 3.2n=3 4 1)
gn—1 :t2nT_1 :Fzﬁz—_l %(2"_1).2%_3.(Q"T_I;Fl).(S.zn—l +4)

A. Construction of S,(p) for odd n

Congtruction 1: For odd » = 2/ 4+ 1 and an integer p, 1 < p <[, a family S,(p) of binary

sequences is defined by

Sp) = {* [ A = Qoo M), A € B}

where s* s&._,} is a binary sequence of period 2" — 1 with s&* = s5(a*) for a

{507517...7

primitive element o of F,., where s (), the trace representation of s#, is given by

Z Tr(x 1+2

The parameters of a new signal set S,(p) are determined by the following Theorem.

1+2

p—1
SA() = Sxgm ppon () = Tr(Aox) + > T x € F.
=1

Theorem 1. For odd » = 2/ + 1 and an integer p, 1 < p <, the family S,(p) has 2" shift
distinct binary sequences with period 2" — 1. The correlation of sequences is (2p + 2)-valued
1,2%° 14272

n+2p 1
)

and maximum correlation is 14 2= ,(p) constitutes a (2" —

signal set.



In order to show Theorem 1, i.e., to determine the family size and correlation of S,(p), we

need the following Lemmas.
Lemma 1: All sequences in S,(p) are shift distinct. Thus, the family size of S,(p) is 2.

Proof: Consider a time shift version of one sequence represented by

p—1 !
se(dx) = Tr(bpdx) + Z Tr(9i51+21x1+21) + Z TT((SHZZ:(;HT)
=1 i=p

for ® = (6y,--- ,6,_1), 6, € Fan, and § € F;,.. It is identical to another sequence of (4), i.e.,

sa(z) = se(dz) for all z in I3, if and only if
Xo = 608, N =8:;5'T% for 1 <i<p, and 6'*% =1 for p <i <. (5)

From ged(2" — 1,1 + 2”2;1) =1 for odd n, § = 1 is a unique solution achieving 6!+ = 1. If
d =1in (5), it only gives a trivial solution of \; = 6, for 0 <: < p. Thus, sequences in S,(p)
represented by sa(z) for any A; in Fyn, 0 < i < p, are shift-distinct. [ |

The cross correlation of the two sequences s* and s® in S,(p) is given by

Corgo(r) =1+ > (=1)/¢)

Z'EF2’I’1
where l
f(x) = Tr(noz) + > Tr(na'**) (6)
=1
where
/\0 —|— 005, Z - 0
m=1 AN+6,0FY, 1<i<p (7
1+ 51+, p<i<li

for X;,6;,0 < i < p, in Fyn and & € F;.. In other words, the sum of the sequence s* and 7
shift of the sequence s© can be considered as a codeword given by f(z) defined by (6). Thus,
we only need to investigate the exponential sum of f(x) for the correlation of a pair of the
sequences. In the following, we classify the exponential sums in terms of values of »;.

Case 1.7, =0 for 0 < <. In this case, f(x)= 0. This corresponds to a trivial exponential

sum corresponding to in-phase autocorrelation of a sequence. Clearly, its exponential sum is 2".
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Case 2. g # 0 and n; = 0 for 1 <: <. In this case, f(z) = Tr(nox). Hence, we have the
exponential sum 0 for any 7, € F;.., from the orthogonality of a trace function [12].

Case 3. At least one n; # 0 for 1 < ¢ < [. In this case, f(z) is equivalent to a quadratic
Boolean function. Thus, we need to investigate the number of roots of its symplectic form
B¢(x,z) in order to apply Fact 1 for determining the distribution of the exponential sums of

f(@),

Lemma 2: For odd » = 2/ 4+ 1 and an integer p,1 < p <, let n;’s of f(x) be given such
that at least one ; is nonzero for 1 < ¢ < [. Then, the symplectic form By(z, z) associated with
f(z) has at most 2%~! roots in Fan.

