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Abstract

New families of near-complementary sequences are prabdatepeak power control in mul-
ticarrier communications. A framework for near-complemaey sequences is given by the explicit
Boolean expression and the equivalent array structure. fidreework transforms the seed pairs to
near-complementary sequences by the aid of Golay complanyesequences. As the first example,
a new sequence family of lengtli* and peak-to-mean envelope power ratio (PMERR) is pre-
sented, where the family produces more distinct sequehegsany other known near complementary
sequences of the same lengths and PMEPR bound. An efficiaetag®n algorithm for permutations
is developed for the distinct sequences. In addition, nawili@s of near-complementary sequences
of various lengths and PMEPR 4 are also presented, where the sequences are constructée by t
framework employing the seeds of shortened or extendedyGmaplementary pairs. The families
present in a constructive way a large number of sequenceM&PR < 4 for the lengths £ 100)
of 24,28, 30, 34, 36,48, 56, 60, 62, 66, 68, 72, and 96 where no Golay pairs have been reported. The
sequence families can find the potential applications fakpgower control requiring codewords or

sequences of various lengths as well as low PMEPRs.
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I. INTRODUCTION

Multicarrier communications have recently attracted mattention in wireless applications.
The orthogonal frequency division multiplexing (OFDM) hasen employed as a multiplexing
and a multiple access technique in several wireless conwatiomn standards such as IEEE802.11
Wireless LAN [1], IEEE8B02.16 Mobile WIMAX [2], and 3GPP-LTE]. Also, the multicarrier
code-division multiple access (MC-CDMA) is of interest asuéure wireless multiple access
scheme. Their popularity is mainly due to the robustness utiipath fading channels and the
efficient hardware implementation employing fast Founiansform (FFT) techniques. However,
multicarrier communications have the major drawback ofhigh peak-to-average power ratio
(PAPR) of transmitted signals, which may nullify all the gotial benefits [16].

A constructive way for peak power control in multicarriernmmunications is to use com-
plementary sequences [9] for subcarriers such that theesegs provide low peak-to-mean
envelope power ratio (PMEPR) of at mastfor transmitted signals [17], where the PAPR of
the signals is bounded by the PMEPR [10]. A milestone of theotétical research on the
Golay complementary sequendeas been set by Davis and Jedwab [6], where they showed
the sequences can be constructed by a coset of the first oedel-NRuller codes. Specifically,
they reported tha?"-ary Golay complementary sequences of lerjfthcan be obtained by the
second order coset of the generalized first order Reed-MetldesRM,. (1, m). Paterson [16]
then presented a unified theory f8olay complementary seté size2**!, where each sequence
in the set has the PMEPR of at m@$t!. Recently, Fiedler, Jedwab, and Parker [8] identified
a framework of constructions of all known Golay complementsequences of lengthi™ by a
matrix structure and an explicit Boolean expression.

As an alternative to Golay complementary sequences, hwaepproaches have been made
for near-complementargequences, where the PMEPR is bounded by a finite value larger
than 2. In [13], Parker and Tellambura presented a primitive frar& for construction of
near-complementary sequences, where they applied thaajjgeed Rudin-Shapiro construc-
tion [18][21] to a pair of starting seed sequences with PMEPR for constructing longer
near-complementary sequences with PMERR. Based on the work, Schmidt [19] gave an
explicit Boolean expression for a framework of near-commatary sequences of lengf.

In general, near-complementary sequences are expectetbdoge more sequences than the



Golay complementary sequences at the cost of the increadee ?#MEPR bound. For further
researches on Golay complementary sets and near-compblagmneequences, see [5][15][20].

In this paper, we present a framework of near-complemergaguences of length2™—*
by the explicit Boolean expression and the equivalent astaycture. While it transforms the
seed pairs of length to near-complementary sequences of leng2li—* by the aid of Golay
complementary sequences of length~*, the framework preserves the PMEPR bound of the
seed pairs. As the first example, we construct a new family;-afy near-complementary
sequences of lengtti” and PMEPR< 4, whereq is an even positive integer. In the sequence
family, the framework employs a pair of Golay complementsgguences- not necessarily a
Golay complementary pair of length 2 as the seed pair. We also obtain the explicit Boolean
representation of the new sequence family, where it cositginto the third order coset ofgaary
generalization of the first order Reed-Muller cad#!,(1,m). In addition, we demonstrate how
to generate the distinct sequences by developing a gemeralgorithm for the permutations
in the Boolean expression. We show that the family containgendistinct sequences than any
other known near complementary sequences of ledgtiand PMEPR< 4.

As the next example, we present new familiesqedry near-complementary sequences of
various lengths and PMEPR 4. The framework constructs the sequence families of length
2m 4 9m=k 9 < k < m — 1, by employingshortenedand extendedGolay complementary
pairs as the seed pairs. In theoretical aspects, the sexjdamsly of particular lengths can
be an interesting example of sequences with low PMEPR forlehgths where no Golay
complementary sequences exist [7]. Numerical results sthat the new families produce a
large number of distinct binary sequences foK m < 7, equivalent to a large number of
distinct binary codewords with valid code rates. In prastithe sequence families can give
the flexibility to coding solutions for peak power control multicarrier communications by
providing a variety of codewords with different lengths dod/ PMEPR.

The rest of this paper is organized as follows. Section legipreliminaries for this work
by describing definitions and notations throughout thisgpapn Section Ill, we introduce a
framework for near-complementary sequences by the ekglanlean expression as well as the
equivalent array structure. In Section IV, the frameworkstoaucts a new family of-ary near-
complementary sequences of length and PMEPR< 4. We develop a generation algorithm

for the permutations in the Boolean expression to obtaingelaumber of distinct sequences in



the family. Section V presents new families gary near-complementary sequences of various
lengths and PMEPR< 4 by the framework employing shortened or extended Golayspair
Numerical results show that the families provide a large Ineinof distinct sequences for short

lengths. Concluding remarks will be given in Section VI.

[I. PRELIMINARIES

This section explains preliminaries for concepts and dejims in this work. The following

notations will be used throughout this paper.

— ¢ is an even positive integer.
~ w=¢7isa primitive ¢g-th root of unity, wherej = /—1.
— Zg4 is aring of integer modulq.

— Zy' is anm-dimensional vector space where each component is an elemégy.

A. Golay complementary sequences

Leta = (ag,ay,--- ,a,-1) be a sequence ovér, of lengthn. Then, theaperiodic autocor-

relation of a is defined by

n—1-—7

pa(T) = Z whThtr o 0 < T < n.

