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Abstract

New binary sequences of period N = 4(2™ — 1) for even m > 4 are found. These sequences can
be described by a4 x (2™ — 1) interleaved structure. The new sequences are amost balanced and have
four-valued autocorrelation, i.e., { N, 0, =4}, which is optimal with respect to autocorrelation magnitude.
Complete autocorrelation distribution and exact linear complexity of the sequences are mathematically
derived. From the simple implementation with a small number of shift registers and a connector, the

sequences have a benefit of obtaining large linear complexity.
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|. INTRODUCTION

Binary pseudorandom sequences with optimal autocorrelation play important roles in many
areas of communication and cryptography. In code-division multiple access (CDMA) commu-
nication systems, the sequences are needed to acquire accurate timing information of received
signals. In cryptography, on the other hand, the sequences are used to generate key streams in
stream cipher encryptions.

For binary sequences of period N = 2™ — 1, binary m-sequences are traditionally well-known
sequences with ideal two-level autocorrelation of { V, —1}. Dueto their good randomness proper-
ties and simple implementation [9] [10], m-sequences have been widely used for communication
systems. Besides m-sequences, several other inequivalent classes of binary sequences with ideal
two-level autocorrelation have been constructed and discovered [4] [13] [20] [22] [24].



For binary sequences of even period V, on the other hand, Lempel, Cohn, and Eastman [16]
showed that 1) autocorrelation must have at least two distinct out-of-phase values and 2) a
difference between any two autocorrelation values is divisible by 4. Therefore, optimal auto-
correlation is {N,2, -2} if N = 2 (mod 4), and {N,0,—4} or {N,0,4} if N = 0 (mod 4).
Several classes of binary sequences of even period with optimal autocorrelation are known.
Initially, Lempel, Cohn, and Eastman [16] presented a class of the balanced binary sequences
of period N = p™ — 1 for odd prime p. (It is known that this has been aready described in [25]
and called as the Sdelnikov sequences.) Then, No, Chung, Song, Yang, Lee, and Helleseth [23]
gave another class of the binary sequences of period N = p™ — 1 for odd prime p using
a polynomia (z + 1)¢ + az? + b over a finite field. From a group division structure by the
Chinese Remainder theorem, Ding, Helleseth, and Martinsen [6] also presented several families
of the binary sequences of period N = 2p for odd prime p = 5 (mod 8) which correspond to
almost difference sets. Using known cyclic difference sets, Arasu, Ding, Helleseth, Kumar, and
Martinsen [1] constructed four classes of ailmost difference sets which give inequivalent classes
of the binary sequences of period N = 0 (mod 4). These sequences generally contain the binary
sequences of period N = 0 (mod 4) constructed from the product method in [18]. Recently,
Zhang, Lei, and Zhang [27] presented an almost difference set corresponding to the binary
sequence of period N =0 (mod 4) by adding two indices to one class of the amost difference
set in [1] where the corresponding cyclic difference set is from the Legendre sequences.

For aperiod N = 0 (mod 4), the autocorrelation { N, 0, —4} or {N,0,4} is optimal from the
Lempel, Cohn, and Eastman’s assertion in the sense that it has the two out-of-phase values with
the smallest magnitudes. If we alow three out-of-phase values with the smallest magnitudes, on
the other hand, then optimal autocorrelation should be { NV, 0, +4}, where the autocorrelation is
optimal with respect to its magnitude. In practical applications, we believe that it has the same
meaning as conventional optimal autocorrelation. Consequently, the autocorrelation of { N, 0, +4}
is aso considered as optimal in this correspondence.

In [11], Gong introduced the interleaved structure of sequences which isindeed a good method
not only for understanding a sequence structure, but also for constructing new sequences of an
interleaved form [11] [12]. In this correspondence, we show that a binary sequence of period
4(2™ — 1) shown in [1] can be represented by a (2™ — 1) x 4 interleaved structure. We also
show that a binary product sequence [18] of period 4(2™ — 1) with optimal autocorrelation can



be represented as a 4 x (2™ — 1) interleaved structure. Inspired by these interpretations, we
discover a new construction of binary sequences of period N = 4(2™ — 1) with autocorrelation
{N,0,+4} by the interleaved method. In details, we use a 4 x (2™ — 1) interleaved structure
defined by a perfect binary sequence of period 4 and a binary m-sequence of period 2™ — 1.
In the interleaved structure, a sequence defined over Z, is used as a shift sequence. The new
sequences are amost balanced, i.e., a difference between the numbers of zeros and ones in a
period is 2 [23], and optimal with respect to autocorrelation magnitude. Complete autocorrelation
distribution and exact linear complexity of the sequences are mathematically derived. From the
simple implementation with a small number of shift registers and a connector, the sequences
have a benefit of obtaining large linear complexity.

This correspondence is organized as follows. In Section II, we give preliminary concepts and
definitions on binary sequences for understanding this correspondence. Interleaved structures
of known binary sequences of period 4(2™ — 1) with optimal autocorrelation are presented in
Section II1. In Section IV, new binary sequences of period N = 4(2™ — 1) for even m > 4
with autocorrelation {N,0,+4} are constructed using a4 x (2™ — 1) interleaved structure, and
the autocorrelation distribution is mathematically derived. In Section V, linear complexity of the
sequences is investigated and the implementation is discussed. Concluding remarks are given in
Section VI.

[l. PRELIMINARIES

Following notation will be used throughout this correspondence.

— Z.,, isaring of integers modulo m, and Z} = {r € Z,,|r # 0}.

— F, = GF(q) is afinite field with ¢ elements and IF;; is a multiplicative group of FF,.

— For a binary sequence a = {«;}, a; € {0,1}. a is a complement of a, or a = {a; + 1}
where the addition is computed modulo 2.

— For a sequence a = {«,} over F, and an integer ¢, a + g = {a; + g} where the addition
is computed modulo q.

— For positive integers n and m, let m|n. A trace function from F,. to F,» is denoted by
Tri(x), ie,

n

Tri(a)=a+ a2 4+ T o €T,

or smply as T'r(x) if m =1 and the context is clear.