Proof: For given n,’s, the symplectic form By (x, z) associated with f(z) is given by

By(z,z) = f(z) + f(z + 2) + f(2)

For all z € S, By(z,z) =0 if and only if L(z) = 0. From (7),

p—1

!
L(z) =Y (2% +ma®) + D (14842 + (14 6+)a?)
1=p

=1

p—1

~1
_Z(m?_‘xZ—‘_l_m 2’ _I_Z((1_|_51+2—’>$2—” _I_(1_|_51+2‘)$2‘)

=1

l
_I_Z 1_|_51+2 ¢ 2_1—|—(1—|—51+21):z:21)
=1

-1

b

n—1
TSR (g 14 S )e?) (14 )
n
=1

=1
Note that
-1

—_
3
|

—_
3

(14822 = $T+5

1 =1

=z 4 Tr(z)+ §(Tr(dz) + dx)

.
Il

<.

—

(8)

= (14 6%z + Tr(z) + §Tr(dz).



Let

i =i+ 145

Then, we have 2~ = n2™ 4+ 1 4 §1+2™°. Together with (8),
Vi 7;

L(z) = q717...77p_175(;r;) + Tr(z)+0Tr(dx),

where

q717"'7’7p—175($> = (1 + 52)$ + Z(

2=t =i

7T 4 ).

For L(z) = 0, we have to count the number of solutions in the equation

Gy ey 8(2) + Tr(x) + 6Tr(dz) =0

for given ~,;’s in Fy» and § in F5,,.

11

(9)

(10)

(11)

Next, we verify that ¢, ... ,,_, s(x) is a nontrivial polynomial of = considering its coefficients.

Ifo=1~v=mnforl <i<p, andn =0 for p <: <. Then, at least one v, is nonzero for

1 < i < p because at least one n; is nonzero. If § # 1, on the other hand, (1 + ¢%) cannot be

zero although ~; may be zero for all 1 < < p. Therefore, ¢, ... ,,_, s(x) is a polynomial of x

with at least one nonzero coefficient of 22" for —p <1 <p.

For the nontrivial polynomial ¢, ... ,,_, s(z), the equation in (11) can be divided into four

classes.

i) Tr(z)=0and Tr(dx)
i) Tr(z)=0and Tr(dx)
iii) Tr(z) =1 and Tr(dx)
iv) Tr(z)=1and Tr(dx)

=
=
=

=

Qryy yeoe s
Gy yooe s
Ay yeoe s
Qryy yeoe s
Thus, the left-hand side of (11) can be presented by

p—1

Ad®) = gy (@) Fa=at (1482 + Y (372" +3ia?)

for a € {0,1,4,14 &}. Then,

A7) = [y sle) 4]

=¥ (1Y T+

—_

2 2

=1

p—1—t p—1—t p—1 p—1+41
21t 2 2t 2t
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and
A’ 2) =0 & Au(z) =0,

Thus, solutions for A2~ (z) = 0 are all solutions for A,(z) = 0, and vice versa. Therefore, the
number of solutions for A,(z) = 0 is equal to that for A"~ (z) = 0. Since the maximum degree
of A2 (z) is 22(=1), A% (z) = 0 has at most 22(*~1) solutions.

If 6 # 1, the solutions of Agp‘l(x) = 0 are disjoint for different « € {0,1,4,1 + &}, so the
total number of solutions of (11) is at most 22(»=1) . 4 = 22, If § = 1, on the other hand, the
solutions of A2 (z) = 0 are disjoint for different « € {0,1}, so the total number of solutions
of (11) is at most 22(»-1) . 2 = 22— From Fact 1, meanwhile, possible number of roots of
By(z,z) is 2"=%" for a rank 2% of f(x), where n — 2% is a positive odd integer for odd . For

any value of § in F;.., therefore, the maximum number of solutions of By(z,z) = 0 is 22*~!. W

From (9) in the proof of Lemma 2, since n; can run through all elements in F,., we can set
mi = 1+ 8% fori with k <i < p—1, where % is a constant with 1 < % < p— 1. Then »; = 0
for ¢+ with £ < i < p — 1. Thus, (10) becomes

k—1

G mpr (1) = (14 82+ (37 2% + iz?).

