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Abstract

The main topics of this paper are the structure of Sidelnikovsequences and new construction ofM -

ary sequence families from the structure. For primep and a positive integerm, it is shown thatM -ary

Sidelnikov sequences of periodp2m − 1, if M | pm − 1, can be equivalently generated by the operation

of elements in a finite fieldGF(pm), including apm-arym-sequence. The equivalent representation over

GF(pm) requires low complexity for implementing the Sidelnikov sequences of periodp2m − 1. From

the (pm − 1) × (pm + 1) array structure of the sequences, it is then found that a halfof the column

sequences and their constant multiples have low correlation enough to construct newM -ary sequence

families of periodpm − 1. In particular, newM -ary sequence families of periodpm − 1 are constructed

from the combination of the column sequence families and known Sidelnikov-based sequence families,

where the new families have larger family sizes than the known ones with the same maximum correlation

magnitudes. Finally, it is shown that the newM -ary sequence family of periodpm−1 and the maximum

correlation magnitude2
√
pm +6 asymptotically achieves

√
2 times the equality of the Sidelnikov’s lower

bound whenM = pm − 1 for odd primep.

Index Terms

Correlation, Polyphase sequences, Sequence family, Sidelnikov sequences, Weil bound.

I. INTRODUCTION

Sequences with low correlation find many applications in wireless communications for acquiring the

correct timing information and distinguishing multiple users or channels with low mutual interference.
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Also, sequences with variable alphabet size are suitable for adaptive modulation schemes, where variable

data rates can be supported by wireless systems according tochannel characteristics. In addition, a large

number of distinct sequences are required for supporting asmany distinct users or channels as possible.

Sidelnikov sequences introduced in [18] are polyphase sequences with low correlation and variable

alphabet sizes, represented by multiplicative characters. For primep and positive integersm andM |
pm − 1, M -ary Sidelnikov sequencesof periodpm − 1 have the maximum out-of-phase autocorrelation

magnitude of4. The binary case of the sequences has been also discussed in [14]. Kim and Song [9]

showed that the cross-correlation of anM -ary Sidelnikov sequence of periodpm − 1 and its constant

multiple has the maximum magnitude of
√
pm + 3.

To obtain a large number of distinct sequences, Sidelnikov sequences can be employed in constructing

a polyphase sequence family. The efforts on the family have been initiated by Guohua and Quan’s

observation [3] on the correlation properties of the binarysequences obtained by theshift-and-addition

of Legendre sequences of prime periodp. In [17], Rushanan applied the Weil bound to theoretically prove

that the correlation magnitude of the sequences is bounded by 2
√
p+5. Inspired by [4] and [17], Kimet

al. [10] then constructedM -ary sequence families from the shift and addition of Sidelnikov sequences.

In [5], Han and Yang summarized the known constructions, andusing the same technique− shift and

addition, they further constructedM -ary sequence families with larger size than the known ones,but

the same maximum correlation magnitude. Recently, Yu and Gong [23] presented general constructions

for some of known families by providing more efficient proofson the maximum correlation magnitudes

employing the refined Weil bound. They also generalized the constructions by the addition of multiple

cyclic shifts of Sidelnikov sequences. For more details on this topic includingpower residue sequences,

see [4], [5], [8], [9], [10], and [23].

This paper studies the structure of Sidelnikov sequences and presents new construction of polyphase

sequence families from the structure. For primep and a positive integerm, we show thatM -ary Sidelnikov

sequences of periodp2m − 1, if M | pm − 1, can be equivalently generated by the operation of elements

in a finite fieldGF(pm), including apm-arym-sequence of periodp2m−1. The equivalent representation

over GF(pm) requires low complexity for implementing the Sidelnikov sequences of periodp2m − 1.

Investigating the(pm − 1) × (pm + 1) array structure of the sequences, we then discover that a half of

the column sequences and their constant multiples have low correlation enough to construct newM -

ary sequence families of periodpm − 1, where each family has the maximum correlation magnitude

of 2
√
pm + 2 (for evenM ) and3

√
pm + 1, respectively. Moreover, we construct newM -ary sequence

families of periodpm−1 by combining the column sequence families with some known Sidelnikov-based
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sequence families in [5] and [10]. The new sequence familiesprovide larger family sizes than the known

ones with the same maximum correlation magnitudes. Finally, we show that the newM -ary sequence

family of periodpm − 1 and the maximum correlation magnitude2
√
pm + 6 asymptotically achieves

√
2

times the equality of the Sidelnikov’s lower bound [19] whenM = pm − 1 for odd primep.