1=

A g-ary sequence paifa, b) of lengthn is called aGolay complementary paif
pa(T) + pu(7) =0 for all 7 £ 0 (1)

where the sequence (or b) is called aGolay complementary sequence

For a sequenca = (ag, ay, - ,a,_1), its associated polynomial(z) is defined by
n—1
A(z) = Zw“izi. 2)
=0

In analysis of peak power control, it is convenient to asstima¢z in (2) lies on the unit circle
in a complex plane, i.ez € {2 |0 <t <1, j =+/—1}. Then,

[AG)P = AR)A () =n+ Y pa(m)z 7+ pa(n)T, |2l =1 (3)



where *' denotes a complex conjugate. Assurhie:) and B(z) are the associated polynomials
of a g-ary sequence pai andb of lengthn, respectively. From (1), the sequence pairb)

forms a Golay complementary pair if
[A(2)* + [B(2)]* = 2n. (4)

For a brief overview to Golay complementary sequences, 8¢ |

B. Peak power control in multicarrier communications

In multicarrier communications witlw subcarriers and-PSK modulation, the transmitted

signal for ag-ary sequence = (ag,--- ,a,_1) can be modeled as the real part of
n—1 1
_ a; 727 (fo+iAf)t
Sa(t) = ZE:O wiel“mio , te [0, —Af)

whereA f is the frequency separation between adjacent subcarndrf, @ the carrier frequency.

Then, thepeak-to-mean envelope power ratio (PMERR)s,(¢) is determined [10] by

PMEPR(a) = — - max |A(e/™)? (5)

n  t€o,1)
where A(e/?™) is the associated polynomial afat z = ¢/™. From (4) and (5), it is immediate
that if a is a Golay complementary sequence, tliEPR (a) < 2 since|A(z)|? < 2n for any
z with |z] = 1.
In general, ifa is a g-ary sequence of length and |A(z)|?> < vn for any z with |z| = 1,
then PMEPR(a) < v. This implies that the study of associated polynomials aperiadic

autocorrelations plays a crucial role in PMEPR of sequef@emulticarrier communications.

C. Generalized Boolean functions

Let x = (zo, -+ ,z,-1) be a vector inZ3'. A generalized Boolean functiofix) is defined
by a mappingf : Z3* — Z,, which is represented by the sum of all possible products;sf

with coefficients inZ,, i.e.,

f(x) = flzo,- - sam1) = D e [[ = (6)
=0 =0

wherec; € Z, andi; € Z, is obtained by a binary representationiof Eﬁglzﬂl. Note that

the addition in the generalized Boolean function is comgutedulog. (6) is also called the



algebraic normal formof f. In (6), the order of théth monomial with nonzere; is given by
Yoo '4,, and the highest order of monomials with nonzeys is called the(algebraic) degree
of the Boolean functiory, denoted bydeg(f).

Associated with a generalized Boolean functjora sequence (or codeword) ov&y of Iength
2™ can be given byt = (fo, f1,- -+, fan_1), Where f; = f(jo, j1.+ * »Jm-1); J = Doiog Ji2
Zom andj, € Zs. Hence, theassociated sequendeof length2™ is obtained by the generalized
Boolean functionf; while j runs throughD to 2™ — 1 in the increasing order.

In this paper, we generalize the concept of the associatgdesees so as to associate a

sequence of arbitrary length with a generalized Booleawtian.

Definition 1: Let m and n be positive integers2™! < n < 2™. Let f be a generalized
Boolean function ofm variables. LetX = {iy, - ,i,—1} C Zom be a set of index;, 0 < j <

n — 1, whereiy < i, < --- <1i,_;. Consider a sequendeover Z, of lengthn, i.e.,

f= (fioafila T 7fin71) Wheref@'j = f(ijwijlf o 77;jm71>

where(i;,, i;,,- -+ ,4;, ,) iS a binary representation of = > zﬂ2l, i, € Zy. In other words,
f is generated by the generalized Boolean functfgnwhile i; runs through the elements in
X as the increasing order. Then we say that the sequémdédengthn is associated with the
generalized Boolean functioh.

From Definition 1, the conventional associated sequenceerafth2™ is a special case of
n=2" andX = Zam.

D. Reed-Muller codes

Let C be a linear code ovet,, where each codeword of lengthn is a vector inZ7. For a

vectora in Z;, the cosetof C is defined by
a+C={a+c|ce(}

wherea is called thecoset representative

Forg > 2 and0 < r < m, thegeneralized-th order Reed-Muller cod&M,,(r, m) is defined
by the set of sequences (or codeworsf length2™ associated witlf, wheref is a generalized
Boolean function of degree at most[6][16]. The classical binary Reed-Muller codes [11],

denoted byRM(r, m), is thus a special case gf= 2. In [6], Davis and Jedwab showed that the



Golay complementary sequences of lengjithcan be obtained by the second order cosets of the
generalized first order Reed-Muller codedl,. (1, m) for h > 1. Paterson [16] then generalized

the alphabet size to an even positive integer

Theorem 1: [16] Let g be even and be a permutation ig0, 1, --- ,m—1}. Let f : Z7' — Z,

be a generalized Boolean function defined by

V)

m—1

Tr(i)Tr(i+1) T Z wr; e, U, e € Zy. (7
i=0

3

N[

f(x(]’ . ,xm—l) =

i
o

Then, the sequendéof length2™ associated withyf is a Golay complementary sequence.
Theorem 1 constructs a set@fi!/2)-¢™"! distinct Golay complementary sequences of length

2™ from the (m!/2) second order cosets &M, (1,m) [16]. The Golay complementary sets and

the near-complementary sequences of lerijthin [5][15][16][19][20] are also represented as

the second or higher order cosetsRifl, (1, m).

[1l. A FRAMEWORK FORNEAR-COMPLEMENTARY SEQUENCES

This section introduces a framework that produces a largebeu of near-complementary
sequences. The framework is given as the explicit Boole@nession and the equivalent array
structure. The following notations will be used throughthis section.

— k andm are nonnegative integers with< £ <m — 1.

— 91,92 : ZX — 7Z, are a pair of generalized Boolean functionskofariables.

— g; and g, are the sequences of length 2*~! < n < 2%, associated withy; and g,
respectively.

— G1(z) andGs(z) are the associated polynomials of sequengeand g,, respectively.