A. Equivalence of Sequences

Let a = {a;} and b = {b;} be two periodic sequences. Then, they are called cyclically
equivalent [10] if there exists an integer £ such that

ay = bt-l—k fOI’ a“ t Z 0.

Otherwise, they are called cyclically distinct.

B. Balance and Almost Balance Properties

Let a = {a;} be abinary sequence of period N. Then a is called balanced [9] if the number

of zeros is nearly equal to the number of ones in a period, i.e.,
N-1

> (-1

t=0

where S denotes a difference between the numbers of zeros and ones of a binary sequence in a

S = <1

period. For odd N, a is balanced if and only if S = 1, and for even IV, it is balanced if and only
if S =0.On the other hand, if NV iseven and S = 2, then a is called almost balanced [23].

C. Autocorrelation

(Periodic) autocorrelation of a binary sequence a = {«,} of period NV is defined by
N-1
Ca(r) =) (~1)*F% 0<r<N-1
t=0
where 7 is a phase shift of a and the indices are computed modulo N. For a sequence a of

period NV, it isimplied that C.(7) = N occursonly at 7 = 0 (mod N). Ca(7) is called optimal
autocorrelation [1] if it satisfies

1) Ca(r) € {N,—1}if N =3 (mod 4), or

2) Ca(r) € {N,1,-3}if N=1 (mod 4), or
3) Ca(7) € {N,2,—-2} if N =2 (mod 4), or
4) Ca(1) € {N,0,—4} or {N,0,4} if N =0 (mod 4)
for al 7. In particular, case 1) is called ideal two-level autocorrelation and a binary sequence
of case 1) corresponds to a cyclic difference set [2] [14]. Complete classes of all the known
inequivalent binary sequences of period N = 2™ — 1 with ideal two-level autocorrelation and

the corresponding cyclic difference sets are summarized in [4].



Binary sequences of cases 2) - 4) are described by almost difference sets [6] and the other
methods. Several classes of binary sequences of cases 2) and 3) are described by the correspon-
ding amost difference sets in [5] and [6], respectively. On the other hand, four classes of binary
sequences of case 4) and the corresponding almost difference sets are presented in [1] where
the sequences generally contain the binary sequences constructed from the product method in
[18]. Another amost difference set corresponding to a binary sequence of case 4) is presented
in [27] by adding two indices to one class of the almost difference sets in [1]. From afinite field
approach, furthermore, binary sequences of period N = p™ — 1 for odd prime p corresponding
to cases 3) and 4) are also described in [16] and [23], respectively. For a survey of binary and
guadriphase sequences with optimal autocorrelation, see [19].

In this correspondence, if Ca(7) € {N,0,4+4} for N =0 (mod 4), we consider that it is also
optimal in the sense that its autocorrelation magnitude is identical to that of case 4).

D. Perfect Sequences

Let a be a binary sequence of period N. If autocorrelation C,(7) is equal to 0 for al = # 0
(mod N), then a is called a perfect sequence. A perfect sequence is also defined for a nonbinary
sequence by extending the definition of its autocorrelation [10]. For nonbinary cases, a few
polyphase perfect sequences are known in [7] and [8]. However, the only known perfect binary
sequence isa = (0,1,1,1) or its complement [2]. For a period of 4 < N < 108900, no perfect
binary sequences are discovered [26], and it is conjectured in [15] that no other perfect binary

sequences exist except for N = 4.

E. Product Sequences

Let a and b be binary sequences of periods N; and NN, respectively, where gcd( Ny, Ny) = 1.
Then a product sequence [18] p =a+ b = (po,p1,--- ,pn-1) Of period N = NN, is defined
by a component-wise addition of p, = a; +b;, 0 <t < N — 1 where the addition is computed
modulo 2. Autocorrelation of the product sequence is given by

CP(T) = i:(_l)pwrﬂat — !z_: (_1)at1+r+at1] . !z_: (_1)bt2+‘r+bt2]

t=0 t1=0 t2=0 (1)
= Ca(r) - Cp(r), 0<T<N-1

where the indices of a sequence are computed modulo its own period [18].



F. Almost Difference Set (ADS) Sequences of Period N = 0 (mod 4)

In [1], Arasu, Ding, Helleseth, Kumar, and Martinsen presented binary sequences of period
N =0 (mod 4) with optimal autocorrelation. Let a = {«,} be a binary sequence of period v
with ideal two-level autocorrelation and a matrix G = (¢,,4),0 < @ < 3,0 <y < v —1 be
defined by

0! a1 te (y—1
4. a e
n n+1 v=1+n
G = 2
0! a1 te (y—1
_677 En-l-l o av—1+n_

where  is any integer in 0 < n < v — 1 and the indices are computed modulo v. A binary
sequence s = {s;} of period N = 4v is defined by

St =¢gsy Wherex =t (mod4)andy =t (modv). 3

Then s has optimal autocorrelation of Cs(7) € {N,0, —4} for every ,0 < n < v—1 by providing
the corresponding almost difference set [1]. Throughout this correspondence, s is called an ADS

sequence.

G. Interleaved Sequences

Let u = {w;} be a binary sequence of period vw where both v and w are not equal to 1.

Then, we can arrange u by an v x w matrix, i.e.,

Uo 31 o Uw—1
Uy U1 e Uw—1
U = (llo,lll7 s ,llw_l) =
_u(v—l)w u(v—l)w—l—l T uvw—l_

If each column u; is either a cyclic shift of a binary sequence a of period v or a zero sequence,
then u is called a binary (v,w) interleaved sequence [11]. According to the definition, u; =
Le(a), 0 < j <w-—1where L% denotes acyclic ¢; left shift operation, and e¢; € Z, or ¢; = oo
if u; = (0,0,---,0). Here, atranspose notation is omitted because we consider it as a sequence.
In the interleaved sequence, a = (ag, a1, -+ ,a,—1) and e = (eq, €1, -+, €,—1) are caled a base
sequence and a shift sequence of u, respectively. In this correspondence, the matrix U is used
for an array form of u, denoted by u = A(a,e) = U.



