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Abstract

We find the number of subsets of a finite field extension that can form a polynomial basis.

1 Problem

A polynomial basis set of a finite field Fqm over a field Fq is defined as a subset of Fqm of the form

P (a) = {1, a, a2, . . . , am−1} (1)

whose elements are linearly independent as vectors over the field Fq, or equivalently, whose elements
span the Fq-vector space Fqm . The set P (a) will form a polynomial basis set if and only if a ∈ Fqm

has degree m over Fq.
A well known result, [2, Theorem 3.25], going back to Gauss for the case of prime q, is that the

number Dq(m) of elements of degree m over Fq is,

Dq(m) =
∑
d|m

µ(m/d)qd (2)

where µ(·) is the Möbius function. This can be proved by the inclusion-exclusion principle, which
is to say, Möbius inversion. (An equivalent way to state this result is that the number of irreducible
polynomials of degree m over Fq is Dq(m)/m.)

Polynomial bases are more usually defined as ordered sequences:

Q(a) = (1, a, . . . , am−1), (3)

instead of as sets. For m > 2, a 7→ Q(a) is a bijection. The number of a of degree m exactly
equals the number Bq(m) of ordered polynomial bases, so Bq(m) = Dq(m). For m = 1, the only
ordered basis of the form in equation (3) is the ordered tuple (1). Therefore, Bq(1) = 1, whereas
Dq(1) = q − 1.

This paper looks at the number Uq(m) of polynomial basis sets, as defined in (1). In other
words, we seek to count the the number unordered polynomial bases. This number could possibly
be smaller than the number of ordered polynomial bases if m > 2 and

P (a) = P (b) (4)

for some a 6= b, which we will call a collision of polynomial basis sets. We will show that Uq(m) =
Bq(m); that is, there are no collisions of polynomial basis sets. We henceforth assume that m > 2.
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2 Solution

Suppose that P (a) = P (b), with a 6= b. Because b ∈ P (b) = P (a) = {1, a, . . . , am−1}, we must have
b = ag for some g ∈ {0, 1, . . . ,m− 1}. The case g = 1 is excluded because a 6= b. The case g = 0 is
excluded because m > 2.

Let n be the multiplicative order of a. A polynomial basis set collision {1, a, . . . , am−1} =
P (a) = P (ag) = {1, ag, . . . , ag(m−1)} is equivalent to the following condition

{0, 1, 2, . . . ,m− 1} ≡ {0, g, 2g, . . . , (m− 1)g} mod n, (5)

where the modular reduction applies to all elements of the sets. Solving (5) will thus determine all
polynomial basis set collisions.

For m = 0, m = 1 and m > n, there may be solutions to (5) for certain choices of g, but that
these do not correspond to polynomial basis set collisions. The case m = 0 represents the empty
set, and is degenerate in the sense it does not correspond to any field extension. The exceptional
case m = 1 has already been excluded from the definition of a polynomial basis set collision.

To exclude the case m > n, we will show that a ∈ Fqm has order n > m. To see this note that
an − 1 = 0, so a is a root of a polynomial of degree n. This polynomial xn − 1 is not irreducible
over Fq, since it has a factor x − 1. Therefore, the irreducible polynomial of a over Fq is a proper
factor of xn − 1 and therefore has degree smaller than n. But m is defined to be the degree of this
irreducible, thus m < n. This implies m 6≡ 0, 1 mod n because m > 2 is assumed, a fact that will
be used towards the end of the proof.

Noticing that (5) does not involve q, we are free to solve it without referring to Fq at all. We
can see that (5) is equivalent to

1 + xg + · · ·+ x(m−1)g ≡ 1 + x + · · ·+ xm−1 mod xn − 1, (6)

as polynomials in Z[x], where the polynomial modulus xn − 1 now accounts for the modulus n in
(5). This is equivalent to (xn − 1) | G(x), where

G(x) = (1 + xg + · · ·+ x(m−1)g)− (1 + x + · · ·+ xm−1)

=
xgm − 1
xg − 1

− xm − 1
x− 1

=
(xgm − 1)(x− 1)− (xm − 1)(xg − 1)

(xg − 1)(x− 1)

=
F (x)

(xg − 1)(x− 1)

(7)

where the numerator F (x) expands as:

F (x) = xgm+1 + xg + xm − xgm − xg+m − x. (8)

Now clearly (xn − 1) | F (x), because F (x) = G(x)(x − 1)(xg − 1) and (xn − 1) | G(x). In other
terms, F (x) ≡ 0 mod (xn − 1), which is equivalent to

{gm + 1, g, m} ≡ {gm, g + m, 1} mod n (9)

because one can reduce exponents in (8) modulo n. (Just to be clear, in (9), the left and right hand
sides may possibly be multi-sets, with repeated elements.)

We show that g 6∈ {gm, g + m, 1} mod n, contradicting (9), as follows:
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• Above, we showed that g ∈ {2, . . . ,m− 1} and m < n. Therefore g 6≡ 1 mod n.

• Above, we showed m 6≡ 0 mod n, Therefore we have g 6≡ g + m mod n.

• By supposition, a ∈ P (b), so a = bh for some h ∈ {0, 1, . . . ,m − 1}. Therefore, a = bh = agh

and gh ≡ 1 mod n. Suppose that g ≡ gm mod n and multiply through by h so get 1 ≡
gh ≡ ghm ≡ m mod n. Above, we saw that m 6≡ 1 mod n, so g 6≡ gh mod n, as desired.1

(Alternatively, if gm ≡ g mod n, then (9) reduces to

{g + 1, g, m} ≡ {g, g + m, 1} mod n (10)

which implies that either g + 1 ≡ g + m or m ≡ g + m which are ruled out by m 6≡ 1 and
g 6≡ 0, respectively.

Therefore (9) cannot hold. Polynomial basis set collisions do not exist. The number of ordered and
unordered polynomial bases are the same: Uq(m) = Bq(m).
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1This approach to this case using the coprimality of g and n is due to organizers of the APMO 2008 contest [1,
Problem 5].
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