A. Basic framework

Generalizing the Rudin-Shapiro extension, Parker andaifgdura [13] presented a primitive
framework for near-complementary sequences employingd pair, where the PMEPR bound
of the seed sequences is preserved through the extensised Ba the work, Schmidt [19] gave
a framework of the generalized Boolean function for neamglementary sequences of length
2™, which is represented by a cosetl¥[,(1,m). In [8], a framework of Golay complementary

sequences of length2™* was presented by & x n2™ *~* matrix, where0 < t < m — k,



employing the seed pairs of lengthand the controlling pairs of lengt?™"~*. If n = 2*, the
framework is then given by the algebraic normal form in Lem@naf [8].
In the following, we present a generalized framework forrrmanmplementary sequences of

lengthn2™~* by integrating the previous works.

Theorem 2:For 0 <t < m — k, let 7 be a permutation in a nonnegative integer Qet

{0,1,---,t —1,t+k,---,m —1}. Let f be a generalized Boolean function defined by

f(t) (ZE'(), e 7xm—l)

-2 m—2
q q q
= 5 Z LTr(r)Tr(r41) + wa(t—l)xw(t—i-k) + 5 Z Lr(r)Lr(r+1) + Z UrZy + € (8)
r=0 r=t+k reQ
+ Zr(g) - (_gl(xtv T >$t+k—1) + gZ(xtv T >$t+k—1)) + 91(%&; T 7xt+k’—1)'

whereu,, e € Z,. In (8), ¢ = k if t =0, and¢ = 0 otherwise. Note each term in (8) exists
only with the valid subscripts and arguments. As, - - -, x;.x1) runs through(0,---,0) to
(no, -+ ,nk_1), the generalized Boolean functiopsand g, generate the seed pajf andg, of
lengthn, 25-1 < n < 2%, respectively, where — 1 = 1" n,2!, n; € Z,. Let ag-ary sequence
£O = (fo, f1, -, faam-x_1) Of lengthn2™* be generated by® while z = 37" ;2! runs
through the elements i, = {z | z € Zy» Where0 < El 0 xt+l2 < n — 1} in the increasing
order. Then, the PMEPR dt" is bounded by

G1(2)? +1Ga(2)?

PMEPR(f®)) < -

(9)

We have to mention that the framework for= 0 is equivalent to the one in [13][14]. for
near-complementary sequences of leng®i—*. In fact, the framework is a generalization of
the results in [13] and [19], motivated by [8]. Before prayifiheorem 2, we describe the array

structure equivalent to the framework.

B. Equivalent array structure

Given the notations in Theorem 2, Table | displays the aearmnt off®) in a 2™ * x n
array, where each subscript ¢fis = = Zﬁ‘ol 7,2 € X,. Apparently, reading the array as the
increasing order of is equivalent to choosing ea& x n sub-matrix from top to bottom and

reading it column-wise.



TABLE |

THE ARRAY STRUCTURE OFf )

Tppk—1 0 0 ng—1
Zt 0 1 no
Tm—1 Tttk Tt—1 zo
0 0 0 e 0 fo fot Sotn_ot S0
0 0 0 R | fi fat 1 Jotn_otq1 S1
0 0 1 1 Jat_q Sott1_q Jotn_1 Sot 1
0 cee 1 0 cee 0 f2t+k- f2t+k+2t s f2t+k+2tn,2t Sot
0 e 1 0 e 1 Jot+r i Jot+r ot 11 e Jot+k poty oty Sot 41
0 1 1 1 Sottr ot 1 Jot+k pot+1 1 Sottr oty 1 Sot+1_1
1 1 0 e 0 fom _ot+k Jom _ot+k ot f2m,(2k,n+1)2t Som—k _ot
1 e 1 0 e 1 Som _gt4k 4 q Som _gt+k ot g .. f2m,(2k7n+1)2t+1 Som—k _gt 41
1 s 1 1 s 1 f27n72t+k+2t71 f2nz,2t+k+2t+l,1 t f27n,(2k7n)2t71 Som—k_1

In what follows, we investigate the array by slightly modiify its row index. The modification
helps us to prove Theorem 2 and to use the array in a simplenendor near-complementary
sequences. In the array of Table |, each row vesto) < i < 2"~* — 1, is obtained when the

row index(xo, -+, 1, Tsk, -+, Tm—1) IS given as a constant vector. From (8), we see

. — g +¢-1, if 2. =0, (10)
g +ci-1, if 24 =1
wherel = (1,1,---,1) of lengthn and¢; € Z,. In (10), note that the addition is computed
modulog. The successive increase of the row index allows its corm@(s, - - - , T, 1, Ti1k, 5 Tmo1) —
(o, ,Tm_x—1) Dy changingz, to x,_, for r € Q > ¢t + k. Then, the permutatiom in Q

induces its equivalence’ in {0,---,m —k — 1}, where

(), () <t 1
' (j) + k, if 7/(5) >t



10

wherej =rif r <t—1andj =r —k if »r > t+ k. From the equivalence and the index
conversion, it is easy to show that(0) can replacer(¢) in (10). With the new row index
(xo, - ,xm_k_1), it IS @apparent that; is theith element of a Golay complementary sequence
c of length2™~* associated with a generalized Boolean functiorfraf— k) variables with the

permutationrs’, i.e.,
m—k—2 m—k—1

c(zo,+  Toph) = g ; T (r) L (r41) + ; Uy + €, Uy, e E Zy.
Ultimately, the array structure is equivalent to the aremgnt of the seed pag; and g, in
each row, controlled by, andc. Finally, choosing each’ x n sub-matrix from top to bottom
and reading it column-wise then produf€.

We are now ready to prove Theorem 2.

Proof of Theorem 2Applying the coordinate variation dfzg, - ,xx_1) — (2, , Tpip_1)
to the framework in Corollary 15 of [19], we obtaiff” in (8). Controlled byz.q andc in
the array,f(*) is ultimately equivalent to the sequence generated by thieixm&/ of Lemma
5 in [8], where the seeds are replaced dlyand g,. Similar to the proof of the lemma, it is

immediate that the PMEPR df") is given by
2m R (|G1 ()PP + [Ga(2™)?) _ |G (2) P + |Ga(2)?

n2m—k n

PMEPR(f")) <

O

Corollary 1: In Theorem 2, lety; and g, generate Golay complementary sequengesand
g9, respectively, whereg; and g, are not necessarily a Golay complementary pair. Then, the
PMEPR off® is at most4.

Proof: If (g1,g2) is a Golay complementary pair, then
G1(2)* 4 1Ga(2)* = 2n. (11)
On the other hand, ifg;, g>) is not a Golay complementary pair, then
|G1(2)]? < 2n and |Go(2)]* < 2n (12)

as they are still Golay complementary sequences. From (12),and (9),PMEPR(f) < 4. O

If we considerm — k as a single variable (> 1), then the2” x n array with the row index

(xo, -+ ,x,-1) Can be used for constructing near-complementary sequehcéise following,
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we describe a procedure to transform the seedgyaandg, of lengthn to near-complementary

sequence$® of lengthn2?, preserving the PMEPR bound of the seed pair.

