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Abstract

Power residue and Sidelnikov sequences are polyphasersegueith low correlation and variable
alphabet sizes, represented by multiplicative charactershis paper, sequence families constructed
from the shift and addition of the polyphase sequences aisitesl. Initially, +/(0) = 1 is assumed
for multiplicative characterg to represent power residue and Sidelnikov sequences in @esiform.
The Weil bound on multiplicative character sums is refined tfe assumption, where the character
sums are equivalent to the correlations of sequences myessby multiplicative characters. General
constructions of polyphase sequence families that prodanee of known families as the special cases
are then presented. The refined Weil bound enables the effipi@ofs on the maximum correlation
magnitudes of the sequence families. From the constrigtibris shown that\/-ary known sequence
families with large size can be partitioned intd/ + 1) disjoint subsequence families with smaller
maximum correlation magnitudes. More generalized constms are also considered by the addition of

multiple cyclic shifts of power residue and Sidelnikov seqces.
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. INTRODUCTION

Sequences with low correlation find many applications inelgiss communications for acquiring the

correct timing information and distinguishing multipleens or channels with low mutual interference.



It is desirable that sequences have variable alphabet fesiz@slaptive modulation schemes which allow
variable data rates in wireless systems according to chahaeacteristics. In addition, a large number
of distinct sequences are also required for supporting as/rdestinct users or channels as possible.

Power residue and Sidelnikov sequences introduced in [&lpalyphase sequences with low correla-
tion and variable alphabet sizes, represented by mullidlie characters. For odd primpeand a positive
integer M | p — 1, M-ary power residue sequence$ period p have the out-of-phase autocorrelation
magnitude of at moss8, which has been also studied in [5]. For primeand positive integersn and
M | p™ —1, on the other hand}/-ary Sidelnikov sequencesd periodp™ — 1 have the maximum out-of-
phase autocorrelation magnitude4ofThe binary case of the sequences has been also discusseq.in [
Moreover, it is shown in [11] that the magnitude of the croesrelation of distinctV/-ary power residue
sequences of perigdis bounded by /p+2. Kim and Song [12] further showed that the cross-corretatio
of an M-ary Sidelnikov sequence of perigd* — 1 and its constant multiple has the maximum magnitude
of /p + 3.

To obtain a large number of distinct sequences with low daticn, power residue and Sidelnikov
sequences can be employed in constructing a polyphasersegfzanily. The efforts on the family have
been initiated by Guohua and Quan’s observation [6] on tharkisequences obtained by thi@ft-and-
addition of Legendre sequences of prime peripdwhere the Legendre sequence is a binary version
of a power residue sequence. In [20], Rushanan applied thiebalend to theoretically prove that the
correlation magnitude of the sequences is bounded,lgy + 5. Han and Yang [7] then generalized the
construction fordM -ary sequence families from the shift and addition of povesidue sequences. Also,
Kim et al.[13] constructed\/-ary sequence families from the shift and addition of Sitkeln sequences.
Recently, Han and Yang [8] summarized the known constrastiand using the same techniqueshift
and addition, they further constructdd-ary sequence families with larger size than the known omets,
the same maximum correlation magnitude.

In this paper, we revisit the polyphase sequence familigsstcacted from the shift and addition
of constant multiples of power residue and Sidelnikov seqas. First of all, we assume(0) = 1
in multiplicative characterg), contrary to the conventional assumption [18], in order @present the
sequences without the indicator function used in previessarches [8], [12], and [13]. For the assump-
tion, we make a refinement to the Weil bound on multiplicativearacter sums which are equivalent
to the correlations of sequences represented by the chegakite then present general constructions of
polyphase sequence families by determining the maximumelation magnitudes and the family sizes,

where the constructions produce some of known sequencédaras the special cases. The refined Weil



bound enables more efficient proofs on the maximum coroglathagnitudes than the proofs in [13]
and [8]. From the constructions, we show thdtary known sequence families with large size can be
partitioned into(M + 1) disjoint subsequence families with smaller maximum catieh magnitudes,
which is similar to partitions (or decompositions) to mpiki signal sets discussed in [3] and [4]. We
also consider more generalized constructions by the addaf multiple cyclic shifts of power residue
and Sidelnikov sequences.

The rest of this paper is organized as follows. In SectiorwH, give preliminaries for this work by
describing definitions and concepts. Section Il introdutdee Weil bound on multiplicative character
sums and makes a refinement for the bound to support the assoni0) = 1. Section IV presents
general constructions of polyphase sequence families fpomer residue and Sidelnikov sequences,
where the constructions produce some of known familiesasplecial cases. We determine the maximum
correlation magnitudes by employing the refined Weil boupattitioning and more generalizing known

sequence families are also discussed. Concluding remegkgivgen in Section V.

[I. PRELIMINARIES

This section describes basic definitions and concepts fdenstanding the work in this paper. The
following notations will be used throughout this paper.

— wy =eliis a primitive M-th root of unity, wherej = /—1.

— F, = GF(q) is a finite field withq elements and; denotes a multiplicative group @f,.

— F,[z] is a polynomial ring oveif,, where each coefficient of(x) € F,[z] is an element of,,.

— For an element in F,, alogarithm over F, is defined by
t, if x=af, 0<t<q-—2,
log, x =
0, if =0

wherea is a primitive element irf,,.

A. Multiplicative characters

Let a be a primitive element off, and M a divisor ofg — 1, i.e.,, M | ¢ — 1. A multiplicative
character[18] of IF, of order M is defined by
eXp(j%), ifz=0al, 0<t<qg—2

0, if 2 =0

P(x) = (1)

where it is the convention to assumgg0) = 0 [18]. If M = 1, thenv(a') = 1 for any integert,

which is trivial. Thus, we assume the ord&f > 1 for nontrivial multiplicative characters. For an



integerc, 1 < ¢ < M — 1, note thaty°(z) = ¢ (z) is also a nontrivial multiplicative character of
2 < ord(¢1) < M, whereord(¢) denotes the order af;, or the smallest positive integérsuch that

Yi(z) = 1 for all x € IF;. For the general definition of a multiplicative characteze sTheorem 5.8
in [18].

The multiplicative character is also defined by a logarithverdinite fields.

Definition 1: A multiplicative character off', of order M is defined by

P(x) = exp <j%k)%> , xzely (2)

where(0) = 1 by definition of the log operation.

Throughout this paper)(z) may be denoted a if the context is clear. In (2), note that(0) = 1,
which contradicts the conventional assumption in (1). lis aper, however, we keep the assumption
of ¥(0) = 1 to maintain the definition of (2), which will be useful in regenting power residue and
Sidelnikov sequences in a simple form by multiplicative relcters.