InNw=u+b = A(a,e)+ b, the (v, w) interleaved structure is preserved by adding a binary
sequence b of period w. Let W = (wq, - ,Wy—1) =w. InW, b ={b]0 <j <w-—1}is

used as an indicator sequence where w; = u; if b; = 0, or w; = u; otherwise.

H. Interleaved Structure of Binary m-sequences

Let m = 2k and u be a binary m-sequence of period 2™ —1 represented by u, = Tr7"(a'), 0 <
t < 2™ — 2 where « is a primitive element of F,». (As a binary m-sequence, we consider a
sequence satisfying the constant-on-cosets property [10].) Then, u is represented by a (2% —
1,2F+1) interleaved sequence [11],i.e,, u = A(a, e). Initsarray form U = (uo, - - - , uy ), abase
sequence a is a binary m-sequence of period 2% — 1 represented by a; = Tr¥(3%), 0 <1 < 2F—-2
where 3 = o2"+! is a primitive element of F,. Also, a shift sequence e is given by

00, 7=20
o Tri(a?), 1<j <2k

In other words, u, is a zero sequence of length 28 — 1, and u;, j # 0 is a cyclic ¢; shift of a

binary m-sequence a of period 2% — 1.

[Il1. INTERLEAVED STRUCTURES OF KNOWN BINARY SEQUENCES WITH OPTIMAL

AUTOCORRELATION

In this section, we examine interleaved structures of binary sequences of period N = 4(2™ —1)
with optimal autocorrelation. First, a (2™ — 1) x 4 interleaved structure of the ADS sequence
is given using a binary sequence of period 2™ — 1 with ideal two-level autocorrelation and
the constant-on-cosets property as a base sequence. Then, a product sequence with optimal
autocorrelation is also examined by a 4 x (2™ — 1) interleaved structure where each column is
a cyclic shift of a perfect binary sequence of period 4.

A. ADS Sequences

In the ADS sequence s defined by (3), let v = 2™ — 1 and a be a binary sequence of period

2™ — 1 with ideal two-level autocorrelation and the constant-on-cosets property. If we represent



s by a (2™ — 1) x 4 interleaved structure, then

o Q14 a3 34y

aq (3 s Q74
s = _ _ _ _ = (s, 81, S2, 83)

| da(2m—1)—4  G4(2m—-1)-34n A4a(2m-1)-2 CQ4(2m—-1)—1475]

where s; = {s,;},0 < <2"™ —2,0< 7 <3 andnisaninteger, 0 <n < 2™ — 2. From the
constant-on-cosets property of a and 4 = 2™7% (mod 2™ — 1), we have

1) si0= a4 = a,,

2) Sil = Qaiti4ng = Qa(ipa='(14n)) = Qa(i427=2(14n)) = Gig2m=2(14n))

3) Sio = Qaiys = Uy(iya—1.2) = Qa(iyam—1) = Qigygm—1,

4) 8i3 = Qaiy34n = Qa(ita—1 (34n)) = Qa(i+2m=2(34n)) = Lit2m=2(34n)
where the indices are computed modulo 2™ — 1. From this, we have the following interleaved
structure of s.

Property 1. Let s be the ADS sequence of period 4(2™ — 1). Then, s hasa (2" — 1) x 4
interleaved structure, i.e., s = A(a,e) + b where
1) aisabinary sequence of period 2™ —1 with ideal two-level autocorrelation and the constant-
on-cosets property,
2) e = (e, €1,€2,€3) = (0,2"2(n+1),2m71, 2m7%(y 4+ 3)) is a shift sequence,
3) b=1(0,1,1,1) is a perfect binary sequence
where n is an integer, 0 < n <2™ — 2.
From the interleaved structure, s is cyclicaly distinct for each n,0 < n < 2™ — 2. If n =0,
in particular, it is pointed out in [1] that s is equivalent to a product sequence of a and b, i.e,

s = a+ b. Thus, a product sequence of period 4(2™ — 1) with optimal autocorrelation is a
special case of the ADS sequence.

Example 1: For m = 3, let a be a binary m-sequence of period 7, i.e, a=(1,0,0,1,0,1,1).



If n =1, then e = (0,4,4,1). Then, the corresponding ADS sequence s is given by

1

0

0
s= |1 =(1,1,1,1,0,0,0,1,0,0,0,0,1,0,0,1,0,1,1,0,1,1,1,0,1,0,0,0).

0

1

1

(el o e B e N e B
(el o e B e N e B
e B N == N

B. Product Sequences

In Section II1-A, a product sequence of period 4(2™ — 1) with optimal autocorrelation is
represented by a (2" — 1) x 4 interleaved structure as a special case of the ADS sequence
(n = 0). Here, we show that it is also represented by a4 x (2™ — 1) interleaved structure with
different base and shift sequences.

Let p = a+ b be a binary product sequence of period 4(2™ — 1) wherea = (0,1,1,1) isa
perfect binary sequence of period 4 and b a binary sequence of period 2™ — 1 with idea two-
level autocorrelation. Then p has optimal autocorrelation from (1). Note that ged(4,2™ —1) =1
and 2™ — 1 = 3 (mod 4) for any integer m > 1. We first consider a 4 x (2™ — 1) interleaved
structure M = (mg, my,--- ,mym_,) associated with a of length 4(2™ —1). Then, m; is given
by

m; = {a@n_1yi4,;}, 0<i1<3, 0<;7<2m—2

where the index is computed modulo 4. From 37! = 3 (mod 4) and a3, = «,, we have

A(2m—1)i+j = U3i+5 — A3(;43-15) — A3(4435) — di4+35- (4)
Thus, the product sequence p has the following interleaved structure.

Property 2. Let p = a+ b be a binary product sequence of period 4(2™ — 1) with optimal
autocorrelation. Then, it has a4 x (2™ — 1) interleaved structure, i.e., p = A(a,e) + b where
1) a=(0,1,1,1) is a perfect binary sequence,
2) e =(eg, €1, ,eam_z) IS @ shift sequence defined over Z, where the j-th element is given
by
e; =37 (mod4), 0<j5<2™ -2, )
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3) b is abinary sequence of period 2™ — 1 with ideal two-level autocorrelation.

In the interleaved structure of p = (po, - -+ , pam—2), its j-th column is given by p, = L% (a)

if b; =0, or p; = L (a) otherwise.