Procedure:

Input a seed paig; andg, of lengthn.
Output a near-complementary sequerfée of lengthn2v, where0 < ¢ < v.

1. Arrange the row indexz, - - - ,x,_1) as the increasing order of= 27;01 z2tina2v xn
array, and generate a permutatignin {0,---,v — 1}.

2. Transform the seeds by (10) with a Golay complementaryesstpc = (co, -+, Cov_1)
with the permutationt’, wheren'(0) replacesr(¢) in (10). Place the transformed seed
in the ith row of the array fol0 <i <2V — 1.

3. Choose &' x n sub-matrix corresponding to constdnt, - -- ,z,_1), and read it column-

wise from left to right. Repeat for all the sub-matrices froop to bottom.

Example 1:In the above procedure, let= v = 3. Consider the permutation’ : (0,1,2) —
(0,2,1), wherer’(0) = 0. Let the Golay complementary sequeledae generated by(xg, 1, z2) =
Toxe + 19 + 9. Consider a seed pair given kyy = (0,1,1) andg, = (0,0,1), where
PMEPR(g;) = PMEPR(g;) = 1.667. Then, we can establish tltex 3 array as in Table I,
whereg; = g;+(1,1,1), j = 1,2. Note that the selection @f; or g, in each row is controlled by
T (0) = Zo. ON the other hand; selectsg; (whenc; = 0) org; (whenc; = 1). If ¢t = 2, we first
choose the uppet x 3 sub-matrix and read it column-wise. Then, the lower 3 sub-matrix is
chosen and read column-wise. Finally, the near-complemmgsequences of leng#ixn = 24 is
given byf® =(0,1,0,1,1,1,1,1,1,0,1,0,0,0,1,1,1,0,0,1,1,1,0,0) wherePMEPR (f?) =
2.820. From the similar approacii{’ = (0,1,1,1,1,0,0,1,1,1,1,0,0,0,1,0,1,1,1,1,0,1,0,0)
wherePMEPR (f) = 3.317, andf® = (0,1,1,1,1,0,0,1,1,1,1,0,0,1,1,0,0,1,1,0,0,1,1,0)
where PMEPR (f¥)) = 3.255. O

Note the procedure generates a variety of near-complenyes¢éguences® of length n2v
by varyingt for different seed pair$g;, g») and different Golay sequences

In summary, the near-complementary sequences of lemjtlcan be obtained by thieans-
formationof the seed pairs of length by Golay complementary sequences of lengjthFrom

the equivalence to Theorem 2, the sequences has the sameRPMEIRd as the seeds in (9).
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TABLE Il

THE ARRAY STRUCTURE OFEXAMPLE 1

s; | £®
g1 | 011
g | 110
g1 011
110

T2T1X0
000
001
010
011

100
101
110
111

g | 011
g2 | 001
g, | 100
g | 110

— B O Ol O = o]0
09
M

IV. DISTINCT NEAR COMPLEMENTARY SEQUENCES OFLENGTH 2™ AND PMEPR< 4

A. Construction

In Theorem 2, we employ a pair of Golay complementary segemd length2® — not
necessarily a Golay complementary paias the seeds in the framework for constructing a new

family of near-complementary sequences of lergjthand PMEPR< 4.

Construction 1:For a positive integern > 3, let0 < k < m —1and0 <t < m — k.
Let g; andg, be Golay complementary sequences of leritjtlassociated with the generalized
Boolean functions of: variables as in (7). Employing;, andg, as the seeds, the framework of

Theorem 2 presents the Boolean representation of

t—2 m—2
q q q
f(t) (3707 e 7xm_1> :5 xﬁ(r)xw(r—i-l) + wa(t_l)xw(t_}.k) + 5 Z xw(r)xw(T-'rl)
r=0 r=t+k
q t+k—2
+ §x“(¢) ’ Z (_xﬂl(?“)xﬂl(“rl) + xﬂ2(r)x7r2(7”+1)) (13)

r=t

t+k—1 7 t+k—2 m—1
+ng) - Y Urlty + B > TmmTmery + Y una +e
r=t r=t r=0

whereu,, v, e € Z,, andg = k if t = 0, and¢ = 0 otherwise. In (13)m; andr, are permutations
in Q= {t,t+1,--- ,t+k—1}, while 7 is a permutation if2 = {0,--- ;t—1,t+k,--- ,m—1}.
Then, f® generates the associated sequerf€ef length2™ and PMEPR< 4 while z runs

through all elements iZ,~ as the increasing order.
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In Construction 1, we can generate a variety of the near-temmgntary sequences while
runs through) to m—1 andt throughO to m — & for a givenk. Lemma 1 discusses the maximum

number of distinct sequences in the family.

Lemma 1:For a givenk, the number of the distinct near-complementary sequemc€on-

struction 1 is at mosiV,, where

( |

% : qm+17 k= 07
m! - gmt2, k=1,
Ne =9 G2 mks
m—1)1)2 m
\(( 21)') g™, k=m—1.

Thus, the number of the distinct near-complementary sespsefor all£’s is at mostV,,., =
m—1
k=0 Ni.

Proof: In (13), it is obvious that the reverse ordering of permotadir; andm, must be excluded

to avoid multiple sequences. On the other hand, the revedsgiog ofr is allowed sincer,

is connected ta,’s, r € €. Includingt running throughd to m — k for a givenk,

Ikl
Nk:%-5-(m—k)!-(m—k+1).qm+k+l
1)2 _ |
_ (k) (m4 k+1).‘qm+k+1’ S h<m—2

If & = 1, the number of the valid permutationsmafandrs is simply one, thugv; = 1-1-(m—1)!-

m-q¢™*? = m!-¢g™ 2. Similarly, if k = m—1, thenN,,,_; = @~@~1!~2-q2m = M‘qm-

Finally, if & = 0, then f® in (13) becomes the Boolean expression of Golay complementa

sequences regardless tofTherefore, Ny = 2 - g™ +1, =

In counting the maximum number of the distinct near-com@etary sequences, we still
have the possibility that some sequences are generated thamreonce. In fact, we observed
the multiple generation from our experiments. Therefore,nged to consider how to generate
distinct sequences in the family. Lemma 1 convinces us thadtrof the near-complementary
sequences are producediat m — 1. In the following subsections, we thus restrict our attmti
to the case ok = m — 1 instead of allk’s, and describe an approach for generating as many

distinct sequences as possible in a simple and construgtiye
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B. Sufficient condition for distinct sequences

Fork=m—-1,t=0o0r1, and
m—3

q
fOwo,+ wma) = SEmar Y (—Tm) e () + Trr) Tryrn)
r=0

(14)

q m—2 m—1 m—1
+ B Loy (1) Ty (r+1) T To Z UpZy + Z UpZy + €
r=1 r=1 r=0

where " is to distinguishf© and f. If m > 3, all possible sequences associated vith are
distinct for a givent due to the existence of the second order coset represastatiowever,
we have the potential that a sequencefifi is identical to the one irf"). Now, we consider

the necessary condition for the case.