The rest of this paper is organized as follows. In Section II,we give preliminaries for this work

by describing definitions and concepts. Section III studiesthe structure ofM -ary Sidelnikov sequences

of period p2m − 1 for M | pm − 1, discussing the equivalent representation, the array structure, and

correlations of the column sequences. In Section IV, we consider M -ary sequence families of period

pm−1 by employing the column sequences described in Section III.Moreover, we combine the sequence

families with known Sidelnikov-based families for constructing newM -ary sequence families with the

same maximum correlation magnitudes as the known ones, but larger family sizes. Finally, we examine

the asymptotic behavior of our new sequence family for odd prime p andM = pm − 1, comparing it to

the Sidelnikov bound. Concluding remarks are given in Section V.

II. PRELIMINARIES

This section describes basic definitions and concepts for understanding the work in this paper. The

following notations will be used throughout this paper.

− ωM = ej
2π

M is a primitiveM -th root of unity, wherej =
√
−1.

− Fq = GF(q) is a finite field withq elements andF∗

q denotes a multiplicative group ofFq.

− Fq[x] is a polynomial ring overFq, where each coefficient of a polynomialf(x) ∈ Fq[x] is an

element ofFq.

− Let p be prime, andn andm be positive integers, wherem | n. A trace functionfrom Fpn to Fpm

is defined byTrn
m(x), i.e.,

Trn
m(x) = x+ xpm

+ · · · + xpm( n
m

−1)

, x ∈ Fpn.

− For an elementx in Fq, a logarithm over Fq is defined by

logα x =





t, if x = αt, 0 ≤ t ≤ q − 2,

0, if x = 0

whereα is a primitive element inFq.
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A. Multiplicative characters

Let α be a primitive element ofFq andM a divisor of q − 1, i.e., M | q − 1. A multiplicative

character[15] of Fq of orderM is defined by

ψ(x) =





exp
(
j 2πt

M

)
, if x = αt, 0 ≤ t ≤ q − 2

0, if x = 0
(1)

where it is the convention to assumeψ(0) = 0 [15]. If M = 1, then ψ(αt) = 1 for any integer

t, which is trivial. Thus, we assumeM > 1 for nontrivial multiplicative characters. For an integer

c, 1 ≤ c ≤ M − 1, ψc(x) = ψ1(x) is also a nontrivial multiplicative character with2 ≤ ord(ψ1) ≤ M ,

whereord(ψ1) denotes the order ofψ1, or the smallest positive integerd such thatψd
1(x) = 1 for all

x ∈ F
∗

q. For the general definition of a multiplicative character, see Theorem 5.8 in [15].

From (1), it is straightforward to define the multiplicativecharacter by a logarithm over finite fields.

Definition 1: A multiplicative character ofFq of orderM is defined by

ψ(x) = exp

(
j
2π logα x

M

)
, x ∈ Fq (2)

whereψ(0) = 1 by definition of the log operation.

In (2), note thatψ(0) = 1, which contradicts the conventional assumption in (1). In this paper, however,

we keep the assumption ofψ(0) = 1 to maintain the definition of (2), which will be useful in representing

Sidelnikov sequences in a simple form by multiplicative characters.

From basic log operations, multiplicative characters havesome properties as follows.

a) ψ(xc) = ψc(x), wherex ∈ Fq andc is constant,

b) ψ(x)ψ(y) = ψ(xy), wherex, y ∈ F
∗

q,

c) ψ(x)ψ−1(y) = ψ
(

x
y

)
, wherex, y ∈ F

∗

q

where we assume0c = 0 for any constantc. Throughout this paper,ψ(x) may be denoted asψ if the

context is clear.

B. Sidelnikov sequences

Sidelnikov [18] introduced a polyphase sequence with low periodic autocorrelation. We present its

definition by a logarithm as well as the original one.

Definition 2: Let Fq be a finite field withq = pm andM a divisor ofq−1, i.e.,M | q−1, wherep is

prime andm is a positive integer. Letα be a primitive element inFq. LetDk = {αMi+k−1 | 0 ≤ i < q−1
M

}
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for 0 ≤ k ≤ M − 1. TheM -ary Sidelnikov sequences = {s(t) | 0 ≤ t ≤ q − 2} of period q − 1 is

defined by

s(t) =





0, if αt = −1

k, if αt ∈ Dk.

Equivalently,s(t) is defined by

s(t) ≡ logα(αt + 1) mod M, 0 ≤ t ≤ q − 2. (3)

By (2) and (3), the modulated sequence ofs(t) is represented by

ω
s(t)
M = ψ(αt + 1), 0 ≤ t ≤ q − 2 (4)

whereψ(0) = 1. (4) represents Sidelnikov sequences in a simple form by multiplicative characters,

without the indicator functionI(x) used in [5] and [10].