Example 2: For m = 4, a product sequence of period N = 4 x 15 = 60 with optimal
autocorrelation is given by p = a+b wherea = (0,1, 1, 1), a perfect binary sequence of period
4, and b = (0,0,0,1,0,0,1,1,0,1,0,1,1,1,1), a binary m-sequence of period 15. From (5), e
is defined by

e=1(0,3,2,1,0,3,2,1,0,3,2,1,0,3,2).

Then, p is given by

1
0
p=A(a,e)+ b=
0

= e
= o o O
e e =]
L =
= o o O
e e =]
o o = O
= e
= o o O
o o = O
o = o O

0

Now, we focus on a shift sequence over Z, of the product sequence of period N = 4(2™ —

e e =]
e =
[ = )

1),m = 2k for an integer k£ > 1 with optimal autocorrelation. For m = 2k, the shift sequence
shown in (5) can also be represented by a (2F — 1) x (2 4 1) interleaved structure, i.e.,

[ €p €1 €ok |
Coky1 Coky2 Tt Cokyg
e = (60,61,"' 7€2m_2) =

| E(2k—2)(2k+1)  CE(2k—2)(2k+1)+1 " Cam_2 |

(0032103 21 0]

32103210 3

=121 0 3 210 3 2

_2 103 2103 -- 2_

Interestingly, the (2F — 1) x (2% + 1) interleaved structure of e is given by

e = (e07e17 e 7e2k) (6)

wheree; = {e;;}, €, =3(14+7) (mod4), 0<i<2"—2 0<y <2
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Note that ¢; ; = ej(2x41)4; and both expressions are used throughout this correspondence.

In next section, we will give a new construction of binary sequences of period N = 4(2™ —1)
for even m > 4 with optimal four-valued autocorrelation by modifying the shift sequence of the
interleaved structure of a product sequence.

IV. NEw BINARY SEQUENCES WITH OPTIMAL FOUR-VALUED AUTOCORRELATION

In this section, we present a new construction of binary sequences of period N = 4(2™ — 1)
for even m > 4 with optimal four-valued autocorrelation, i.e., C'(7) € {N,0,+4} for any .

A. Construction

Construction 1: Let & > 1 be a positive integer. A new binary sequence u of period N =
4(2™ —1),m = 2k is defined by a4 x (2™ — 1) interleaved structure of u = A(a, e)+ b where
1) a=(0,1,1,1) is a perfect binary sequence of period 4,
2) b is abinary m-sequence of period 2™ — 1 with the constant-on-cosets property,
3) e isa sequence defined over Z, of period 2™ — 1, and represented by a (2% — 1) x (2F +1)

interleaved structure, i.e.,
e=(ep, €1, - ,€9)

346 d4), ifj=0 (7)
where e; = {ei;}, ey =4 od ) !
3(i4+7) (mod4), ifl1<j<2k

where0 <i<2*—2andé=1or —1.

In fact, the new sequence u is obtained by modifying the shift sequence of (6) in the interleaved
structure of a product sequence.

Remark 1. With 6 = +1 and cyclically distinct binary m-sequences of b, Construction 1

26(2"—1

gives ) cyclically distinct binary sequences u, where ¢(-) is the Euler-totient function.

m

Theorem 1: Let u = A(a,e) + b be the binary sequence from Construction 1. Then u is
amost balanced.

Proof: In the 4 x (2™ — 1) interleaved structure of u = A(a,e) + b, note that the [-th
column is a cyclic shift of either a = (0,1,1,1) or a, which is determined by b = {b;}. In
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other words, each column of u has 3 ones if b, = 0, or 1 ones if b, = 1. Since b is a binary

m-segquence of period 2™ — 1 with the balance property [10], the number of ones in u is given

by
N
32" 1) 2 =2t 3 = 5L

Hence, a difference between the numbers of zeros and ones in a period is 2, i.e., u is amost
balanced. [ |

B. Autocorrelation

To compute the autocorrelation function of u, we first consider Proposition 1.

Proposition 1: Let u = A(a,e) + b be the binary sequence from Construction 1. Let 7 =
r(2" —1)+s, 0<r <3, 0<s<2"—2. Then the autocorrelation function C(7) is given by

N-1 2m—2

Culr) = ) (~1)uter = 3 (=1)Calt) (8)

t=0 =0
where d; = by — biys (mod 2), ¢ = e1s — ¢ + 1 (mod 4), and Cy,(t;) is autocorrelation of a
base sequence a. In b, the index is computed modulo 2™ — 1. As in equation (12) of [12], on
the other hand,
Clys = €po—(zn_1y +1 (mod 4) if [ +s>2" — 1. 9

Proof: From u = A(a,e) + b, it is immediate from Lemma 2 of [12]. |

In Construction 1, note that the indicator sequence b and the shift sequence e have the
(28 — 1) x (2% + 1) interleaved structures. Then, d = {d;|0 <[ < 2™ — 2} in Proposition 1 is
represented by a differencearray D = B— B, where (2" —1) x (2¥+1) arrays B and B, represent
b = {b} and L*(b) = {b4,}, respectively. From the shift-and-add property [10] of the binary
m-sequence b, it is clear that D = (do, - - - , d,») &S0 represents a binary m-sequence of period
2™ — 1. Also, the j-th column d,,0 < j < 2* is either a cyclic shift of a binary m-sequence of
period 2 — 1 or a zero sequence from the interleaved structure of binary m-sequences. In the
following lemma, we further study a structure of the array D. From now on, we use following

notation in all lemmas and theorems in Section |V.

T=r(2" —-1)+s, 0<r<3,0<s<2m =2
(10)
wheres =2(2" +1) +y, 0<z<2"—2 0<y<2F
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Lemma 1: Let B and B, be (28 — 1) x (2¥ 4+ 1) arrays of b and L*(b), respectively, where
s # 0. Inthe differencearray D = B— B, = (do, - - - , dyx), the j-th column d; has the following
properties.
1) If y =0, then a zero column d; exists only at 57 = 0.
2) If y # 0, then a zero column d; exists at exactly one 5 for 0 < 5 < 2% with 5 # 0 and
J # —y where ‘—y’ is computed modulo 2% 4 1.