Lemma 2:Let s, ands; be the third order coset representatives it and V), i.e.,

m—3

q
s0(®o, s Tm-1) = STm-1- D (T Ty 1) + Ty Ty 41))
as)
q
Sl(an T 7xm—1) = 51’0 ’ Z (_x7r1(r)x7r1(r+l) + xWQ(T)xWQ(T-i-l)) .
r=1
If ) generates the same sequencef @5 thens, = s; and
q .
51(z0, - s Tmo1) = §x0xm—1 S(wy, e Tmea) (16)
wheres(zy, -+, xpy_2) = Z;n:_f Wy Xy, Wy € Lig.

Proof: As s, ands; are the unique third order coset representative&%hand f(V), respectively,
it is obvious that ifsy # sq, then f© and f() always generate distinct sequences. The inverse
induces the necessary condition. Fsgr= s; in (15), only the monomials with;, must remain
in the quadratic sum ofy, and simultaneously the surviving monomials in the quacsim

of s; must haver,, ;. Therefore,sq = s; results in (16). O

From Lemma 2, the sufficient condition for distinct sequantem f(© and f() is obvious;

If so # Lxoxm_1 -5 OF 1 # Lwgz,_; -5 then fO £ I e, the associated sequences are
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Fig. 1. The graph of the quadratic for@;

distinct. In our approach, we make no restrictionsmgnand 7, so we have the potential of
S0 = 2ToTm-1 -5 att = 0. Instead, we restrict a permutation pattesnat t = 1 such that it

does not cause (16).

Lemma 3:At ¢t = 1, let m; be a permutation i)y = {1,2,---,m — 1}, denoted byr; =
(pa,m — 1,ps), Wherep, and p, are disjoint sets such that, Up, = Q \ {m — 1}. Let
m(a)=m—1(ora=x"(m—1)) for 1 <a <m— 1. Then,7; andr, cause (16) for, if

and only if r, belongs to the followingequivalentpatterns,

(paam_lvpb)a (Eam_lapb)7(paam_1vﬁ)a (E)m_17i)—b)v (17)

(pbam - 17 pa)v (pbam - 17 I()_a)a (i)—bv m — 17 pa)> (i)_b»m - 17 i)_a)
wherep, is the reverse ordering gf.. In the equivalent patterns,, '(m — 1) = « in the first

half, andw, ' (m — 1) = m — « in the last half.

Proof: In (15), denote the quadratic sum @f by

q
Q1 = B (_xwl(r)xwl(r—i-l) + xwz(r)xwz(r+1)) .

Figure 1 illustrates the graph of the quadratic fofm In the figure,m, = (p.,m — 1, pg) and
m(B) = m — 1, wherep, and p, are disjoint sets such that. U p; = Qo \ {m — 1}. Here,

we equivalently consider each elementrinandr, as the corresponding variable 4. If (16)
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is achieved, then the variables not included in the sétmust be canceled out i), so that

the quadratic sum finally has a common variablg ;. It implies that the variables gb. other

than (3 — 1) should be canceled out by the variables from eithgror p,, which results in

Pe € {Pa.Da: Db, Py} Similarly, the variables op, other thanm,(3 + 1) should be canceled

out by the variables from eithgs, or p,, which results inp; € {pa, Pa, P, D» - Note that if

Pe = Pa O Da, thenp, = p, or p;, and vice versa. Consequently, if (16) is achieved, then

T = (pe,m — 1, pg) iS Obviously equivalent to one of the above eight pattern&lif).
Conversely, ifr, belongs to the above eight patterns, it is straightforwheat &, achieves

(16). In Figure 1, if we compare the number of variables, thea 7, '(m—1) = « for p. = p,

or p.. Similarly, 8 = m — « if p. = py OF Pp. O
We clarify the sufficient condition in the following lemma.

Lemma 4:At t = 1, let a permutatiom; be given forf() in (14). If we prevent any equivalent
pattern in (17) from arising inr,, then the corresponding® produces the sequences distinct

from the ones associated wif” regardless of; andr} att = 0.

Proof: From Lemmas 2 and 3, it is immediate. O

C. Permutation generation for distinct sequences

The sufficient condition for distinct sequences requiresaufirst generate all possible per-
mutationsm; and 7, then compare them, and finally select the appropriatéor preventing
(16). However, this non-constructive method seems noti@ffiécn time and complexity. Instead,
we describe an efficient and constructive approach for tmeg&tionr, to prevent (16), and
present the algorithm for generating the pairand .

At t = 1, letm; be given as a permutation in Lemma 3. er we first develop a permutation
To = (T(1),- -+, Ta(m —2)) in Qo = Q \ {m — 1}. Since7, hasm — 2 elements in it, there
arem — 1 candidate positions to insert the index— 1 for completingr,, where the candidate
position index is denoted by 1 < I < m—1. If m, is one of the equivalent patterns in Lemma 3,
T, (m — 1) = a or m — a. Therefore, if we exclude the indices bf= o andl = m — a from
the candidate positions for insertimg— 1, we prevent all the equivalent patterns in (17) for
By inserting the indexn — 1 to the other possible positions i}, we obtain a permutation,

that never produces the equivalent patterns and eventuaients (16).
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In what follows, we present a generation algorithm fgrandm, att = 1 for f© £ (),

Permutation Generation at ¢ = 1:

Initialization: SetQy = {1,2,---,m — 1} andQy = {1,2,--- ,m — 2}. SetM;, = @V

and M, = 7220,

Algorithm I

for ¢ from 1 to M,
Generate a permutatian,; in ), and set it tor;.
for j from 1 to M,
Generate a permutatiaf ; in (~20 and set it tom,.
for [ from1tom —1
if [ # «andl # m — « then
Insert the indexn — 1 into a position/ in 7, and set it tom,.
Form a permutation setry, ).

Return(my, m2).

Note that the permutations generated by the algorithm fosulset of all the permutations
that can prevent (16). We now count the number of the pospilmutationg;, m2) generated

by the algorithm.