=1

Following the same procedure as we did in the proof of Lemma 2,
Gy ey 8(2) + Tr(x) + 6Tr(dz) =0 (12)

has at most 22*=1) . 4 = 2%¥ solutions in F,~. Since the dimension of (12) should be odd, it has
at most 22%—1 solutions for each k,1 < k < p — 1. From this result, together with Lemma 2, we

have established the following Proposition.

Proposition 1: While each »; of f(x) in (6) runs through all elements in Fy» with at least
one nonzero 7;, the symplectic form By(z, z) associated with f(z) has 2"=?" roots for every

possible integer . where n — 2h is any positive odd integer less than or equal to 2p — 1.

Lemma 3: For odd » = 2/ + 1 and an integer p,1 < p </, let n;’s of f(z) in (6) be given
such that at least one 7; is nonzero for 1 < i < [. For all o € Fy», the exponential sums of
f(z) can take values of 0 and +2"~" for an integer 2 where n — 2k is a positive odd integer

less than or equal to 2p — 1.
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Proof: From Lemma 2, B;(z, ) = 0 has 2"~%" solutions for an integer 4 where n — 2h is
a positive odd integer less than or equal to 2p — 1. Consequently, Lemma 3 is true from Fact 1.
n

From Proposition 1 and Lemma 3, we see that while each »; runs through all elements in Fy»
with at least one nonzero 7;, the exponential sums of f(z) can take values of 0 and +2"~" for
every possible integer & where n — 2% is any positive odd integer less than or equal to 2p — 1.
Combining the Cases 1, 2, and 3, we have the following result on the correlation of sequences
in S,(p).

Lemma 4: The correlation of binary sequences in S,(p) is (2p + 2)-valued and maximum

n+2p—1

correlation C o IS1+27 2 .

Proof: For a trace representation s, (z) of each sequence s* in S,(p), we can consider
the exponential sums of f(x) in (6). First of all, the exponential sums have 2" and 0 values
in Cases 1 and 2. For all »;’s in Case 3, from Proposition 1, the exponential sums of f(z)
take 0 and +2"~" for every possible value & achieving n — 2h =1,3,--- ,2p — 1. In this case,
the exponential sums take 2p nonzero distinct values. Including 2™ and 0, therefore, the overall
exponential sums are (2p + 2)-valued. Equivalently, the correlation of sequences in S,(p) is
(2p + 2)-valued. Furthermore, the maximum value for n — 2~ is determined by 2p — 1 from

n+2p—1

Lemma 3. Thus, Cpax = | —1 =277 =1+4+272 . |
Proof of Theorem 1. The results follow directly from Lemma 1 and Lemma 4. [ |
Remark 1: If p =1,

l .
sx(2) = Tr(dor) + ) Tr(e'*?), z €T, (13)

=1
which represents the Gold-like Sequence introduced by Boztas and Kumar [1]. From Lemma 3,
a positive odd integer less than 2p is only 1, so n — 2k = 1. Hence, h = “5*. Finally, Gold-like

sequences given by (13) has four-valued correlation, or {2" —1, -1, —1 12"—'2"—1} for all \y € Fyn.