Proof: In B = (bg,---,byx), by isazero columnand b;, ; # 0 isacyclic shift of a binary
m-sequence from Section I1-H. In another array B, = (sq, - - ,syx) Of L*(b), on the other hand,
s_, IS azero column and s;, 7 # —y is a cyclic shift of a binary m-sequence. In the difference
D = B — Bq, therefore, d, is still a zero column if y = 0. If y # 0, on the other hand, neither
dy =bg—synord_, =b_, —s_, can be azero column because both s, and b_, are nonzero
columns. Instead, a zero column d; exists at another column index j with j # 0 and j # —y
because there should be exactly one zero column in the difference array D which represents a

binary m-sequence. This completes a proof of Lemma 1. [ ]

In Proposition 1, t = {#;]0 < < 2™ — 2} can aso be represented by a (2¢ — 1) x (2* + 1)

interleaved structure 7'. To obtain 7', we need the following two lemmas.
Lemma 2: In the array structure of e in (7), s-shift L*(e) of e is given by
L¥(e) = (e, — . @1py — .o+ epey, — 1) (11)
where e; is defined in Construction 1 and extended to e; = e;_(,x,1)+3 (mod 4) for j > 2% 4+1.

Proof: If we arrange L*(e) in an array form, then we have

Cay e €y, 2k €x4+1,0 T Caxtly—1
Cxtly T €x41,2k €z4+2,0 °° Czq2y-1
Cok_3.y T Cok_3 2k €ok_o0 """ Cok_941
Ls(e) — ) ) ) 1 (12)
ezk_27y ot ezk_272k 6070 ‘I‘ ]_ ot 607y_1 ‘I‘ ]_
€0,y + 1 ce 607214 + 1 €1,0 + 1 - €1,y—-1 + 1
_ex—l,y + I --- ex_sz + 1 €x,0 + I --- Cry—1 + ]-_
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where the ‘41" addition is from (9) and computed modulo 4. From the definition of ¢, ; in (7),
ivij—€i; =3 (mod4), 0<i<2F-3. (13)

Also,
coj+1—epm_y; =37 +14+A-32"-24+)-A=3 (modd), 0<;<28 (14)

where A =6 =+11if j =0, or A = 0 otherwise. From (13) and (14), we see that in (12), every
element in a difference vector between the (i + 1)-th row and the i-th row for 0 <: < 2% — 3
is 3 (mod 4). Thus, we can write (12) as

L*(e) = (e, + 3z, - ,em +3x,€0+ 32 +3,--- ,e,_1 + 32 +3)
For j > 2F + 1, if e, is defined by e; = e;_(3:41) + 3 (mod 4), then L*(e) is given by (11)

from 3z = —a (mod 4). [ |

Lemma 3: With the notation of Proposition 1 and Lemma 2, let | = (2" + 1) + j where
0<I<2m—2,0<:i<2"~2,and 0 < j < 2% Then, t; = ¢;4s — ¢ + 7 (mod 4) is given by

3y —a+r, if j£0andj+y#0 (mod 2%+ 1),
. 3y —ax+r+4, if j£0andj+y=0 (mod2*+41), (15)
l:
3y —ax+r—24, if j=0andj+y#0 (mod2*+41),
—x+, if j=0andj+y=0 (mod2F+1).
Ina (2 —1)x (24 1) array T = (to,-- ,tx) of t = {#,;}, each column has constant elements
given as follows.
1) If y =0, then
t;={t,,;=—x+r0<i<2" -2} fordl 0<j <2k (16)
2) If y #0, then
to={tio=3y —x+r—450<i<2b-2}
ty = {ti_y =3y —x+r+30<i<2¥ -2} (17)

ti={ti,=3y—a+r0<i<2"-2}forj£0andj+y#0 (mod2*+1)

where ‘ —y’ is computed modulo 2% + 1.
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Proof: A (2% — 1) x (2F 4 1) array structure of t is given by
T=Le —e+r

where r is added to all elements of the array. From Lemma 2, we see that the j-th column vector

of T is given by
tj =€y —e;—v+r={ej, —e;—atr0<i<2 -2} 0< ;<2
From [ = i(2F 4+ 1) + j, it is clear that ¢; is the i-th element of t;, i.e,
h=eys—€+7r==¢j1y,—€,;—x+r. (18)

Together with (18) and (7), (15) follows immediately. The assertions of (16) and (17) are from
(15). u
Now, we are ready to compute C\ (7).
Theorem 2: Let u = A(a, e) + b be the binary sequence of period N = 4(2™ — 1), m = 2k

for an integer k£ > 1 from Construction 1. Then it has four-valued optimal autocorrelation, i.e.,

Cu(r) € {N,0,+4} for any 7. Precisely, its complete autocorrelation is given by

42m —1),  ifr=0

Culr) = 0, if (r#0ands=0)or(s,y,v)=(0,0,v)0r (y,v)=(1,2)
—4, if (s.y,v) =(0.0,0) or (y,v) = (¥,1) or (y,v) = (¥,3)
+4, if (y,v) = (,0)

where s = 7 (mod 2™ — 1), y = 7 (mod 2¢ + 1), and v = 7 (mod 4) for some o € ZJ._,,

P E Z;—’H—l’ and v € Z].

Proof: To compute Cy(7), we use (8) in Proposition 1. Since C,(t;) = 0 for nonzero ¢,
nonzero C,(7) is determined by cases of ¢, = 0 in (8). We have the following three cases. Recall
(10) and the arrays D and T' of d = {d;} and t = {¢,;} in Lemmas 1 and 3, respectively.