Lemma 5:The number of the permutation paifs;, 7») generated by Algorithm 1 is

w - (m —3), for odd m,

Pl - 2
<@) (m—2)2, for evenm.

(18)

Proof: If m is odd, themy £ m — o, so there are always two different positions where the index
m — 1 must not be inserted. Whilg ;7 and/ run through their entire value$), is given by

m— 1)!(m — 2)!
| )

If m is even andv = m/2, on the other hand, only one position must be excluded, argd it

(m —3). (19)

PlelMg(m—?)):(

easy to see that the number of the casé*—”@l)’. Whena # m/2 for evenm, there are two

different positions ofx andm — « to be excluded. Thus, for even, while ¢, j and/ run through
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their entire values in the algorithm,

P = (Ml‘@) -M2~(m—3)+w-]\@-(m—2)
1A 2 (20)
— <7(mg )> - (m —2)%.
From (19) and (20), the proof is completed. O

D. Construction for distinct sequences

We summarize our construction fdistinct near-complementary sequences.

Construction 2:For the construction of distinct near-complementary seges of lengt2™

and PMEPR< 4, we consider the special case of Construction 1.

— In Construction 1, set = m — 1. Accordingly,t = 0 and 1 in the construction.

— Use the Boolean functiong® and f in (14), whereu’, u,,v.,v,, ¢/, ande can be any
element inZ,.

— In f© all possible permutation paifs;, 7,) are allowed. (includingr| = 75.)

— In fM, the permutation paifr,, 7,) is generated by Algorithm 1.

We are now ready to enumerate the distinct sequences in amcomplementary sequence

family.
Lemma 6: The total number of distinct near-complementary sequemc&onstruction 2 is

(m;l)! S(m—=2)- (m—2)-¢*m, for odd m,

Naist = 2
((m—Z)!) - (2m? — 6m +5) - ¢*™, for evenm.

(21)
2

2
Proof: If t = 0, the number of permutations & = (@) . If t =1, on the other hand,
the number of permutations; is given by (18). Thus, the total number of distinct sequserise

Naist = (P + P1) - ¢™. By applying P, and P, we obtain (21). O

Table 1l shows the code rates of the binaiy = 2) and the quaternaryq = 4) near-
complementary sequences of length and PMEPR< 4, where we consider each sequence as
a codeword in a coset dM,(1,m). In the table,R.. = (log, Nmax)/2™ is the code rate of

the maximum possible distinct sequences in Constructiomh&re V,,... is given in Lemma 1.
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TABLE 1lI

THE CODE RATES FOR NEARCOMPLEMENTARY SEQUENCES OF LENGTI2™ AND PMEPR< 4

m Binary Quaternary

Rmax | Raist | Rmax | PRaist
0.802 0.731 0.638 0.616
0.575 0.555 0.441 0.434
0.389 0.383 0.288 0.285
0.250 0.248 0.180 0.179
0.155 0.154 0.109 0.108
0.0930 | 0.0926 | 0.0641 | 0.0639
10 | 0.0547 | 0.0545 | 0.0371 | 0.0370

© 00 N O Ut

Similarly, Rqise = (log, Naist)/2™ is the code rate of the distinct sequences in Construction 2,
where Ny IS given in Lemma 6 and has been confirmed for smal (m = 4 and 5 for
binary case, andn = 4 for quaternary case) in numerical experiments. Table lovah that
R 1S close toR,,., at everym, and it further approaches #,,,, asm increases. It implies
that the code rate loss induced by choosing distinct se@seiscnegligible forn > 5, and we

are able to obtain a sufficiently large number of distinctusgrges from Construction 2. Also,
we observed that the code ral;,; for a givenm is higher than the ones in any other known

near-complementary sequences [15][16][20].

Remark 1:Whent = 0, we realize that the near-complementary sequences fronsticn
tion 2 are equivalent to the codewords in Golay complemgnsats of size4 and PMEPR
< 4 from Construction 14 in [20]. In the paper, the author intkdathe potential of applying a
permutation to then variables in the Boolean function for increasing the nundferodewords.
However, he was concerned about a multiple generation fahee codewords, and the difficulty
in removing the multiple codewords. Thus, he made no efflaitsncreasing the code rate (or
number of sequences) by applying further permutations.

In Construction 2, we made a different approacha framework employing Golay comple-
mentary sequences as the seed# construct the sequences for bath- 0 and 1. Moreover,
we developed a generation algorithm of permutations fosdwences dt= 1. As a result, our
sequence family contains the codewords from Constructdbim120] as its subset. The more

sequences in the family enables the higher code rates th@0]in
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V. NEAR COMPLEMENTARY SEQUENCES OFVARIOUS LENGTHS ANDPMEPR< 4

This section applies the procedure described in Sectiotolprovide new families of near-

complementary sequences of various lengths and PMERR

A. Shortened Golay complementary pair

Definition 2: Let k > 2 be a positive integer and = 2* — 1. Let g; and g, be the generalized
Boolean functions given by

k— k—1
g1<x07..- T 1 gzxﬂ.l(r .’,I:'Trl 7“+1 —|—Zu,ﬂjr+€ UT,€€Z(],
r=0 r=0 (22)
q
92(3507 T 7'Tk—1> - 91($07 e 7xk—1) + ixﬂl((])
wherer, is a permutation in0,-- -,k — 1}. While z runs through 0 t@* — 2, the sequences

g, and g, associated withy; and g, form a shortenedGolay complementary pair of length
n=2F_—1.

While z runs through all elements iA,., the sequences, andg, associated with (22) form
a Golay complementary pair of lengtf [16]. In fact, g, and g, are equivalently obtained
by eliminating the last bits of the Golay complementary gairand g,, respectively. In the

following, we discuss the PMEPR of the shortened Golay pair.

Lemma 7:Let G;(z) and G5(z) be the associated polynomials of the shortened Golay com-

|G1(z)|2+\02(z)|2

plementary paig; andg, of lengthn = 2¥ — 1, respectively. Then, < 4.