Given the notations in Definition 2, we consider the polynomial representations of Sidelnikov sequences.

Let s(t) be anM -ary Sidelnikov sequence of periodq − 1. With a polynomialS(x) = x+ 1 in Fq,

s(t) ≡ logα S(αt) mod M, ω
s(t)
M = ψ

(
S(αt)

)

where 0 ≤ t ≤ q − 2. In this case,s(t) is said to have thepolynomial representationS(x).

C. Correlations and sequence families

Let a = {a(t)} andb = {b(t)} beM -ary sequences of periodL, where0 ≤ t ≤ L− 1. A (periodic)

correlation of sequencesa andb is defined by

Ca,b(τ) =

L−1∑

t=0

ω
a(t)−b(t+τ)
M , 0 ≤ τ ≤ L− 1

where the indices are computed moduloL. If a and b are cyclically equivalent, i.e., a(t) = b(t + l)

for all t’s and an integerl, thenCa,b(τ) becomes theautocorrelationof a. Otherwise, ifa andb are

cyclically distinct, thenCa,b(τ) is thecross-correlationof a andb.

Let S = {s(0), · · · , s(N−1)} be a set ofN cyclically distinct M -ary sequences of periodL, and

Cmax(S) be defined by

Cmax(S) = max
∣∣Cs(i),s(j)(τ)

∣∣ for any 0 ≤ τ ≤ L− 1, 0 ≤ i, j ≤ N − 1

whereτ 6= 0 if i = j. Clearly,Cmax(S) is the maximum of all nontrivial auto- and cross-correlations

of pairs of sequences inS. Then, the setS is called anM -ary sequence familyof periodL, whereN

is the family sizeandCmax(S) is the maximum correlation magnitudeof S. The sequence familyS is
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said to havelow correlation if Cmax(S) ≤ v
√
L + ǫ for small constantsv and ǫ. For more details on

correlation and sequence families, see [1] and [7].

D. The Weil bound

The Weil bound [22] gives the upper bound on the magnitude of character sums (or exponential sums).

It has been widely employed in determining the maximum correlation magnitude of a sequence family

since the correlation of sequences is ultimately equivalent to a character sum. For the applications of

exponential sums to sequence and coding theory, see [16].

Based on the Weil bound described in [21], we introduce the refined version (Corollary 1 in [23])

supporting the assumptionψi(0) = 1, which conforms to (4).

Proposition 1: [23] Let f1(x), · · · , fl(x) be l monic and irreducible polynomials inFq[x] which have

positive degreesd1, · · · , dl, respectively. Letψ1, · · · , ψl be multiplicative characters ofFq. Assume the

product character
∏l

i=1 ψi(fi(x)) is nontrivial, i.e.,
∏l

i=1 ψi(fi(x)) 6= 1 for all x ∈ Fq. Let ei be the

number of distinct roots inFq of fi(x), where i = 1, · · · , l. If ψi(0) = 1 for eachi, then for every

ai ∈ F
∗

q, we have
∣∣∣∣∣∣

∑

x∈Fq

ψ1(alf1(x)) · · ·ψl(alfl(x))

∣∣∣∣∣∣
≤
(

l∑

i=1

di − 1

)
√
q +

l∑

i=1

ei. (5)

In particular, if
∏l

i=1 ψ
di

i (x) = 1 for all x ∈ F
∗

q, then
∣∣∣∣∣∣

∑

x∈Fq

ψ1(a1f1(x)) · · ·ψl(alfl(x))

∣∣∣∣∣∣
≤
(

l∑

i=1

di − 2

)
√
q + 1 +

l∑

i=1

ei. (6)

Proposition 1 turns out to be very useful in determining the maximum correlation magnitude of a

sequence family represented by multiplicative characters, where we only need to take into account the

degrees and the number of roots inFq of eachfi(x), a polynomial corresponding to a sequence or its

cyclic shift.

III. T HE STRUCTURE OFSIDELNIKOV SEQUENCES

In this section, we study the structure ofM -ary Sidelnikov sequences of periodp2m − 1, where

M | pm − 1. Throughout this section,n = 2m, α is a primitive element inFpn and β = αpm+1 is a

primitive element inFpm .
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A. Equivalent representation of Sidelnikov sequences

Theorem 1:An M -ary Sidelnikov sequences = {s(t)} of periodp2m−1, if M | pm−1, is equivalently

represented by

s(t) ≡ logβ

(
βt + Trn

m(αt) + 1
)

mod M, 0 ≤ t ≤ p2m − 2. (7)

In other words,s(t) is equivalently defined by

s(t) =





0, if βt + Trn
m(αt) = −1

k, if βt + Trn
m(αt) ∈ Lk

, 0 ≤ t ≤ p2m − 2 (8)

whereLk = {βMi+k − 1 | 0 ≤ i < pm
−1

M
} for 0 ≤ k ≤M − 1.