Case 1. s = 0: If r = 0 in thiscase, then 7 = 0 and Cy(7) = 4(2™ — 1), a trivia in-phase
autocorrelation. If » # 0, on the other hand, ¢, = e;1, —¢; +r =1 # 0 and then Cy(7) =0 in

(8) because C,(t;) = 0 for al nonzero t;. Thus, we have

42m —1),  ifr=0,
Cu(r) = { _ (19)
0, if r#0and s=0.
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Case 2. s # (0 and y = 0: From (16), T' is a constant array where each element is —« + r and
D is balanced from the difference property of m-sequences, i.e, S.i . *(—1)% = —1. If r = &,
then#, =0 for al 0 <1< 2™ —2. Hence, Cy(7) = —1-Ca(0) = —4 from (8). If r # x, on the
other hand, ¢; # 0 and C,(t;) = 0 for al 0 <[ < 2™ — 2 and hence Cy(7) = 0. From (10), note
that if y = 0, then v =7 mod 4 = —r + x. Therefore,
Culr) = { —4, if (s,y,v)=1(0,0,0) (20)
0, if (s,y,v)=(0,0,v).
where o and v are some elements in Z}.._, and Z}, respectively.
Case 3. s #0and y # 0: Let [ = (2" + 1) + 5. From Lemma 3, we have three distinct ¢’s
inT,ie,t; =h,h+£1 whereh =3y —x+r. (Note that 6 = £1 in (7).) t; = h corresponds
tot,’sof 0 < j < 2% with j # 0 and j # —y. For such j's, t; is a constant column of 4 and
there exists one j such that d; is a zero column from Lemma 1. On the other hand, ¢; = 2 + 1
corresponds to t, and t_,, respectively, and both d, and d_, are nonzero m-sequences in D.
1) h =0: Inthiscase dl t;’sof 0 < j < 2F with 7 # 0 and j # —y are zero columns. On
the other hand, t, and t_, are nonzero. Let n, and n; be the numbers of zeros and ones
ind;’sfor 0 <j <2%withj#0andj # —y. Then,
no = (28 —2)(2"1 — 1) 28 —1 =221 2k 11

ny = (28 —2)2k=t = 2% ok — 1.
From (8), Cu(7) = (no- 1+ n1-(=1)) - Ca(0) =1 - Co(0) = 4.
2) h = £1: In this case, either t, or t_, is a zero column for given 2 and 6. On the other
hand, all other columns are nonzero. If n, and n, are the numbers of zeros and onesin d,
or d_,, then

k—

ng=21—-1, n =2 =pny+1

Thus, Cyu(7) = (ng -1 4 ny - (=1)) - Ca(0) = (—1) - Ca(0) = —4.
3) h = 2: Inthis case, no columns are zero in T'. Thus, Cy(7) = 0 from C,(#;) = 0.
From (10), notethat v =7 mod4=3r+ax+y=3-(3y —a+r) = —h. Combining 1), 2)
and 3), we have
+4, if (y,v)=(v,0
Cu(r) =14 —4, if (y,v) = (¢, 1) or (y,v) = (¢,3) (21)
0, if (y,v)=(v,2
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where ¢ is some element in Z}, . In (21), note that y # 0 implies s # 0.

If we combine (19), (20), and (21), then the proof is completed. [ ]
Remark 2: In Remark 1, we have many cyclically distinct sequences of u according to 4
and b. In Theorem 2, however, the distinction disappears regarding their autocorrelations and
consequently all the sequences from Construction 1 have identical autocorrelation distribution

regardless of ¢ and b.

Theorem 3: With the notation in Theorem 2, complete distribution of C',(7) is given by

4(2™ —1), 1time

Culr) = 0, 22k 1 ok+l _ 3 times
—4, 22k+1 9ok _ 2 times
+4, 22k _ 2k times.

Proof: From Theorem 2, a trivial in-phase autocorrelation occurs only once. Hence, we
count the other exclusive cases of Theorem 2.
Case 1. Cy(7) = —4:

1) (s,y,v) = (0,0,0): Inthis case, possible ’sare 4(2¥ +1),8(2F +1)--- ,4(2F —2)(2F +1).
Thus its number of occurrences is w, = 2% — 2.

2) (y,v) = (¢¥,1) or (¥,3): Note that gcd(2F +1,4) = 1. By the Chinese Remainder theorem,
we have a unique solution of 7 for (y,v) = (¢, 1) with given ¢ € Z;H. Thus, the number
of distinct solutions of 7 in Zj{(zm) for (y,v) = (¢,1) is 2* for @l ¢ € Z3,_,. From the
iSOMOrphism Z ygm_1y = Zy(ary1y X Zyr_y, the number of 7'sin Zyom_yy for (y,v) = (¥, 1)
is 2¥(2% — 1). Considering the exclusive cases of (y,v) = (z,1) and (¢, 3), the number of
such 7'sis w; = 2812k — 1),

Combining 1) and 2), the number of occurrencesof Cyy(7) = —4 iS¢ = wo+w;, = 22k 2k _2,

Case 2. Cyu(7) = +4: This corresponds to (y,v) = (¢,0). By a similar approach to Case 1-2),

the number of such r'sis equal to A\, = w, /2 = 2F(2% — 1).

Case 3. Cy(7) = 0: The number of such 7’sis Ay = 4(2™ —1) — (1 + Ao+ A ) = 2% 21 3,
From Cases 1 - 3, the proof is completed. [ ]

Example 3: For m = 2k = 4, consider a new sequence u in Construction 1 with § = 1. In

its interleaved structure u = A(a,e) + b, a base sequence isa = (0,1,1,1) and an indicator
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TABLE |

AUTOCORRELATION VALUES OF C'y(7) IN EXAMPLE 3

0—-14 | 60 —4 0 —4 4 0 0 —4 4 —4 0 —4 4 —4 0
15 —29 0 4 —4 0 —4 —4 -4 0 —4 4 0 0 —4 4 —4
30 — 44 0 —4 4 —4 0 0 4 —4 0 —4 —4 -4 0 —4 4
45 — 59 0 0 —4 4 —4 0 —4 4 —4 0 0 4 —4 0 —4

sequence isb = (0,0,0,1,0,0,1,1,0,1,0,1,1,1,1), a binary m-sequence of period 15. A shift
sequence e is defined by (7), and b and e are represented by 3 x 5 arrays, respectively, i.e.,

000 10 1 3

b=1]10110 1|, e=1]0 2

01 1 11 31

[\]

10
0 3

o =
w
DO

Then, a new sequence u of period 60 = 4 x 15 is given by

00000001
100
110

I 101 0 |

Consider Cy(1). From7 =1, wehave r =0,s = 1,2 = 0,y = 1 from (10). D and T' are given

by

S = =
e =
= O = =
e e =]
o O = O
- o o O

o O =
o O = O
[ = )

0 1 0
0 1 1
1 1 1

00110 23 3 30
D=11 0111, T=123 3 30
1 0001 23 3 30

Hence, we see that Lemmas 1 and 3 are true in this case. From D and 7" at 7 = 1, we can
easily compute C,(1) = —4. The autocorrelation function from Theorem 2 is shown in Table I.