Example 1: If p =2,
!
Saon (2) = Tr(Xoz) + Tr(Az®) + Z Tr(z'*), z €T, (14)

=2
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for odd n» > 5. From Lemma 3, n — 2/ is a positive odd integer less than 4, so n — 2k = 1 and 3.
Thus, h = ”2;1 and ”2;3 From Lemma 4, sequences given by (14) have six-valued correlation, or
{2r —1,-1,-142", —1+£2"} forall Ay, A; € F,». For sequences represented by sy, x, ()
and sg, ¢, (62), corresponding f(z) in (6) can constitute a linear cyclic subcode with five nonzero
distinct weights if we assume that § can be any element in [Fy». The subcode has the same weight
distribution as that of C'r in Table Il because it has the same codeword length, dimension, and
weights with C7. Hence, the distribution of correlation values of S,(2) can be derived from
Table I1. The details will be discussed in Section IV.
Example 2: If p =3,
l

S () = Tr(Aox) + Tr(Mz®) + Tr(dz’) + Z Tr(:z:lHi), x €, (15)

=3
for odd n > 7. Similarly, » = 25+, 252 ‘and 25°. From Lemma 4, sequences given by (15) have
eight-valued correlation, or {2 — 1,—1,—1 2", —1 £ 2", —1+£ 2"} for all Ao, \, s €
Fyn. Similar to p = 2, f(x) in (6) constitutes a linear cyclic subcode with seven nonzero
distinct weights with the assumption that 6 can be any element in F,.. Hence, the distribution
of correlation values of S,(3) can be determined by the weight distribution of the code using
Theorem 2 of Chapter 6 in [11].

B. Construction of S.(p) for even n

Congtruction 2: For even n = 2/ and an integer p, 1 < p < [, a family S.(p) of binary

sequences is defined by
Se(p) = {s* | A= (o, -+ Apr), i € Farn}

where s = {s& st ... s& .} is a binary sequence of period 2" — 1 with s = s, (o*) for a

primitive element o of F,., where s (), the trace representation of s#, is given by

p—1 ) -1 )
sa(z) = Tr(doz) + Y Tr(\a*) + Y Tr(™?) + Tri(z"*?), z€F..  (16)
=1 i=p

Theorem 2: For even n = 2/ and an integer p, 1 < p < [, the family S.(p) has 2™ shift

distinct binary sequences with period 2" — 1. The correlation of sequences is (2p + 4)-valued
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and maximum correlation is 1 + 25%*. Therefore, S.(p) constitutes a (2" — 1,27 1 + 2377)
signal set.

In order to prove Theorem 2, we need the following Lemmas. However, the proofs for those

Lemmas are similar to those for S,(p). Hence, we omit the details.
Lemma 5: All sequences in S.(p) are shift distinct. Hence, the family size of S.(p) is 2™.

Proof: Similar to the proof of Lemma 5, sx(z) = se(dz) for all = in F5, if and only if
(5) is achieved. From gcd(1 + 25,1 + 2”2;2) = 1 for even n, the unique solution of (5) is from
d =1, resulting in a trivial solution. Hence, all sequences in S.(p) are shift distinct. |

To investigate the correlation of sequences in S.(p), we need to consider f(x) given by

-1

f(z) = Tr(nox) + Y Tr(npa'*?) + Tr (ma’*?) (17)
=1
where
)\0 —|— 905, Z - 0
m=14 N+ 687, 1<i<yp (18)
1+ 6142, p<i<l

for X;,6,,0 <i<p,inFy and 6 € F,. If n, = 0 forall 1 < </, the exponential sum of f(z)
has a value of 0 or 2". Otherwise, we have to consider the number of solutions of Bf(z,z) =0

in order to derive the distribution of exponential sums of f(x) in (17).

Lemma 6: For even n = 2/ and an integer p,1 < p <[, let n;’s of f(z) be given such that at
least one n; is nonzero for 1 <: < [. Then, the symplectic form Bj(x, =) associated with f(x)

has at most 22# roots in F,» (or at most 22¢=2 roots for § = 1).

Proof: We have

By(z,z) =Tr (Z (Z_:(nf_isz:z_i + i) + 7711:21)) = Tr(zL(x)).