Proof: Let g; = (ag, - ,a,) = (g1,a,) and gs = (bo, -+ ,b,) = (g2,b,) be the Golay
complementary pair of lengt?F. Then, the aperiodic autocorrelationsgyfandg, are given by

An—7—0an

Pg (T) = P& (T) —w y  Pga (7'> = Pg2 (7') — e
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- 27
wherew = ¢’ « . From (3),

GL(2)* + |Ga(= —2n+z (Pg: (T) + P2 (7)) _T+2(P;(T)+P;(T))ZT

n—1
£ 3705, (7) + iy () — o ety
=1
n—1 n—1
- (Zw"f—an )T 3 e w))
T=1 =1
n—1
— 2’)’L J— 2 Z Re [(wan—q—_an _I_ wbn—‘r—bn)z—T]
T=1
n—1
< 2n—|—22‘waf—an _l_w bn
=1

where g, () + g, () = p3, (7) + p3, (7) = 0. From (22),

q q
5Tm(0) = a7 +

by = ga(T0, -+, The1) = 91 (70, -+ s The—1) + 9 §Tm(0)7 (23)
bn:g2(17 71>:gl<17 71>+g:an+g
2 2
wherel < 7 = l 0 2l <n—1, 7, € Z,. Finally,
n—1
G1(2)]? +Ga(2)) < 2n 42 || - ‘1 — Wi O
T=1

=2n+2-N(tro)=1)-2=4n—-2 < 4n
where N (7, ) = 1) = ”T‘l is the number of occurrences of, ) = 1 while 7 runs throughl

ton — 1. O

Applying the shortened Golay complementary pair as thessebd transformation procedure
described in Section Il leads us to the construction of a feawily of near-complementary
sequences of PMEPR 4.

Construction 3:Form > 3, let2 <k <m —1and0 <t <m — k. Let g; andg, be the
shortened Golay complementary pair of length- 2 — 1 in Definition 2. Employing the pair

as the seeds and using Golay complementary sequenakength2’ = 2% we construct a
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new family of near-complementary sequen€gsof lengthn2’ = 2™ — 2™~* by the procedure
in Section Ill. Obviously, the PMEPR df®) is less thant from Theorem 2 and Lemma 7.

As a matter of fact, the sequences in Example 1 are the negplementary sequences of
length 24 from Construction 3/ = 5 and £ = 2). Note that we may vary, the seed pair
(g1,82), and the Golay complementary sequercen the procedure to generate a variety of
sequences of lengthi” — 2"~* and PMEPR< 4.

We can also use the generalized Boolean function in TheormtBe equivalent construction

of the near-complementary sequences.

Construction 4:Letm, k, n, andt be given in Construction 3. Lef andg, be the generalized
Boolean functions oft variables given in (22). Applying them to the general fraragwin

Theorem 2, we have

T
[\

m—2

q q q
f(t)(an T 7xm—1) 25 Lr(r) T (r41) + §x7r(t—l)x7r(t+k) + 5 Z Lr(r)Lr(r+1)
r=0 r=t+k
t+k 2 m—1 (24)
+ 25177|—1 Tr(g) + Z Ly (r) Ly (r+1) + Z UpTy + €
r=0
Whereur, e € Z,, andm, is a permutation ift,t +1,--- ,t+k — 1}, while 7 is a permutation
in {0, - —1,t+k,- —1}.In (24),¢ = k if t =0, and¢ = 0 otherwise. Whilex =

S x12l runs through the elements B, = {z | z € Zyn Where( < Zl 0 L 2h < 2F — 2}
in the increasing order, the associatedry sequencé® of length2™ — 2™* is equivalent to

the one in Construction 3.

In the generalized Boolean expression (24); ifuns through all elements i#,», then f®
generates Golay complementary sequences of I&fgthecause the graph of the quadratic coset
representatives forms a path [16]. It implies tii#éit in Construction 4 can also be obtained by
eliminating some parts of the Golay complementary sequevdaere the parts correspond to the
coordinates: = >, L2 with (x4, - x-1) = (1,-+-,1). It is easy to see that eliminating
the parts is equivalent to removing the last column fromatie* x 2% array in Table | of the

f®. Consequently, we consider another construction equivateConstructions 3 and 4.

Construction 5:Let f® = (f,,--- , fam_1) be the Golay complementary sequences of length

2™ associated with the generalized Boolean function of (24jJexh runs through all elements
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in Zym. By eliminating the sequence elements of
fiwherej =1-2M" (2" —1)2 44, 0<I<2m Rl 0<i <21,

we construct the near-complementary sequefi¢esf length2™ — 2™~* in Construction 4.

B. Extended Golay complementary pair

Definition 3: Let > 2 be a positive integer and = 2" + 1. Let g, = (ag, - ,a,_2) and
g, = (b, -+ ,b,_2) be a Golay complementary pair of length associated with the generalized
Boolean functions in (22) wherke = h. For arbitrarya,,_1,b,-1 € Z,, let g, = (g1, a,-1) and
gs = (82,b,-1). Then the paing;, g-) is defined as amxtendedGolay complementary pair of

lengthn.

Lemma 8:Let G;(z) and G,(z) be the associated polynomials of the extended Golay com-

plementary paig, = (g;,a,_1) andgs = (g2, b,_1) of lengthn = 2" + 1, respectively, defined
‘2

in Definition 3. If b, € {ay_1,an_1 + 2} for a,_, € Z,, thenw < 4.

Proof: From the extension, the aperiodic autocorrelationg,0énd g, are given by

P (1) = P (7) +6 70700 g, () = pa(r) + bt

wherew = ¢/ . Thus,
n—1
GL(2))” + |Ga ()P =20+ (g, (7) + py (7) H @ m 170t boortmbnot) o7
T=1
n—1
_'_ (pél (7-) + p§2 (7—) + w_anf‘rfl“l‘anfl _'_ w_bnf‘rfl“l‘bnfl)zﬂ—
1

T

n—2
<2 |wrirTent Wbt |

7=0
Where pg,(7) + pa(r) = £ (7) + pi(r) = 0. 1f by € {ans,ans + 4}, thenwhr =
(—1)°we -1 whered = 0 if b,_, = a,_,, andé = 1 otherwise. From (23),

n—2
|G1(2)]? + |Ga2(2)|* < 2n + QZ |w + (—=1)°w’

7=0

n—2
—2m+2)) ‘1 4 (—1)Ywimo
7=0

=2n+2 - N(Tr0) =0)-2=4n—2 < 4n
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whereN (7., o) = d) = 251 is the number of occurrencesof o) = 6 € {0,1} for 0 < 7 < n—2.
O

Construction 6:Form > 3, let2<h<m—1and0 <t <m—h. Letg; = (g;,a,-1) and
g2 = (82, b,—1) be the extended Golay complementary pair of length 2" + 1 in Definition 3,
wherea,_, € Z, andb,_, € {a,_1,a,-1 + 2}. Employing the extended pair as the seeds and
using Golay complementary sequeneesf length2® = 2™~ we construct a new family of
near-complementary sequendés of lengthn2v = 2™ + 2™~ by the procedure in Section IIl.
Varying ¢ from 0 to m — h, we can generate a variety of sequentésfor different seed pairs

(g1,g2) and differentc’s in the procedure. Obviously, the PMEPR &% is less than.