From Theorem 3, the complete autocorrelation distribution is given by

60, 1 time
Culr) = 0, 21 times

—4, 26 times

+4, 12 times.

Both the autocorrelation function and the distribution are verified from computer experiments.
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V. OTHER ASPECTS OF NEW BINARY SEQUENCES

In this section, we derive exact linear complexity of the new binary sequences and show that
large linear complexity can be obtained from the sequences. Implementation of the sequences
requires only a small number of shift registers and a simple logic.

Linear complexity of a sequence is defined as the shortest length of a shift register which
generates the sequence, or equivalently a degree of the minimal polynomial of the sequence [10].
Before examining linear complexity of the sequence u from Construction 1, we consider the

following lemmas.

Lemma 4: Let z = {z} = (1,1,0,0) or (1,0,0,1). Let ¢ = {¢;} be a binary sequence of
period n = 4(2% + 1) such that
0, iftA£¢(2F+1),
- # ) 22)
2o, ift=¢(2F4+1)
where k is a positive integer and ¢’ is an integer, 0 < ¢’ < 3. Then, the minima polynomial of
cisme(z) = (22 +1)3.
Proof: Let C(x) = co+ cio + ez + -+ + ¢,_2™ 1. From (22), C(x) is given by
14 22+, if z=(1,1,0,0),
o) = o z = )
1+ 230 if 2 =(1,0,0,1).

From [17], the minimal polynomial of c is given by
2" 41 24(25+1) +1 (:chk"'l + 1)4

me(v) = ged(am +1,C(x)) - gcd(:z;4(2k+1) +1,C(x)) AR G |
_ (:chk"'l + 1)3

for both cases of z. [ |

Lemma 5. Let u = A(a,e) + b be the binary sequence from Construction 1. Then, u is

represented by u =a+b +¢, i.e,
U =a+b+e, 0<t<42m-1)-1 (23)
where ¢ = {¢} is the binary sequence from Lemma 4.
Proof: Assumethat u = a+b+f wheref = {f;}. Sinceu = a+b att #Z 0 (mod 2% +1),

fi=0fort#0 (mod 2 41). (24)
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Fort =t'(28 + 1) with 0 < ¢ < 4(2 — 1) — 1, let t' = i(2" — 1) + i’ where 0 < i < 3 and

0 < <2F—2. Then,
t=t2" 4+ 1) =2" -1+ +1)i'= 2" - 1)i+j (25)

where i and j = (2* + 1)’ correspond to row and column indices of the interleaved structure of
u, respectively. Recall the interleaved structure of a sequence a in (4). Then, v, is represented
as

up = ar + b + fr = aivs; + b + fi (26)

a t = #(2¥ + 1). From Construction 1, on the other hand,

Up = Aiy3545 + by (27)
at=+t(2"+1). From (25), note that t = ¢/ = 3i + j (mod 4). Also, 37! = 3 (mod 4) and
as; = a;. Then, from (26) and (27),

fi = ft/(2k+1) = U434 + Aiy3; = 3itj435 + A3iyj = Qpiss + ap = hp (28)

where 6 = +1 and the indices are computed modulo 4. Let h = {k.}. Since a has a period
4, h and f have periods 4 and 4(2* + 1) from (28), respectively. Also, it is easily known from
(28) that h = (1,1,0,0) if 6 =1, or h = (1,0,0,1) if 5 = —1 which is identical to z from
Lemma 4. Thus,

fi=zpfort=¢(2"+1), 0<+¢ <3, (29)

From (24) and (29), f = c in (22), and hence (23) is true. ]
Linear complexity of the binary sequences from Construction 1 is presented by Theorem 4.

Theorem 4: Let u be the binary sequence of period N = 4(2™ — 1), m = 2k for an integer

k > 1 from Construction 1. Then, linear complexity of u is given by
Lo=3(1+2) 41+ 2k

Proof: By definition of the minimal polynomials, m,(x), the minimal polynomial of u is
determined by the least common multiple (Icm) of the minimal polynomials of a, b, and ¢ in

Lemmab. Let m,(x), my(z), and m.(x) be the minimal polynomials of a, b, and c, respectively.
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It is easily known that m,(z) = (x4 1)* and ms(z) is a primitive polynomial of degree m = 2k.

From Lemma 4,
lem(ma(z), me(z)) = lem((z + 1), (22 +1)%)
= lem((z+ 1) (2 + 12> + 27 4 24+ 1))
= (z + 1)(x¥ " + 1)
Note that ged(my(x),z + 1) = 1 and if k > 1, ged(mp(x), 22T + 1) = 1. Finally,
my(x) = lem(lem(ma(x), me(x)), mp(x)) = lem(ma(x), me(x)) - my()

= (z+ 1)@t 172 my(a)

where a degree of m, () or linear complexity of u is given by
Lo=32"+ 1) +1+m=302+1)+1+2k
which completes the proof. |

Remark 3: In Theorem 4, we requested that £ > 1. For the case of £ = 1, the new binary
sequence u of period 12 also has optimal autocorrelation Cy,(7) € {12,0,4+4} for any 7.
However, its linear complexity is L. = 3(2¥ + 1) + 1 = 10. It is because in the proof of
Theorem 4, my(z) = 2? + = + 1 is a factor of m.(z) = («° 4+ 1)°, and thus the minimal

polynomia ., (x) of u is given by lem(mg(z), mq(z)) = (x + 1)(2® + 1)

Table 11 shows linear complexities of the three different binary sequences of period 4(2™ —1)
with optimal autocorrelation. For the product and the ADS sequences in Section |11 adopting
m-sequences of period 2™ — 1 as an indicator or a base sequence in their interleaved structures,
their linear complexities are given by m + 4 and 2m + 4, respectively, which will be discussed
in Appendix I. In Table I, the new binary sequences from Construction 1 provides much larger
linear complexity than the other two classes of sequences. Linear complexities of Table Il are
confirmed by computer experiments using the Berlekamp-Massey agorithm [3] [21].