Thus, By(z,z) =0 for all z € F;, if and only if L(z) = 0. Using the same approach as we did
in the proof of Lemma 2, we can obtain equation (11). Following the same steps in the proof of
Lemma 2, we can derive that the number of solutions of B¢(z,z) = 0 is at most 22 (or 222
for § =1). [ |
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Lemma 7: For even n = 2/ and an integer p,1 < p < [, let n;’s of f(x) in (17) be given such
that at least one #;, is nonzero for 1 < <. For all ny € Fzn, the exponential sums of f(z) can
take values of 0 and 2"~ for an integer » where n — 2 is zero or a positive even integer less
than or equal to 2p (or 2p — 2 for § = 1).

Lemma 8: The correlation of binary sequences in S.(p) is (2p + 4)-valued and maximum
correlation Cpay is 14227,

Proof: Similar to odd n, we see that while each 7,,1 < ¢ < [, and »; run through all
elements in Fy» and F,: with at least one nonzero n;, the exponential sums of f(z) can take
values of 0 and +2"~" for every possible integer » where n — 2A is zero or any positive even
integer less than or equal to 2p. Hence, n — 2h = 0,2,--- ,2p. Consequently, the number of
nonzero and nontrivial values of exponential sums is 2(p+1). Including 0 and 2", the correlation

is (2p + 4)-valued. Furthermore, Cypax = 1 + 25+ for b = 2 — p. -

Proof of Theorem 2. The results follow directly from Lemma 5 and Lemma 8. [ |

Remark 2: If p =1,
-1

$x () = Tr(Xox) + Z Tr(:z;1+2i) +Tr(2'?), z €T (19)
=1
which represents the sequence constructed by Udaya [2]. From Lemma 7, n — 2k = 0, 2. Hence,

h = %, 5 —1. Finally, the sequences given by (19) has six-valued correlation, or {2" -1, -1, -1+
2%, —1£23%} for all Ay € Fyn.

Example 3: If p =2,

Sxon (2) = Tr(Xoz) + Tr(Az®) + zl: Tr(z'*%) 4+ Trl (2'?), 2 € Fi (20)
for even n > 6. From Lemma 7, n — 2h = (),‘22_,1. Thus, h = 3,5 — 1,5 —2. From Lemma 8,
sequences given by (20) have eight-valued correlation, or {2" —1, —1, —1+2%, —142>*! —1+
232} for all Ao, \; € Fyn. Contrary to odd case, f(z) in (17) does not constitute a linear cyclic
subcode in general because the exponent 1 +2° may not be coprime with 2" — 1 for even n, so
that n;, p < <1 may not run through all elements in F,» when 4 runs through all elements in
Fy-». Therefore, we should use different methods from odd » to investigate the distribution of

correlation values of sequences in S.(2), which is a problem that we are working on.
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TABLE Il

LINEAR SPAN AND NUMBER OF CORRESPONDING SEQUENCES IN S,(p) (OR S:(p))

LS(p) Number of sequences
n(n41 n
J2_l (27 —1)P
n(n—1 n —

2 (f) : (2 - 1)p !
n(n—3 n —

2 (5) : (2 - 1)p 2

n(n—=2p4+1 1
2

C. Linear span of S,(p) and S.(p)

The linear span of a binary sequence in S,(p) or S.(p) is determined by the number of nonzero
Ai’s, 0 <i < p.

Theorem 3: In the family S,(p) (or S.(p)), let’s consider a sequence represented by sa(z)
where 5 A\;’s in A = (Xo,--- ,A,—1) are equal to 0 for 0 < < p. Let LS;(p) be the linear span
of such a sequence. Then,

nin—27+1 )
LS;(p) = %7 0<y<p

and there are (?) - (2" — 1)*~7 sequences in S,(p) (or S.(p)) has linear span LS;(p). From
this result, the linear span of sequences in S,(p) (or S.(p)) and their distribution are shown in

Table I11.