From basic log operations, multiplicative characters hesme properties as follows.

a) ¢(z°) =¢°(z), wherez € F, andc is an integer,

b) ¥ (x)u(y) = ¥(zy), wherez,y € F,

¢) w(x)u (y) = (£), wherex,y ¢ F;

where we assume = 0 for any integerc.

B. Power residue and Sidelnikov sequences
Sidelnikov [21] introduced two types of polyphase sequeneih low periodic autocorrelation. For

the sequences, we present the definitions by logarithm dsawehe original ones.

Definition 2: Let p be an odd prime and/ a divisor ofp—1, i.e., M | p— 1. Let « be a primitive root
modulop. Let U = {a™*F | 0 <i < ”—A}l} for 0 < k < M — 1. The M-ary power residue sequence

r={r(t)|0<t<p-—1} of periodp is defined by

0, ift=0
r(t) =
k, if ¢t € U.

By the log operationy(t) is equivalently defined by

r(t) =log,t mod M, 0<t<p-—1. (3)



By (2) and (3), the modulated sequencer6f) is represented by
Wi =), 0<t<p-1 (4)

where)(0) = 1. (4) represents the power residue sequences in a simplebfpmultiplicative characters

without the indicator functior/ (z) used in [8] and [13].

Definition 3: Let F, be a finite field withg = p™ and M a divisor ofqg — 1, i.e., M | p™ — 1, where
p is prime andm is a positive integer. Let: be a primitive element iff,. Let V;, = {o™*+ —1]0 <

i< %} for 0 < k < M — 1. The M-ary Sidelnikov sequence= {s(t) | 0 <t < p™ — 2} of period

0, if ol =—1
s(t) =
k, if of € V.

p™ — 1 is defined by

Equivalently,s(t) is defined by

s(t) =log,(a' +1) mod M, 0<t<p™—2. (5)

By (2) and (5), the modulated sequences(f) is represented by
wi! = vl +1), 0<t<pm—2 (6)

where)(0) = 1. (6) represents the Sidelnikov sequences in a simple forrmibliplicative characters

without the indicator functior/(z) in [8] and [13].

C. Correlations and sequence families

Leta = {a(t)} andb = {b(t)} be M-ary sequences of periabl, where0 <t < L — 1. A (periodic)

correlation of sequencesandb is defined by
L—-1
Cap(r) =Y wi? ™" 0<r<L-1 ()
t=0

where the indices is computed modulo If a andb are cyclically equivalenti.e., a(t) = b(t + 1) for
all t's and an integet, thenC, ,(7) = Ca(7) becomes thautocorrelationof a. Otherwise, ifa andb
arecyclically distinct thenC, p(7) is the cross-correlationof a andb.

Let S = {s©,... s(N-1D} be a set of N cyclically distinct M-ary sequences of periofl, and
Cmax(S) be defined by

Crmax(8) = max |Cyw g (7)| forany0 <7< L—-1, 0<4,j <N -1



wherer # 0 if i = j. Clearly, Cinax(S) is the maximum of all nontrivial auto- and cross-correlasi®f
the sequences i§. Then, the sefS is called anM-ary sequence familpf period L, where N is the
family sizeand C\,.x(S) is the maximum correlation magnitudef S. The sequence famil$ is said
to havelow correlationif Cpax(S) < vv/L for a small constant. For more details on correlation and

sequence families, see [1] and [10].

1. THE WEIL BOUND AND THE REFINEMENT

The Weil bound [25] gives the upper bound on the magnitudénafaxcter sums (or exponential sums).
It has been widely employed in determining the maximum dati@n magnitude of a sequence family
since the correlation of sequences is ultimately equivaiera character sum. For the applications of
exponential sums to sequence and coding theory, see [19].

We introduce one of the various versions of the Weil boundgciwvis useful for this work.

Theorem 1:[24] Let fi(z),---, fi(z) be ! monic polynomials inF,[z] whose largest square free
divisors have positive degrees, - - - ,d;, respectively. Letyq,--- ,1; be multiplicative characters of
F,, wherev;(0) = 0, 1 < ¢ < [. Assume that the product characﬁézlzpi(fi(m)) is nontrivial, i.e.,

Hﬁzl Vi(fi(z)) # 1 for all z € F,. Then, for everys; € Iy, we have

l
Y tr(afi@) v (@fi@)] < O di —1)Va.
=1

zel,

In particular, if [T._, ¥ (z) = 1 for all z € [y, then

z
> i (afi(@) - (@fi(@)| < O di—2)y/g+ 1. (8)
i=1

zel,

Theorem 1 contains some straightforward generalizatiam Corollary 2.3 in [24], where the bounds
generally hold under the condition of the nontrivial protokaracter. The bounds become tighter under
the original condition of Corollary 2.3 thaf;(z)’s are pairwise prime and;(f;(x))’s are nontrivial,
which may occur in the worst case of sequence correlationsiiranalysis. Also, the sufficient condition
for (8) is slightly different from the original one of Corally 2.3 in [24]. From the proof and Theorem
2.1 in [24], however, it is easy to see trﬁﬁ:l z/zfi (z) = 1 for all = € [}, is sufficient for achieving (8).

In the original Weil boundy);(0) = 0 is conventionally assumed. However, it is more convenient t
have;(0) = 1 in our analysis as it conforms to (4) and (6). The assumptfon;®) = 1 then requires
a slight change to the original Weil bound. Thus, we make aeefent to the Weil bound such that it

can support);(0) = 1.



Corollary 1: In Theorem 1, lek; be the number of distinct roots iR, of f;(x), wherei =1,--- 1.

If 4;(0) =1 is assumed for each then

l

Zd —DVa+ Y e ©)

> di(@fi(@)) - dilafilw

z€el, i=1
In particular, if [T,_, ¢{(z) = 1 for all z € F}, then
> il fi@) il filw)] < (Zd —2)V/q+ 1+Zez (10)
z€lF, 1=1

Proof: Let Q; be a set of distinct roots of;(x) in F,, andQ = J'_, i = {z € F, | fi(x) =0, 1 <
i <1}, where|Q| < 32!, e;. Then,
Yo dlafi@) - dilafi(x)

2€F4,1;(0)=1
= > dil@h@) - w@hi@)+ Y tilafi@) - dilafi(@)
20,0 (0)=1

2€Q i (0)=1

= Y ti@h@)--dlahi@)+ Y i@ fi(@) - dilafi(@).
2€F4,1:(0)=0 2€Q,1);(0)=1

With [¢;| = 1, it is straightforward tha#zxegw _1Yi(ar fi(x)) - "¢l(alfl(33))‘ < [Q]. Therefore,

Z Y1(arfi(x)) - Yi(afi(z))

2€F 1 (0)=1

< Yoo i(af@) - dilahi@)|+] D dilafi(@) - diafi(@)
2€F,,1:(0)=0 €, (0)=1
< Yo ti(@fi(@) il fi(x) | + 10
2€F 4,1;(0)=0
(Zd —1) \/_+Zel
i=1
Similar to this approach, (10) is immediate. O

In Corollary 1, if some off;(z)'s share common roots ifi;, there may be a case ¢f| < Zﬁzl €i,
which allows tighter bounds than (9) and (10). However, thpar bounds in Corollary 1 are always true,
including the worst case df2| = Zé:l e;. Corollary 1 turns out to be very useful in determining the
maximum correlation magnitudes of sequence families ssmed by multiplicative characters, where
we only need to take into account the degrees and the numbreotsf inF, of eachf;(z), which is a

polynomial corresponding to a sequence or its cyclic shift.