In addition to Construction 6, we can consider the equivwademstructions by deriving the
Boolean representation or appendi2ity elements to the Golay complementary sequences of
length2™ associated with (24). However, the constructions aregtttiirward and Construction 6

is enough to describe the near-complementary sequencdsyangpthe extended Golay pairs.

Remark 2: The Golay complementary pairs of length do not exist if there is a prime,
p = 3 mod 4 such thatp | N [7]. Moreover, computer searches [4] refined the admissible
sequence lengths fa¥ < 100 by eliminating some lengths where no Golay pairs can be found
Finally, the sequence lengths 8f < 100 where the Golay pairs exist are [12]

1,2,4,8,10, 16, 20, 26, 32, 40, 52, 64, 80.

In our near-complementary sequence family from shortenagldyGpairs, the sequence length
is n2m % andn = 28 — 1 =3 mod 4 for k > 2. Therefore, ifn is prime, the sequence family
can provide an interesting construction example of seqegemdith low PMEPR for the lengths
for which there is no explicit known construction of such seaces. ForV < 100, our sequence
families from shortened and extended Golay pairs also ptesany sequences with low PMEPR
(< 4) for the lengths

24,28, 30, 34, 36, 48, 56, 60, 62, 66, 68, 72, 96

where no Golay pairs exist.
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TABLE IV

THE CODE RATES FOR NEARCOMPLEMENTARY SEQUENCES FROM SHORTENEBOLAY PAIRS

m | k | length Binary Quaternary
R PMEPRmax Rs PMEPRmax
5 2 24 0.483 3.327 0.366 3.332
3 28 0.399 3.695 0.307 3.711
4 30 0.386 3.333 0.293 3.333
6 2 48 0.311 3.333 0.228
3 56 0.253 3.711 0.189
4 60 0.236 3.310 0.176
5 62 0.240 2.845 0.177
7 2 96 0.193 3.333 0.138
3 112 0.156 3.714 0.114
4 120 0.143 3.333 0.105
5 124 0.141 2.842 0.103
6 126 0.147 2.571 0.105

C. Numerical results

We count the possible number of the distinct near-compléangrsequences employing the
shortened and the extended Golay pairs.
Let N,Es) be the maximum number of the distinct near-complementaguesgces of length

2m — 2m=F from Construction 3 (or equivalently Constructions 4, Shef,

NP =kl (m—k)-(m—k+1)-¢"
(25)
=kl-(m—k+1!-¢"", 2<k<m-—1

for all possible pairsd;, g»), c's, andt’s in the procedure. We expect that all the resulting
sequences are distinct and tol‘é,js) distinct sequences therefore exist for the length. However
it appears that the proof is not trivial. Instead, our expents demonstrated that the number
of the distinct sequences are in fd@ts) for all £’'s in 5 < m < 7 for the binary caseq(= 2),

and for all k's in m = 5 for the quaternary case; (= 4). Table IV shows the code rates
R, = log, N,is)/(zm —2m=F) of our near-complementary sequences, whéﬁ@ is given by (25)
and PMEPR,,., is the maximum PMEPR measured over all the distinct seqeence

Let N,(f) be the maximum number of the distinct near-complementaguesgces of length
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TABLE V

THE CODE RATES FOR NEARCOMPLEMENTARY SEQUENCES FROM EXTENDEOLAY PAIRS

m | h | length Binary Quaternary
Re PMEPRmax Re PMEPRmax
5 2 40 0.340 3.600 0.257 3.600
3 36 0.366 3.176 0.280 3.233
4 34 0.400 2.941 0.303 2.941
6 2 80 0.211 3.594 0.156
3 72 0.225 3.223 0.168
4 68 0.238 2.917 0.178
5 66 0.256 2.685 0.189
7 2 160 0.128 3.600 0.0922
3 144 0.135 3.223 0.0989
4 136 0.141 2.941 0.104
5 132 0.148 2.682 0.108
6 130 0.158 2.492 0.113

2m 4 2m=h from extended Golay pairs. Similar to (25),
N,(f):2q-h!-(m—h+1)!-qm+1, 2<h<m-—1. (26)

The numerical experiments showed that the number of thendistequences are in fa@ffﬁe)
for all A’s in m = 5,6, and forh = 3,4,5 in m = 7! in the binary case, and for all's in
m = 5 in the quaternary case. Table V shows the code rates log, N}EE)/(Q""L +2m=h) of our
near-complementary sequences, whm;(lé) is given by (26) andPMEPR ..« is the maximum
PMEPR over all the distinct sequences.

In Tables IV and V, the code rates of the near-complementaguences of length: 100
appear to be acceptable for the application to peak powetratofor a small humber of

subcarriers.

VI. CONCLUSION

This paper has presented a framework for near-complenyestajuences of length2m—*

by the generalized Boolean representation and the equoivaleay structure. The framework

'For h = 2 and6 in m = 7, the experiments are progressing.
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transforms the seed pairs of lengthto near-complementary sequences of lengtfi—* by the
aid of Golay complementary sequences of lengjttt*, preserving the PMEPR bound of the
seeds. Employing Golay complementary sequences of |&igth the seeds, we have constructed
a family of near-complementary sequences of ler@gjthand PMEPR< 4. With k = m — 1
and novel permutations, the family has provided more distequences than any other known
near-complementary sequences.

Furthermore, we have constructed new families of near-¢emgntary sequences of various
lengths by applying the shortened and the extended Golapleonentary pairs to the framework
as the seeds. A large number of sequences with low PMERRould be found for the particular
lengths & 100), i.e., 24, 28, 30, 34, 36, 48, 56, 60, 62, 66, 68, 72, and96 for which there have been
no explicit constructions of Golay complementary sequsnbe practice, the sequence families
can give the flexibility to coding solutions for peak powentiol in multicarrier communications
by providing many codewords of various lengths and low PMEPR

In [13], the authors pointed out that the full usefulnesshef $eed technique will be apparent
only if a method can be found to construct seeds (as opposammiputational search). They left
the method as an open problem, which has been partly solvedebgonstruction example of
near-complementary sequences in [19]. In Construction€ceuld also solve the problem by
providing a large number of distinct near-complementagusaces of lengtB™ using the seed
technique in a constructive way. In Constructions 3 and 6fuwher exploited the usefulness
of the seed technique by employing the shortened and thededeGolay pairs and producing

many near-complementary sequences of various lengths.
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