Proof: At first, consider the linear span of sequences in S,(p). In Construction 1, a sequence
represented by s () has a total /41 = =L trace terms and each trace term has linear span of n.
If 7 A;’s of the sequence are equal to 0, it has (% — 7) nonzero trace terms and corresponding
linear span of the sequence is

5,0 - (

Since j A;’s are 0 and (p — j) A;’s are nonzero, the number of corresponding sequences given

n+1 ) n(n—25+1)

by sa(z) is (%) - (2" — 1)*~/. Applying this result to each j, 0 < j < p, we obtain the linear
span LS(p) of binary sequences in S,(p) with the distribution in Table Ill. Using the similar

approach to odd case, we see that the linear span of sequences in S.(p) is the same as S,(p). W
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TABLE IV

COMPARISON OF THE FAMILIES OF BINARY SEQUENCESWITH LOW CORRELATION

Family of Sequences Period Family Size Cmax Maximum Linear Span n
Gold 2" 1 27 41 142" 2n odd
Kasami (Small Set) on — 1 2% 142% n even
Kasami (Large Set) am—1 | 252" +1) -1 142311 sn even
or 2% (27 4+ 1)
Bent 2 1 2% 142% S even (n = 4l)
Boztas and Kumar, Gold-like[1] | 27 — 1 2m 41 1427 n(nt1) odd
Udaya[2] 2m 1 2" 41 142311 n(ntl) even
Chang et al. [9] and triplet code [11] | 27 — 1 92n 14243 3n odd
New Family S, (2) 2m 1 22n 1425 n(nt1) odd
New Family S.(2) 2m 1 22n 142542 nintl) even
New Family S,(p),1 < p < 25L | 27 -1 one 14 o= n(ndl) odd
New Family S.(p),1 < p< 2 m 1 one 1425+ n{nt1) even

Corollary 1: The maximum and minimum linear spans of sequences in S,(p) and S.(p) are

nlntl) and “n=201) ' respectively.

D. Comparison of families of binary sequences

In Table IV, we give some comparisons of the families S,(p) and S.(p) with the well known
families of binary sequences with low correlation. In Table 1V, we include a family of binary
sequences which can be constructed from Chang et al.’s investigation of a binary cyclic code
based on three-term sequences [9]. For odd » = 2/+1, each sequence in the family is represented
by

Sxon () = Tr(Xox) + Tr(X2") + Tr(:z:r2), r=2%141 2T

for all Ao, Ay in Fy-. On the other hand, a family of sequences defined by sy, », (z) = Tr(Xoz) +
Tr(M\a?) + Tr(z") from a triplet code, has the same period, family size, C\.y, and maximum
linear span with Chang et al.’s for all Ao, A\; in Fy» for odd » [11].

In terms of period and maximum linear span, new families S,(p) and S.(p) are identical to
the families of Gold-like sequences and sequences constructed by Udaya, respectively. At the
expense of maximum correlation C.,.,, however, we have larger family size in S,(p) and S.(p)

than the families of Gold-like sequences and Udaya’s construction. Basically, we can obtain new
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families S,(p) and S.(p) of binary sequences of exponentially increased family size with linear
increase of C\,.x from the optimal correlation. Furthermore, we can choose p and corresponding
family S,(p) or S.(p) for its specific application. For example, if low correlation is more crucial
than large family size in the application, then a small value of p can be chosen. Otherwise, we

can choose a large value of p in order to get large family size.

IV. DISTRIBUTION OF CORRELATION VALUES OF §,(2)

In many applications, a family of binary sequences with both low correlation and large family
size is required. Thus, we need to consider a family of sequences which can be good compromise
between correlation and family size. As a good candidate of such a family, we extensively discuss
a new sequence family S,(2) by analyzing its distribution of correlation values.