Figure 1 shows implementation of the new binary sequence u of period 4(2™ — 1) with § = 1.
(If 6 = —1, we only need to change the initial state of the 3-stage LFSR from (0,1,1) to
(0,0,1).) In Fig. 1, the 3-stage linear feedback shift register (LFSR) is enabled and connected
to other LFSRs only at time ¢ = #/(2¥ 4+ 1),# = 0,1,2,---. In the implementation, u = {«,} is
generated by combining only (m + 7) shift registers and a simple connector. From Theorem 4,
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TABLE Il
LINEAR COMPLEXITY OF BINARY SEQUENCESOF PERIOD 4(2 ™ — 1) WITH OPTIMAL AUTOCORRELATION ADOPTING A

BINARY m-SEQUENCE

m Period Product ADS New
Sequence | Sequence | Sequence

4 60 8 12 20

6 252 10 16 34

8 1020 12 20 60

10 4092 14 24 110
12 16380 16 28 208
14 65532 18 32 402
16 | 262140 20 36 788
18 | 1048572 22 40 1558

however, its actua linear complexity is L. = 3(2% + 1) + 1 + 2k > 2k + 7 for k = m/2, where

we obtain the large linear complexity with the low implementation cost.

Remark 4: Let [ be linear complexity of a binary sequence of period 2™ — 1 with idea two-
level autocorrelation which is used as an indicator or a base sequence of the product or the ADS
sequences in Section Il1. Then, linear complexities of the product and the ADS sequences are
[ +4 and at most 2! + 4, respectively, which will be proved in Appendix I. If [ > m, then the
linear complexities can be larger than that of the new sequences from Construction 1. In this
case, however, we need as many numbers of shift registers as the linear complexities for their

implementation, which requires the larger implementation cost.

V1. CONCLUSION

From a4 x (2™ —1) interleaved structure, we have constructed new binary sequences of period
N = 4(2™ — 1) for even m > 4 with four-valued autocorrelation {V,0,+4} which is optimal
with respect to autocorrelation magnitude. Complete autocorrelation distribution and exact linear
complexity of the sequences have been mathematically derived. Only with (m + 7) shift registers

and a simple connector, the sequences are implemented to give large linear complexity.
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m-stage LFSR

Connectedatt = ¢'(2%¥ + 1),t' = 0,1,2,--. .

Fig. 1. Implementation of a new binary sequence of period 4(2™ — 1), m = 2k, k > 1 with optimal autocorrelation (§ = 1)

APPENDIX |

In Appendix I, we show two lemmas on linear complexities of the product and the ADS

sequences of period 4(2™ — 1) in Section 1.

Lemma 6: Let p = a + b be the product sequence of period 4(2™ — 1) with optimal
autocorrelation shown in Section 111, where a is a perfect binary sequence of period 4 and
b a binary sequence of period 2™ — 1 with ideal two-level autocorrelation. Then, its linear

complexity is given by L. =1+ 4 where [ is linear complexity of b.

Proof: The minimal polynomia of a perfect binary sequence a is m,(z) = (z + 1),
Let my(x) be the minimal polynomia of b. In general, my(x) = [[, r:(x) where r;(z) is a
primitive polynomia over F,. We assume gcd(m(x), 2 + 1) = 1 without loss of generality.
Then the minimal polynomia of p is given by m,(z) = lem(mg(z), my(x)) = (x + 1)* - my(2).
Therefore, a degree of m,(x) or linear complexity of p isgivenby L. = [+ 4 where [ is a
degree of m;(«) or linear complexity of b. |

Lemma 7: Let s be the ADS sequence of period 4(2™ — 1) defined by (3) with a binary two-
level autocorrelation sequence a of period 2™ — 1 and a matrix GG in (2). If linear complexity
of a is [, then linear complexity L. of s is a most 2/ + 4, i.e, L. < 2] + 4. In particular, the

equality is achieved if a is a binary m-sequence and n # 0.
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Proof: From (2) and (3), s = {s;} is represented by

where b = {b,} is a perfect binary sequence of period 4 and w = {w,} is a binary sequence
defined by
oy — { ay, if t=0 (mod 2) 31)
Aty ift=1 (mod 2)
If =0, wehavew = a and s = a+ b. Thus, the linear complexity of s isgivenby L. =1+4
from Lemma 6.

For a nontrivial ADS sequence with n # 0, it is clear that w is a binary sequence of period
2(2™ — 1). From (31), w is represented by a (2™ — 1) x 2 interleaved structure where its first
column is (ag, az, a4, - - - ) and the second column is (a4, @344, @544, - - - ). Since each column
sequence is a form of a shift-and-decimation of a, its minimal polynomial is identical to m,(z),
the minimal polynomial of a. Let m,,(x) be the minimal polynomial of w. From the interleaved
structure of w, we have

(@) |ma(e®) = (ma(e))” (32)

from Lemma 1 of [11]. Similar to the proof of Lemma 6, we assume gcd(m,(z),z + 1) =1

and thus gcd(m,,(z),« + 1) = 1. From (30), the minimal polynomial m(x) of s is given by
m,(x) = lem(my(x), mp(x)) = lem(my(2), (x + 1)) = my(2)(z + 1)* (33)

where my(z) = (z + 1)* is the minimal polynomial of a perfect binary sequence b. From (32)
and (33), L. =1, + 4 <20+ 4 where [,, is a degree of m,,(z).

In particular, if a is abinary m-sequence, then m, () is a primitive polynomial of degree ! and
thuswe have m,, () = mq(z) or (mq(z))” from(32). 1f 5 # 0, w # a and thusm.,(z) # ma(z).
Hence, m,,(z) = (mq(x))* and consequently, L. = 2 + 4 from (33). |
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