IV. THE REFINED WEIL BOUND AND POLYPHASE SEQUENCEFAMILIES

In this section, we revisit polyphase sequence familiesstanted from the shift and addition of
constant multiples of power residue and Sidelnikov segeen&eneral constructions are presented
producing some of known sequence families as the speciakca¥e provide the efficient proofs on
the maximum correlation magnitudes by employing the refikiéell bound described in Section IlI.
Also, we discuss how to partition/-ary known sequence families with large size iffd + 1) disjoint
subsequence families. Finally, we consider more genelonstructions by the addition of multiple

cyclic shifts of power residue and Sidelnikov sequences.

A. M-ary power residue sequence families

Construction 1:Letr = {r(¢t) | 0 < t < p — 1} be anM-ary power residue sequence of peripd

wherep is an odd prime and/ | p — 1. Let
Iy ={cer(t) |1 <c< M -1},

-1
AP :{cor(t)—i—qr(t-l-l) modM|1§l§pT, cotc1=9 modM}

whered is a constant i) <6 < M —1 and1 < ¢p,c; < M — 1. A polyphase sequence fami&@ of
periodp is defined by
SO = 1,049

where all sequences are cyclically distinct. The maximumetation magnitude and the family size of

Sﬁ‘” are shown in Theorems 2 and 3, respectively.

It is straightforward thaﬁﬁ‘;) is a general sequence family includiﬂé“),fﬁﬁ ’02), andZ; in [8] as the
special cases, wherg = ¢; = a andé = 2a for a constant: in .7-}(“), andd = ¢ + ¢, for fixed integers
¢; andey in F%) in F, e = ¢, c; = M —cand§ = 0 for an integere, 1 < ¢ < M — 1. Obviously,
Sﬁ‘;) is a subset of a larger sequence famfly in [8] where all sequences are cyclically distinct. (see
(13) for F..) Therefore, the sequences&lﬁ‘;) are also cyclically distinct.

We now determine the maximum correlation magnitudéﬁf by employing the refined Weil bound.

Theorem 2:For anys, 0 < § < M — 1, the maximum correlation magnitude Sf‘s) in Construction 1
is given by
Cmax(Sr(6)) = 2\/]3 + 5.



Proof: Let o be a primitive root inF,,. We derive the upper bound on the correlation magnitude @iia p
of sequencea = {a(t)} andb = {b(¢)} in S for the following cases, where we use the notations of
Corollary 1 in the character sums. In each case, we excludgia in-phase autocorrelation af = 0
ata = b, which drives each product characterGf ,(7) to be nontrivial.

Case 1. a,b € Z,: Let a(t) = cr(t) andb(t) = r(t), wherel < ¢, < M — 1. From (7) and (4),

the correlation ofa andb is given by

p—1
Ca,b(T) — w;:‘[(t)—c r(t+7)
t=0
= Z P(x (x + 7).
z€F,

Let fi(z) = = and fy(z) = x + 7, which are the monic polynomials ifi, corresponding to-(¢) and
r(t+7), respectively. Then, the degreesfefz) and f2(z) ared; = ds = 1, respectively. Also, the number
of roots of fi(z) and fo(z) in F, aree; = ey = 1, respectively. Leth; = ¢¢ andipy = 1=¢ = M =¢,
Note that the product charactei (f1(x)) - ¥2(f2(z)) is nontrivial if we excluder = 0 ata = b. With

these notations, we are now able to apply the refined Weil éair(9) in Corollary 1, i.e.,

T < 2% JWo(z+7)| < (di+da—1)\/p+er+ea=p+2

z€F,
which confirms the upper bound of the cross-correlation ritade of distinct power residue sequences [11].

In particular, ifc = ¢, then Hle zbfi () = ¢ () = 1 for all z € ;. In this case, we can apply

the improved bound in (10) to obtain
|Cap(T)| < (di+do—2)/p+1+e1+e2=3, T7#0

which is obvious from the out-of-phase autocorrelation ofvpr residue sequences.
Case 2. a € Z, andb € AY (or vice versa.): Letu(t) = cr(t) andb(t) = cor(t) + cir(t + 1), where

1<cco,c1 <M—1andl <l<PL Then,

p—1
Ca7b(7—) = ]c\z(t) COT(t“rT)—clr(t_;’_l_,’_T)
t=0
_ch x+T)¢_Cl($+l—|—7)'
z€lF,

In Corollary 1, fi(z) = =z, fa(z) = « + 7, and f3(z) = = + | + 7, which are inF,. Therefore,
di=dy=ds=1ande; =ey =e3=1. Lety =, hpy =p™% = ZZ)M_CO, andys =y~ = ¢M_Cl.
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The cyclic distinctness o& and b guarantees that the product cht'alratlf{fr:1 ¥i(fi(x)) is nontrivial.

From (9), we have

<D i(@)a(e 4+ 7)vs(e + 7+ )| < (dy+dy +ds — 1)/ +e1 + e + €3 = 2¢/p + 3.
z€F,

In particular, ifc = ¢y +¢1 (mod M), then][;_, " (z) = ¥~ (z) = 1 for all = € . From (10),
‘Ca,b(T)‘ < (dy +dy + ds —2)\/]_?+1+61 +es+e3 =D+ 4

Case 3. a,b € AY: Let a(t) = cor(t) + cir(t + 1) and b(t) = cyr(t) + r(t + '), wherel <

co,cl,co,cl<M—1and1<ll’<p . Then,

p—1
Ca,b(T) = w?\/{}T’(t)-‘raT’(t+l)_cor(t+r)—clr(t+l +7)
t=0
B Z P (@) (2 4+ D~ (z + 7)Y~ (z + 1 + 7).
zelf,

In Corollary 1, fi(z) =z, fo(x) =x+1, f3(x) =x+7, and fy(z) = z+1'+ 7, which are inF,. Thus,
di=dy=ds=d;=1ande; = es = e3 = eq = 1. Let by = 0%, by = 0%, 13 = 1% = »M—<  and
Py = ¢~ = M=, Obviously, the product charact§f;_, v;(fi(x)) is nontrivial for the cyclically
distinct sequences andb. With ¢y +¢; = ¢ + ¢}, =0 (mod M),

[T o) = gt a) =1

for all x € IF;. From (10), therefore,

)| <

> i(@)a(z + s (@ + 7)pa(e + 1+ 7)

zefF,

<(di+dy+dz+dy—2)/p+1+er+ex+ez+es=2yp+5.
From Cases 1 3, the proof is completed. O
Theorem 3:The family size of theM -ary sequence familﬁﬁ‘s) in Construction 1 is given by
(251) - (v =), if 6= 0,

{ (351) -1 - (551),  it1<e<M-1.
Therefore,S,S‘S) has the largest family size when= 0, WhereSr(O) = F, in [8].