For odd n = 2/ + 1, a family S,(2) of binary sequences is given by

S,(2) ={s* | A= (No,\1), N €Fpn}

where s = {s& st ... s8,_,} is a binary sequence of period 2" — 1 with s = s, 5, (oF) for

a primitive element o of Fzn, Where sy, x, () is given by

!
Saon (2) = Tr(Xoz) + Tr(Mz®) + Z Tr(z't*), z € TFn.

=2
From Theorem 1, we know that the family S,(2) has 2*" shift distinct binary sequences with
period 2" — 1. The correlation of sequences in S,(2) is six-valued and its maximum is 1+ 2",
Consequently, S,(2) constitutes a (2" —1, 22", 1+2#) signal set. These data of S,(2) are listed
in Table IV.
Next, we will investigate the distribution of the correlation values of sequences in S,(2). The

correlation of a pair of sequences in S,(2) is derived from the exponential sum of

l
Flz) = Tr((Ao + 808)z) + Tr((M + 6:8%)2%) + > Tr((1+6")a'), z €,

=2
for Ao, M, 00,6 € Fan and & € 5. With a = Ao + 66,5 = A\ + 6,6°, and ¢; = 1 4 §'+2' for
2 <1<, f(x) has a form of

!
f(z) = Tr(az) + Tr(bz®) + Z Tricz't*), z €Fn (21)

=2
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for a,b € Fy» and ¢; € Fan \ {1}. Depending on ¢;’s, the exponential sums of f(x) can be
classified into two exclusive cases. To facilitate the analysis, let’s assume that ¢, can be any

element in Fyn.

Case 1. ¢; = 0 for 2 < i < I. In this case, f(z) = Tr(ax)+ Tr(bz*) constitutes a linear
cyclic subcode of R(2,n)* for a,b € Fyn. Thus, the distribution of the exponential sums of f(x)
is identical to Table | with & = hy, where ; = 25,

Case 2. At least one ¢; # 0 for 2 < < [. In this case, the distribution of the exponential

sums of f(z) follows from the following Lemma.

Lemma 9: For given ¢;’s with at least one nonzero ¢;, f(z) in (21) has five valued exponential

sums for all a,b in Fy», and the distribution is

Fon-h gy (2271 £ 2M 1) times
d (-1)/@ =<, dy - (27— 22M) 4 dy - (27 — 2%M2) times (22)
£277dy - (2227 £ 27T times

where hy = 221 hy = 252 and d,, d, are integers such that d; + d, = 2".

Proof: If b is fixed to an element in F,., the exponential sums of f(x) follows the
distribution in Fact 1 depending on its rank. Since p = 2, it is obvious that f(z) with at
least one nonzero ¢; may have a pair of distinct ranks 24; and 2k, depending on b, where
n —2h; = 1 and n — 2h, = 3, respectively. For a subset 2 of Fy., let’s assume that if b € (2,
f(z) has rank 2h; and otherwise, f(x) has rank 2h,, where || = d; and |Q°| = dy = 2" — d;.
If b runs through all elements in F,», the overall distribution of the exponential sum becomes
(22) after summing up the distributions for 2, and A,. [ |

By combining both Cases 1 and 2, we see that f(z) has six-valued exponential sum for any ¢;
in .. Furthermore, f(x) equivalently constitutes a linear cyclic subcode of R(2,n)* with five
nonzero distinct weights for «. b, and ¢;’s in F,» with the assumption that each ¢; determined by
0 can be any element in F,».. Hence, each codeword in the subcode has length 2™ — 1 and its
dimension is 3n due to a, b, and ¢ in Fy.. Since its codeword length, dimension, and weights
are the same as those of Cr in Table II, it has the weight distribution of Table Il. Using this

fact, we can derive values of d; and dy in Lemma 9.
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Lemma 10: For d; and d, in Lemma 9,

1 1
d1:§-(5-2”—1+1), d2:§-(2”—1—1).