Proof: Let w(t) = logα(αt + 1) wheres(t) ≡ w(t) (mod M) from (3). Then,

(pm + 1) · w(t) ≡ (pm + 1) · logα(αt + 1)

≡ logα(αt + 1)p
m+1

≡ logα(αt(pm+1) + αtpm

+ αt + 1)

≡ logα

(
βt + Trn

m(αt) + 1
)

mod p2m − 1.

(9)

From (9), letβt + Trn
m(αt) + 1 = βu(t) ∈ Fpm. Then,

(pm + 1) · w(t) ≡ logα β
u(t) ≡ logα α

(pm+1)·u(t) ≡ (pm + 1) · u(t) mod p2m − 1

⇒ (pm + 1) · (w(t) − u(t)) ≡ 0 mod p2m − 1

⇒ w(t) − u(t) ≡ 0 mod pm − 1.

(10)

If M | pm − 1, then (10) implies

w(t) − u(t) ≡ 0 mod M

⇒ s(t) ≡ w(t) ≡ u(t) ≡ logβ

(
βt + Trnm(αt) + 1

)
mod M.

Also, (8) is straightforward from (7), 2

Theorem 1 shows the remarkable equivalence from which anM -ary Sidelnikov sequence of period

p2m − 1, if M | pm − 1, can be determined by the elements of subfieldFpm , including apm-ary m-

sequence corresponding toTrn
m(αt). The equivalent representation by the subfield elements therefore

allows the efficient implementation of theM -ary Sidelnikov sequence with low complexity. Figure 1

illustrates the implementation by the subfield elementsβt + 1 and apm-arym-sequence generated by a

2-stage linear feedback shift register (LFSR). In the figure,note that the feedback configuration of the

LFSR is determined by the primitive polynomial of degree2 over Fpm that definesFp2m.
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mod-M

Trn
m(αt), t = 0, 1, · · · , p2m

− 2

mod-p

2-stage LFSR

βt + 1, t = 0, 1, · · · , p2m
− 2 s(t)

logβ(·)

Fig. 1. The LFSR implementation of anM -ary Sidelnikov sequence of periodp2m − 1, whereM | pm − 1.

B. Array structure and the column sequences

In [2], Gong introduced the array (or interleaved) structure of a general sequence and presented new

sequence families by exploiting the structure. Similarly,we consider the(pm − 1) × (pm + 1) array of

theM -ary Sidelnikov sequence in Theorem 1.

Theorem 2:Let p be prime,m a positive integer, andM | pm − 1. Let s = {s(t)} be theM -ary

Sidelnikov sequence of periodp2m − 1 in Theorem 1. Letvl(t) be the l-th column sequence in the

(pm − 1) × (pm + 1) array ofs, i.e,

vl(t) = s ((pm + 1) · t+ l) , 0 ≤ l ≤ pm, 0 ≤ t ≤ pm − 2. (11)

Then, v0(t) is either all zero sequence ifM = 2, or a multiple of anM -ary Sidelnikov sequence of

periodpm − 1 if M > 2. For 1 ≤ l ≤
⌊

pm+1
2

⌋
, on the other hand, we have

vpm+1−l(t) = vl(t− l + 1). (12)

In other words,vl(t), 1 ≤ l ≤
⌊

pm

2

⌋
is cyclically equivalent tovpm+1−l(t). In particular, if l = pm+1

2 for

odd primep, then (12) implies that the column sequencev pm+1

2

(t) has a period ofp
m
−1
2 .

Proof: By (7) and (11),vl(t) is given by

vl(t) ≡ logβ

(
β(pm+1)t+l + Trn

m

(
α(pm+1)t+l

)
+ 1
)

≡ logβ

(
β2t+l + βt · Trn

m(αl) + 1
)

mod M, 0 ≤ t ≤ pm − 2.