SO = (12)

Before proving Theorem 3, we consider the following lemma.
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Lemma 1:Let ¢y ande; be positive integers such that+c; = 6 (mod M) wherel < ¢p,c; < M —1.
For a given integed, 0 < 6 < M — 1, the number of théc, c;) pairs is given by

5 M-1, f§=0
NC((),)C'[: (12)
M~—-2  f1<§<M-—1.

Proof: If 6 =0, then the(co, c;) pairs are listed by
Ag={(1,M —-1),(2,M —2),--- (M —1,1)}.

Thus, the number of the pairch(ﬁ)cl =|Ag|=M—-1.1f 1 <§ < M —1, on the other hand, the pairs

of (cp,c1) for cp+¢1 =0 (mod M) are
A6:{(175_1)7(275_2)>"' 7(5_171)7(6+17M_1)7"' >(M_175_M+1)}

where only a valid pair withl < ¢g,c; < M — 1 exist. The number of possible pairs is therefore

N =18s =M —1-1=M -2, -

Proof of Theorem 3First of all, |Z.] = M — 1. From Construction 1, the size A is ]Affs)] =
Néf?c1 . (%) from [ and(co, ¢1) pairs. Therefore, the family size 6ﬁ5), 0<6§<M-—1,is determined

by SV = |Z.| + |A|, which results in (11). O

In [7] and [8], an M-ary sequence familyF,. of large size has been introduced. In this paper, we

denote it asC, that is defined by

Lo=T,UBy ={cr(t)|1<c¢y<M-—1}
o (13)
U{cor(t)+clr(t+l) modM\lglgT, 1< ¢, 1 SM—l}

wherer = {r(t)} is an M-ary power residue sequence of peripdAs studied in [8], its correlation
magnitude is bounded by,/p + 4. In next lemma, we discuss the partition Gf into subsequence

families Aff) in Construction 1 with the smaller maximum correlation magfe of 2,/p + 5.

Lemma 2:For anM-ary power residue sequenee= {r(¢) | 0 <t < p— 1} of periodp, consider a
sequence familyZ, in (13) with the maximum correlation magnitude &f/p + 4. Compared tQS}@ in
Construction 1, we have

M—1
Lr=T,UAY uAP u...uaM VY =1, u ( U Aﬁ‘”) (14)

5=0
where all sequences are cyclically distinct among the sus®ce families. In other words}, is

partitioned into(M + 1) disjoint subsequence families @ and Aﬁ‘s), 0<6< M-—1, whereZ,

andA,(f) have the correlation magnitudes bounded, gy + 2 and2,/p + 5, respectively.
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Proof: Apparently, the union ofcy, ¢;) pairs in Aﬁé) over all §’s forms all possiblgcy, ¢1) pairs of B,

in (13). Since all sequences ify. are cyclically distinct [8] and we can easily check from (&hd (13)

that
M-1 ]
T+ Y A0 = e,
6=0
it is obvious thatZ, is partitioned into disjoint subsequence families as in).(14 O

Remark 1:In code-division multiple access (CDMA) systems, we will &lgle to assign each subse-
guence familyZ,. and Aﬁé), 0 <d <M —1to a group of users, where each group liB$ and \Aﬁé)]
users, respectively. There are tofdll + 1) user groups supported by the sequence farijly If two
users in the same group access to the system simultanethgsiytra-group interferencés bounded by
the maximum correlation magnitudgp + 2 or 2,/p + 5. On the other hand, if they belong to different
groups, theinter-group interferences limited by 3,/p + 4. From the partition ofZ, in Lemma 2, the
user grouping is therefore possible for different intrad amter-group interferences. Similar techniques

of partition (or decomposition) to multiple signal sets ddeen discussed in [3] and [4].

Remark 2:The refined Weil bound has been employed in Theorem 2 to dhster@‘hlax(sﬁ‘s)) by
providing the more efficient proof on the bound than the orsedun [7] and [8]. Similar to the proof
of Theorem 2, it can be also used to determine the maximuneledion magnitude of .., whered; = 1

ande; =1 for 1 <4 < 4 in the worst case, and thus,,.«(£:) = 3,/p + 4 by (9).

B. M-ary Sidelnikov sequence families
Construction 2:Lets = {s(¢) | 0 <t < p™ — 2} be anM-ary Sidelnikov sequence of perigpd® — 1,
wherep is prime,m is a positive integer, and/ | p" — 1. Let
Is={cs(t) |1 <ec< M -1},

m

p

Ag) :{cos(t)+cls(t+l) mod M |1 <1< { _IJ, co+c1 =0 modM}

whered is a constant i) < § < M —1 and1 < ¢g,c; < M — 1. In A, note thatey < ¢; if [ = A

for odd primep. A polyphase sequence famiﬂé‘;) of periodp™ — 1 is defined by
s = 7,049

where all sequences are cyclically distinct. The maximumetation magnitude and the family size of

SS(‘;) are shown in Theorems 4 and 5, respectively.
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85(5) is a general sequence family includid{i“), J—“S(c“”), and 7 in [8] as the special cases, where
¢o = ¢, = a andd = 2a for a constant in F¥, andé = ¢, + ¢, for fixed integers:; andcs in Flevea),
In Fs, co=c¢, ¢t =M —candd =0 for an integerc, 1 < ¢ < M — 1. Although the cyclic distinctness
of the known families has not been clearly proven in [8], ibl®/ious because those are the subsets of
a larger family £ in [13] (or F5 in [8]) where all sequences are cyclically distinct. (se®) (fbr £.) For

the same reason, all sequence§£|§1> are cyclically distinct.

Theorem 4:For anys, 0 < § < M — 1, the maximum correlation magnitude 555) in Construction 2
is given by
Crnax (S = 2/p7 + 6.