Proof: For given ¢;’s with at least one nonzero ¢;, the exponential sums of f(x) have the
distribution of (22). If ¢; = 0 for 2 < ¢ </, on the other hand, f(z) = Tr(ax)+ Tr(bz?). In
this case, the exponential sums of f(z) have the distribution of Table I for h = h; = 251, By

summing up the distributions of both cases, the overall distribution of the exponential sums of
f(z) is given by

IEFQTL
2", 1 time
h h h H (23)
£onh (27 1) (dy 1) - (227 £ 21 times
0, (2% — 1)~ (dy - (27 — 22M1) 4 dy - (27 — 222) 4 2% — 2% 4 1) times
+27he (2" — 1) - dy - (22271 4 2h2=1) times

for all sets of ¢;’s in Fy». However, this distribution is identical to the weight distribution of
Table 1. Note that ~; = 25%, hy = %23, Compared with Table 1, the values of d; and d; follow

immediately. [ |

So far, we assume that ¢; can be any element in Fy». In sequences’ aspect, however, ¢;’s in
(21) cannot be 1 with nonzero ¢. Thus, we must remove the case from the distribution in (23)

in order to obtain the distribution of correlation values of sequences in S,(2).

Theorem 4: The complete distribution of correlation values of any pair of binary sequences
in S,(2) is as follows.

2 — 1, 22" times

—14 2%, L92n 9% L (2%F £ 1) (52271 — 27 — 5) times
~1, 921 . (9.23n—4 _3.92n-2 4 3.9n-2 _ 1) times
—142%5 192 9% (9% 1) . (2071 — 1)? times

W=

(24)

Congnr =

Proof: (23) shows the distribution of the exponential sums of f(z) for all «,b, and ¢;’s
in F2». To investigate the distribution of correlation values of sequences in S,(2), we need to
consider the distribution of the exponential sums of f(z) without ¢; = 1(6 = 0), which means

removing the distribution of (22) from (23). Moreover, note that with respect to the correlation of
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sequences, « and b run through all elements in Fy» by 8, and 4, as well as Ay and A, respectively.
By additionally multiplying each distribution of exponential sums by 22", therefore, we can get

the distribution of correlation values of (24). [ |

From Theorem 3, the linear span of sequences in S,(2) has the following distribution.

) (27— 1)? times
L5(2) = 22U 9. (27 —1) times
nn=3) 1 time

B .

V. CONCLUSION AND SOME OBSERVATIONS

New families of binary sequences with period 2" — 1 have been presented in this paper. For

odd n = 2/ 4+ 1 and an integer p,1 < p <[, a new family S,(p) has family size of 2"# and

n+2p—1

maximum correlation of 1 +27 = . For even n = 2/ and an integer p,1 < p < [, on the other

hand, a new family S.(p) has family size of 2" and maximum correlation of 1 + 2>+*. The

maximum linear span of both S,(p) and S.(p) is @

. For each p with 1 < p <1, S,(p) (or
S.(p)) contains S,(p — 1) (or Sc(p — 1)) as a subset. Thus, the new family contains Boztas and
Kumar’s case corresponding to S,(1) (or Udaya’s case corresponding to S.(1)) as a subset if
m-sequences are excluded from both cases. The family S,(2) is considered as a good candidate
with large family size as well as low correlation. For S,(2), we further derived the distribution
of correlation values of sequences in S,(2). For distribution of correlation values of S.(2), this
is an unsolved problem which we are working on.

At last, we would like to point it out one interesting phenomenon about resemblance between
our new binary signal set S,(p) (or S.(p)) and quaternary signal set S(m) in [15], an awarded
work by Kumar, Helleseth, Calderbank, and Hammons. Jr, in 1996. From S(m) in [15], if we
replace the trace function from Galois ring GR(4,n) to Z, by the trace function from Fs» to
Z,, and replace the scalar factor 2 of the sum of those monomial trace terms by a scalar factor
1, and add the sum of the remaining quadratic monomial trace terms with coefficient 1, then

S(m) becomes S,(p) (or S.(p)) in our construction where m = p.
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