Proof: Let o be a primitive element iff,.. We derive the upper bound on the correlation of a pair of
sequencea = {a(t)} andb = {b(¢)} in S for the following cases, where we use the notations of
Corollary 1 in the character sums. In each case, we excludgia in-phase autocorrelation af = 0
ata = b, which drives each product characterGf ,(7) to be nontrivial.

Case 1. a,b € Zg: Let a(t) = cs(t) andb(t) = 's(t), wherel < ¢, < M — 1. From (7) and (6),

the correlation ofa andb is given by

p—2
cs(t)—c' s(t+1)
Cab(T) = Wy
t=0

= > e+ )y (fr + 1)
z€F?
= ) P+ (0 (z+07)) -1
z€F,m
whered = o™, 0 < 7 < p™ — 2. Let fi(x) = =z + 1 and fa(x) = x + 6%, which are the monic
polynomials inF,~ corresponding tos(t) and s(t + 7), respectively. Then, the degrees ff(z) and
f2(z) ared; = dy = 1, respectively, and the number of roots fof 2) and fo(x) in F,» aree; = ez = 1,
respectively. Let); = ¢° andyy = ¢~ = »M~¢", Note that the product character(f1(x))-12 (6 f2(z))
is nontrivial if we excluder = 0 at a = b. With these notations, we are now able to apply the refined

Weil bound of (9) in Corollary 1, i.e.,

Cap (M) <| D 1 (fi(@) o (8- fa(@)| +1 < (di+da— DVP" +e1+ea+1=/p" +3

z€F,m

which confirms the cross-correlation of a Sidelnikov se@eeand its constant multiple [12].
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In particular, ifc = ¢/, then Hle 1/1241‘ (x) = (z) =1for all z € ... In this case, we can apply

the improved bound in (10) to obtain

|Ca,b(7')| <(di+dy—2)vVpr+1+e1+e+1=4, 7#0

which is obvious from the out-of-phase autocorrelation wolefhikov sequences.
Case 2. a € Z, andb € AY (or vice versa.): Letu(t) = cs(t) andb(t) = cos(t) + c1s(t + 1), where

1<ccpc0 <M—-1landl<l< {L;lJ.Then,

Cunlr) = 3 wigOmeos-ausiisn
=0
= Z Y(z+ 1)~ (0x + 1) (0bx + 1)
:cEIF‘;m
= ) e+ (0 (z+07)) Y (00 (z+ (00) 7)) — 1
z€F,m

wheres = ol andd = ™. In Corollary 1,f(z) = z+1, fo(x) = z+60~1, andfs;(x) = z+(c)~!, which
are inF,~. Therefore,d; = dy = ds =1 ande; = ey =e3 = 1. Lety; = ¢° Py =9~ = pM—co,
andys = ¢~ = M~ The cyclic distinctness oh and b guarantees that the product character

‘?:1 ¥;(a; fi(x)) is nontrivial, wherea; = 1, ay = 6, andas = of. From (9), we have

Can()] < | Y w1 (f1(x) b2 (8- fa(x)) vhs (08 - fa(x))| + 1

z€F,m
<(di+dy+dz—1)y/p+er+extez+1=2Vp"+4

In particular, ifc = ¢y + ¢; (mod M), then[[;_; ¢ (z) = ¢*"@~¢1(z) = 1 for all = € F}... In this

case, from (10),

Can(T)| < (di +do +ds — 2P+ 1+ €1 + ez +e3+ 1= /oo + 5.

Case 3. a,b € AY): Let a(t) = cos(t) + e1s(t + 1) andb(t) = cjs(t) + ¢ s(t + '), wherel <
co,c1, ¢, <M —1andl <[l < LLQ_IJ Then,

pT—2
. cos(t)+ers(t+l)—cys(t+71)—chs(t++7)
Ca,b( ) = War 0 !
t=0

= Y Yz + 1) (ox + 1)y~ 0z + 1) (0'0x + 1)

xE]F;m

= Z (x4 1)™ (0 (z+ 0_1)) % (9 (z+ 0_1)) P4 (0/9 (z+ (0/9)_1)) -1

z€F,m
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whereo = o, o/ = o, andf = 7. In Corollary 1, fi(z) = = + 1, folz) = 2 + 07!, f3(z) =
v+ 0L fi(x) = x + (0’6)~L, which are inF,.. Then,d; = dy = d3 = dy = 1 ande; = ez =
e3 = eq = 1. Let gy = ¥, 1y = %, b3 = p~% = M=% andyyy = =% = M. Obviously,
the product characte]?[f‘:1 ¥;(a; fi(x)) is nontrivial for the cyclically distinct sequencesandb, where

a1 =1, ag =0, a3 =0, anday = 0’0. With ¢y + ¢ = ¢, + ¢} = ¢ (mod M),

4
[Tvi ) = poreii@) =1
=1

for all x € F;m. From (10), therefore,

|Cap(7)] < Z Y1 (fi(x)) Yo (o - fa(x) s (0 f3(x)) Y (6'0 - fa(x))| + 1

z€F,m

<(di+de+dg+dys—2)V/p"+14e +ex+es+es+1=2p" +6.

From Cases 1 3, the proof is completed. O

For the family size ofSS(‘;), Lemma 1 has already discussed the numbefc@fc;) pairs forl <1 <

mez—lJ, wherecy+¢; =6 (mod M) for 1 < ¢p,c; < M — 1. Now, we examine the number 6f, c;)

pairs forl = pm2_1 for odd primep in the following lemma.

Lemma 3:Let ¢y andc¢; be positive integers such thaf + ¢; = § (mod M) wherel < ¢y < ¢; <

M — 1. For an integep, 0 <6 < M — 1, the number of thécy, c¢;) pairs is given by

@ { | ML if (§=0) or (M is even and is odd) (15)
e | M=) -1, if (M is odd) or (M is even and’ is even)
Proof: For a given integery, 0 < § < M — 1, the set of thecg, ¢1) pairs ¢y < ¢1) is given by
I'={(co,0 —cop) |1 <ep<d—copandd —cy < M —1}
U{(co M +0—co)|1<eco<M+d—coandM +6—co <M —1}
:{(co,é—co) 1< ¢ < g}U{(CO7M+5—CO) | 6+1<c¢ < M;é} (o)

=I'ty Ul
wherel'y NTy = ¢.

Case 1. § = 0: In this case|I'y| = 0 and |['y| = [{1 < o < & }| = [ ] . Thus, the number of

(co, c1) pairs is given byN{"L = [Ty[ + |Ta| = | AL ],
Case 2. M is even and) is odd: From (16), it is easy to see tHay| = >3 and|[y| = £2=1 .

; ]
Thus, NL, = Ty| 4 To| = & — 1 =[],

cop<cC1
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Case 3. M is even and is even:[I'y| = § — 1 and|T'y| = 22 — 5 — 1 from (16). Thus,N\"., —
[Cuf+[Taf = 5 =2 = [#52] - 1.

Case 4. M is odd ands is even:|I';| = § —1 and || = M0=1 _ 5 from (16). Thus,N". =
D]+ [Paf = 257 =1 = [ ] - 1.

Case 5. M is odd ands is odd: T} = %51 and [Ty = 25 — 5 — 1 from (16). Thus, N, =
Dyf+ Tof = 45+ — 1= [#7] — 1,

From Cases 1- 5, the proof is completed. O
We are now ready to show the family size&é‘s).

Theorem 5:The family size of theM-ary sequence familﬁs((” in Construction 2 is determined by
i ) b :
‘8(5)‘ = M=1+ <p 2 = 1) ' NC(O’)C1 + NC(0)<017 if p> 27
S =
M—1+ @21t —1). N, if p=2

(17)

whereNéfi)c1 andNéf)<cl are given in (12) and (15), respectively. In particulﬁﬁ‘f) has the largest family
size whens = 0, whereS{”) = Z, in [8].

Proof: First of all, |Zs| = M — 1. From Construction 2, the size ofl”) is

pr—1 _A7(®) Q) ,
AL = (5 —1) N 4 NEL., 2 a5
(27t —1) - NO, it p—2
from [ and(cy, ¢1) pairs. The family size oB{”,0 <5 < M—1, is determined b)l/Ss(é)\ — ||+ ]A@\,
which results in (17). .

Table | summarizes the parametersSé(f) andSs((” in Constructions 1 and 2, respectively, for various
p,8, and M. In the table, note thats” | = |7.| and|SL”| = | Z| in [8].
In [13], an M -ary sequence family of large size has been presented, which has been also in#ddu

as Fs in [8]. In this paper, we denote it a5, i.e.,

Lo=TsUBs={es(t) |1 <ec< M-—-1}

U {Cos(t) +es(t+1) mod M|1<1< {pmz— 1” (19)

wheres = {s(t)} is an M-ary Sidelnikov sequence of perigd® — 1, and1 < ¢y,c; < M — 1. Note

thatcy < c; if [ = pm2_1 for odd primep. As studied in [13], its correlation magnitude is bounded by

3v/p™+5. In next lemma, we discuss the partition&f into subsequence familiesé‘s) in Construction 2

with the smaller maximum correlation magnitudefp™ + 6.



THE PARAMETERS OF&S‘” AND Ss(‘”, 0<6<M-1

TABLE |

H Period ‘ Chnax ‘ Family size

SO | » | 2 (252) - 01— 1) s

(25)) -1 = 1) - (252) 540

(M = 1) (E572) + |2 5=018]
S p>2 |l pm—1| 205746 (M_1).(WT*1)+@—(W;1) § 40, M odd
(M—1)- ("m;l) + 24— (”";71) § odd, M even

(M —1)- (L;l> +4_1- (”m;l & even(# 0), M even
S p=2|27-1|2/27+6 2m=1 (M — 1) §=0[8]
2m (M —1)— (2™t = 1) §#0
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Lemma 4:For anM -ary Sidelnikov sequence= {s(t) | 0 < ¢ < p™ —2} of periodp™ — 1, consider
a sequence familys in (19) with the maximum correlation magnitude §/»™ + 5. Compared toSs(é)

in Construction 2,

M—-1
Li=T, AL uAP U A =7, u ( U Ag‘”) (20)

5=0
where all sequences are cyclically distinct among the susece families. In other words(s is

partitioned into(M + 1) disjoint subsequence families @f and Aé‘;), 0<§< M-—1, whereZg

andAé‘;) have the correlation magnitude bounded\gy™ + 3 and2,/p™ + 6, respectively.

Proof: It is clear that the(cy, ¢1) pairs in Aé‘;) belong to the set of the pairs ifs. Since all sequences

in L are cyclically distinct [13] and we can easily check from)(&8d (19) that
M—1

1z + > AL
6=0

it is obvious thatZs is partitioned into disjoint subsequence families as in).(20 O

= ‘55’7

Remark 3:Similar to Remark 1, each subsequence fandilyand Aﬁ‘”, 0<§d< M-—1can be
assigned to a group of users in CDMA systems, where {dtaH 1) user groups are supported by the
sequence familyCs. The intra-group interference is bounded by the maximunretation magnitude
VP +3 or 2,/p™+6, whereas the inter-group interference is limited3qyp™ + 5. Hence, the partition

of Ls in Lemma 4 allows the user grouping for different intra- antei-group interferences.

Remark 4:Similar to the proof of Theorem 4, the refined Weil bound caoviagte a more efficient
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proof than the one in [13] to determine the maximum corretatinagnitude of’s, whered; = 1 and

e; = 1for 1 <i <4 in the worst case, and thus,,.«(Ls) = 3v/p™ + 5 by (9).

C. Generalized constructions

In [13], Kim et al. attempted to generalize the constructionfoby the addition of multiple cyclic
shifts of Sidelnikov sequences. From the similar approaehgeneralize the constructions from power
residue and Sidelnikov sequences. The detailed proofseocyitiic distinctness, the maximum correlation

magnitudes, and the family sizes of the generalized famdie described in Appendix.

Construction 3:Letr = {r(¢t) | 0 <t < p — 1} be anM-ary power residue sequence of peripd
wherep is an odd prime and/ | p — 1. Let2 < k < p—gl be a positive integer. A polyphase sequence

family Hr of periodyp is defined by
HY =T, 0l ={er(t) | 1<e< M -1}
U{cor(t)+art+1i)+- - +er(t+1) mod M|1<cy,--,cp <M-—1}
wherel <1ly <lp < - <l <21
In particular, if Zf 0Ci =06 (mod M) for a given integew, 0 <0 < M —11in Hﬁk), the sequence

family, denoted byg(‘”C is defined by

g = 7, u D ={er(t) |1 <e<M-1}

k
U{cor(t)—|—clr(t+l1)—|—---—|—ckr(t—|—lk) modM|Zci55 modM}.
i=0

wherel <ly <lp < - <l <2 landl <cp - ,cp <M — L.

Theorem 6:In Construction 3, all sequences Hﬁk) are cyclically distinct, and as its subset, all
sequences ||§(M are also cyclically distinct. The maximum correlation mitigghes oer andg

are given by

Conax (HP) = (2K + 1) /P + 2k + 2,

Cmax(g( 2](3\/7 + 2k + 3.

Also, the family sizes 01‘71((]C and g(“ are determined by
p—1

:(M—1)+< Z)-(M—l)k“,

guow] = § T (D (F). =0
T, if 60

G

(21)
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whereT), = (M — 1) + (?) ) (W)

Construction 4:Lets = {s(¢) | 0 <t < p™ — 2} be anM-ary Sidelnikov sequence of perigd’ — 1,

wherep is prime, m is a positive integer, and/ | p™ — 1. Let2 < k < VMZ‘QJ be a positive integer.

A polyphase sequence fami?;lék) of periodp™ — 1 is defined by
HP =T UM ={es(t) |1 <e< M —1)

U{cos(t) +crs(t+11)+ - +eps(t+1) mod M |1<cy, -+ ,cp <M-—1}

wherel <y <ly < - <l < mefJ.

In particular, if Zf oCi =0 (mod M) for a given integew, 0 <§ < M —1in H¥ | the sequence
family, denoted byg(‘”C is defined by

g = 7, u DPH) ={es(t) |1 <e< M-—-1}

k
U {cos(t) +es(t+0h)+ - +eps(t+1;) mod M | Zci =06 mod M} .
=0

wherel <y <y <--- < < V";ZJ andl <c¢g,- -, < M — 1.

Theorem 7:In Construction 4, all sequences ’Vﬁék) are cyclically distinct, and as its subset all
sequences i@é‘s’ are also cyclically distinct. The maximum correlation mitigghes ost andg

are given by
Conax (M) = (2k + 1)/p™ + 2k + 3,
(22)
Crnax (G = 2/ + 2k + 4.

Also, the family sizes ofH(k and Q(M are determined by

=
‘Hék) = (M —1)+ ( lf: ) .(M_l)k—i-l’
gédk)‘ _ ) Ti- (—1*- (L?J), if §=0
1y, if 640
whereT] = (M — 1) + (Lp%ﬂ) ) (W)

Table Il compares the parameters of some known polyphaseseg families.

Remark 5:In Construction 4, we remove the case lpf= ”7“2—‘1, 1 < i < k for odd primep, for

simplicity in our analysis oﬂéé’k) anngk). From Constructions 3 and 4, we discover that i even,

then gﬁ‘s’k) (or gé‘s’k)) provides more sequencesdn# 0 than ind = 0, contrary toSﬁ‘g’k) (or SS(‘S”“)).
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TABLE Il

THE COMPARISON OF WELL KNOWN POLYPHASE SEQUENCE FAMILIE& IS AN ODD PRIME)

H Period L ‘ AIphabet‘ Chnax ‘ Family size
Trachtenberg [23] p™ — 1, m odd p V(L +1)+1 L+2
Helleseth [9] p™ — 1, m even P 2WL+1+1 L+2
p™?2 %2 (mod 3)
Sidelnikov [22] p™—1 P VE+1+1 L+1
Bent [14] p™ — 1, m even P VE+1+1 VL +1
Kumar, Moreno [16] p™—1 P VLE+1+1 L+1
Gong [2] (p™ —1)2 p 2V/L +3 VL
Z, Family S(0) [15] 2m 4 VL+1+1 L+2
7.4 Family S(1) [15] om 1 4 2L +1+1 > L*+3L+2
Z4 Family S(2) [15] 2m —1 4 4/L+1+1 > L3 +4L% + 50 +2
S (or 7 [8]) p M VL +5 (LEL) (M —1)
L. (or F. [8]) p M 3V +4 M —14 Q=DPEY
02 540 p M AL +7 (M —1) + EZDEZ3) (2 30 4 3)
(in this paper)
H (in this paper) p M 5VL +6 (M — 1) + E=DEZD L (af —1)3
S (or 7 [8]) -1 M 2VL+1+6 (M —1)- (L) + [ M1
L. (or £ [13]) 1 M 3VE+1+45 (M_DAE=2) | M(M_1)
G 5 +£0 P —1 M AVIF1+8 | (M —1)+ E2EA (2 3 4 3)
(in this paper)
H? (in this paper) p" —1 M 5VL+1+47 (M — 1)  E22ED (g —1)3

Remark 6:A similar generalization aﬂé’“) has been discussed in Remark 2 of [13], where it was
shown that the maximum correlation magnitudéas + 1),/p™ + (k + 2)2. However, it is not clear how
to construct a sequence family from the generalizationhig paper, we presented a specific sequence
family Hgk) by determining the cyclic distinctness, the maximum catieh magnitude, and the family

size. Moreover, we obtain the improved bound on the coicglanagnitude given by (22).

V. CONCLUSION

This paper has revisited polyphase sequence familiesroeiest from the shift and addition of power
residue and Sidelnikov sequences. Initially, we assut@d = 1 to represent the sequences without the

indicator function. In order to support the assumption,faneenent has been made to the Weil bound on
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multiplicative character sums, which enables the efficgnbfs on the maximum correlation magnitudes
of the sequence families. We then presented general cotistrs of Sﬁ‘” and 55(5) that produce the
known families in [8] as the special cases, and determinedrtAximum correlation magnitudes and the
family sizes. Moreover, we showed that the knoihary sequence familieg,. in [8] and £ in [13] (or

Fs in [8]) with large size could be partitioned intd/ + 1) disjoint subsequence families with smaller
maximum correlation magnitudes. Finally, more generdlizenstructions have been provided by the

addition of multiple cyclic shifts of power residue and Sidkov sequences.

APPENDIX

PROOF OFTHEOREM 6

This section briefly describes the proof of the cyclic distimess, the maximum correlation magnitudes,
and the family sizes of the power residue sequence famiﬁe;‘é&d’””) and H](f) introduced in Construc-
tion 3. The proof of Theorem 7 for the Sidelnikov sequenceilfamgéé’k) and Hék) in Construction 4
are straightforward from the similar approaches madéﬁfd“) and Hﬁk). In what follows, we keep the

notations in Construction 3.

A. Cyclic distinctness

We prove the cyclic distinctness of sequences in the largaesee faminH](f), which then implies
the cyclic distinctness of sequencesgﬁs’k), a subset ofH](pk). We first consider a sequence paiand

b existing in e, where E, ,(7) is defined by

Ea,b( ) _ w;:&r(t)+clr(t+l1)+---ckr(t+lk)—c{)r(t+7)—c’1r(t+l§+T)—---—c;c(t+l§c+7—)
(23)
= (@)Y (z+ ) (@ YT (@ A T Y@+ L T) TR (o G+ T)
wherez € F,, and0 < 7 <p—1.In (23), letA = {0,-1y,--- ,—ly,—7, =1} —7,--- , =1} — 7} be a set

of roots of the polynomials in the argument of eachFor z ¢ A, (23) is represented as
Bap(7) = (2% (2 + 1) - (@ + 1) (@ + T)M 0 (@ 4 1 + 7)Mo (w4 1+ 7))

=¥ (g(x), zeF,\A
For givenc;, c;, li, l;, andr, if the sequence pair andb are cyclically equivalent, theg(z) = h(z)™ so
thatey (g(z)) may be a trivial character for ailfs in F,\ A, whereh(z) € F,[z]. For the cyclic distinctness,
therefore, we need to shayfz) # h(z)™ for the paira andb. From1 < cg, -+ ,cg, cfy, -+ , ¢}, < M—1,

note that any facto(x + ;)¢ or (z + 7 + l;)M‘CS of g(z) is not of the formn/(z)M for b'(z) € F,[z],
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where0 < i, < k andly = I, = 0 is assumed. Thus, if it remains i{z), not combined to the others,
then the isolated factor causg&e) # h(z)™.

Casel.7 = 0:Sincel; <y <--- <lpandl] <l < --- <1}, nofactors remain isolated y() if and

only if Iy =1},lo =15, I = ;. In this caseg(x) = ztM=c(z + [))aFM=cr ... (g 4 [ ) +M ek,
where each exponent+M — ¢, =0 (mod M), 0 <i < k,ifand only ifcy = ¢, c1 =}, , ¢, = ¢
Clearly, g(z) = h(z)M if and only if l; = I§,lo = ly,--- I = I}, and ¢y = c},c1 = ¢}, -+ e = ¢},

wherea = b, a trivial case.
Case 2. 7 # 0: Let1 < I;,I} < r_1 wherel < i,5 < k. Obviously,l; + I" # 0 (mod p) for anyi
andj, which never allowd; = 7 (mod p) andl’; = —7 (mod p) at the same time. In other words, for

a givent # 0,
l; #7 (mod p) foranyi, or I+7#0 (mod p) foranyj. (24)

If 7> +7 # 0 (mod p) for any j, then the factor: cannot be identical t¢z + I; + 7) for any ;. On the
other hand, ifl; 7 (mod p) for any i, then the factofx + 7) cannot be identical t¢x + /;) for any
i. Since one case of (24) always occurs for a gives 0, at least one factar® (or (z 4 7)) remains
isolated ing(z), not combined to the others, which caugés) # h(z)M from 1 < co,cf) < M — 1.
From Cases 1 and 2, it is clear thatg(z)) is nontrivial andE, ,(7) # 1 for all 2’s in F,. Thus,
each sequence pair h‘?ﬁk) is cyclically distinct. Ifa € Z, andb € Eﬁk) (or vice versa), we make the
similar approach ta¥, ,,(7), which leads to the cyclic distinctness. Finally, all seuues inH](pk) are

cyclically distinct, which induces the cyclic distinctrsesf sequences iﬁﬁ‘s’k), a subset oiH](pk).

B. Maximum correlation magnitude

(8,k
r

The worst case of the correlation of a pair of sequencéﬁffﬂ (or g )) occurs whem, b € Eﬁk)

(or Dﬁ‘s’k)). Then, the correlation is given by

—1
Ca,b(T) _ 3 w;}r(t)+clr(t+l1)+---ckr(t—l—lk)—c{)r(t—i-T)—c’lr(t—i-l’l+T)—---—c§c(t+l§c+7-)
t=0
= Z o)1 (x + 1) - V(x4 L) g (@ + T (@ + 1+ 7) - Yo (@ + 1, + 7)
z€elF,

Where¢0 = ZZ)C[)? ¢1 = ¢Cl>"' 7¢k = ¢Ck7 ¢k+1 = w—cg = ZZ)M_CSV" 771Z)2k+1 = ¢_C;C = ¢M_C;€|
and fo(z) =z, filz) =2+, filx) =+l fopa(e) =2 +7,, fopqi(z) = 2+ 1, + 7.
Assumer # 0 if a = b. Then, the cyclic distinctness af andb guarantees that the product character

Hfﬁf{l ¥;(fi(x)) is nontrivial. From the notations of Corollary &; = 1 ande; = 1 for 0 < i <2k + 1.
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If a,be Sr(k), from (9),

2k+1 2k+1
Can(M) < (Y di = 1)+ Y €= (2k+1) /b + 2k +2 = Crnax (M),
=0 =0

If a,b e D), on the other hand, theEf:0 ¢ = Zf:o ¢, =46 (mod M), and thus

2k+1

[T v (@) = yeorert o @) = 1
1=0

for all x € IF;. From (10), therefore,

2k+1 2k+1
Cap() < (Y di=2)yp+ Y e +1=2ky/B+ 2k +3 = Craax(G).
i=0 =0

C. Family size
The family size ofHﬁk) in (21) is straightforward from the possible number @f,--- ,l;) and
(co, -+ yck), wherel < [} <y < -+ <l < ;%1 and1 < ¢, ,¢, < M — 1. Before proving

the family size ofgﬁ‘;’k) in (21), we consider the following lemma.

Lemma 5:For a positive integek > 1, let ¢;, 0 < i < k be positive integers such thit:fzo ¢ =

cot+c1+--+cp =06 (mod M) wherel < ¢y, -+ ,cp < M — 1. For a given integef, 0 < § < M —1,

the number of thécy, c1,- -+, ¢;) pairs is given by
I B e G VN KR
ko k41 k
M7 D7 if 1<6<M-1

Proof: Case 1. 6 = 0: If k =1, thean(O) =M —1 from Lemma 1. Ifk > 1, thency +c¢1 +---¢, =0
(mod M) and thuscy, = —cg —¢1 — -+ — ¢x—1 (mod M), where the case ofy +c¢1 + -+ +¢cx_1 =0

(mod M) must be excluded to avoid, = 0. Clearly, if &£ > 1,
NO = (M —1)F = N9,

Starting frole(O) = M — 1, we easily get

N = (M = 1)F — (M = 1)F 4 (M = )P 2 == (—1)F - (M = 1)
(M — )P — (—1)F - (M — 1)
N M
(M- (1)
- 7 — (1)~

If k=1, thenN{® = QL1 q — pr 1= N, in (12).
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Case2. 1 << M-1:.1f k=1, thean(‘;) = M — 2 from Lemma 1. Similar to Case 1, the case of
o+ +cg_1 =0 (mod M), k> 1 must be excluded in considering+c; +---+c¢; =0 (mod M).
From this,

N = (M = 1)F = N0,

Starting frole(O) =M —2, N,§5> is determined by

N = (M =1)F = (M = DF o+ (M = D2 e ()R (M = )+ (<D
O e (M= DF 4 (D)
=N, + (1) = 7 .
If k=1, thenN(® = Q==L hp 9 = O in (12).
From Cases 1 and 2, the proof is completed. O

In Construction 3,

Goh| = L] + |

, where‘Dﬁé’k)‘ - N9 (PT]:) from Lemma 5 and

1< << - <l < ’%1. Hence, the family size o@ﬁ‘s’k) in (21) is immediate.
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