(13)

whereβpm+1 = β2. If l = 0, the column sequencev0(t) becomes

v0(t) ≡ logβ(βt + 1)2 ≡ 2 · logβ(βt + 1) mod M.
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Thus,v0(t) is either all zero sequence (M = 2) or a twice of anM -ary Sidelnikov sequence of period

pm − 1 (M > 2). On the other hand, if1 ≤ l ≤
⌊

pm+1
2

⌋
, then from (13),

vpm+1−l(t) ≡ logβ

(
β2t+pm+1−l + βt · Trn

m(αpm+1−l) + 1
)

≡ logβ

(
β2(t+1)−l + βt · Trnm(αp2m+pm

−lpm

) + 1
)

≡ logβ

(
β2(t+1)−l + βt+1 · Trn

m(α−lpm
−l+l) + 1

)

≡ logβ

(
β2(t−l+1)+l + βt−l+1 · Trn

m(αl) + 1
)

mod M

= vl(t− l + 1)

Therefore,vl(t), 1 ≤ l ≤
⌊

pm

2

⌋
turns out to be cyclically equivalent tovpm+1−l(t). In particular, if

l = pm+1
2 for odd primep, then

v pm+1

2

(t) = v pm+1

2

(
t− pm − 1

2

)

which implies that the column sequencev pm+1

2

(t) has a period ofp
m
−1
2 . 2

Example 1:Let p = 7, m = 1, andM = 6. Consider a finite fieldF72 defined by a primitive

polynomial p(x) = x2 + x + 3. Then, a6-ary Sidelnikov sequences(t) of period 72 − 1 = 48 is

represented by a6 × 8 array as follows.

s(t) = [v0(t), v1(t), · · · , v7(t)] =




4 1 5 0 5 1 5 1

2 4 4 2 2 2 5 4

2 4 3 3 1 0 4 4

0 5 0 3 5 2 3 5

4 1 3 1 2 3 0 1

0 0 5 2 1 3 3 0




.

In the array,v0(t) ≡ 2s′(t) (mod 6), wheres′(t) = {2, 4, 1, 0, 5, 3} is a 6-ary Sidelnikov sequence of

period 6. We also see thatv7(t) = v1(t), v6(t) = v2(t − 1), and v5(t) = v3(t − 2), respectively, and

v4(t) has a short period of3, as described in Theorem 2.

C. Correlations of the column sequences

In Theorem 2, it isvl(t), 1 ≤ l ≤
⌊

pm

2

⌋
that attracts our attention as a set of newM -ary sequences.

In the following, we establish a formal definition of the sequences.
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Definition 3: Let p be prime,m a positive integer, andM | pm − 1. Let Vk = {βMi+k − 1 | 0 ≤ i <

pm
−1

M
} for 0 ≤ k ≤M − 1. For 1 ≤ l ≤

⌊
pm

2

⌋
, anM -ary sequencevl(t) of periodpm − 1 is defined by

vl(t) =





0, if β2t+l + βt · Trnm(αl) = −1

k, if β2t+l + βt · Trnm(αl) ∈ Vk

, 0 ≤ t ≤ pm − 2.

By the log operation,vl(t) is equivalently defined by

vl(t) ≡ logβ

(
β2t+l + βt · Trn

m(αl) + 1
)

mod M, 0 ≤ t ≤ pm − 2.

The polynomial representation ofvl(t) is given by

Vl(x) = βlx2 + Trn
m(αl) · x+ 1, x ∈ F

∗

pm (14)

where

vl(t) ≡ logβ Vl(β
t) mod M, ω

vl(t)
M = ψ

(
Vl(β

t)
)
, 0 ≤ t ≤ pm − 2.

A set of vl(t) and its constant multiples is denoted as

Sv =

{
c0vl(t) | 1 ≤ c0 ≤M − 1, 1 ≤ l ≤

⌊
pm

2

⌋}
.

We now show that a pair of sequences inSv is cyclically distinct.

Theorem 3:In Definition 3, each pair of sequences inSv is cyclically distinct.

Before proving Theorem 3, we consider the following lemma.

Lemma 1:Let 1 ≤ l1, l2 ≤
⌊

pm

2

⌋
. For 0 ≤ τ ≤ pm − 2, let Vl1(x) andVl2(β

τx) be the polynomial

representations forvl1(t) and vl2(t + τ), respectively. Then, each ofVl1(x) = 0 andVl2(β
τx) = 0 has

two distinct roots inFp2m \ Fpm for any τ , which implies that each polynomial has no roots inFpm.

Proof: From (14), the polynomial representations are given by

Vl1(x) = βl1x2 + Trnm(αl1) · x+ 1 = (αl1x+ 1) · (αl1pm

x+ 1)

Vl2(β
τx) = βl2+2τx2 + Trn

m(αl2) · βτx+ 1 = (αl2βτx+ 1) · (αl2pm

βτx+ 1)

(15)

where α ∈ Fp2m and β = αpm+1 ∈ Fpm. Clearly, the roots ofVl1(x) = 0 are x1 = −α−l1 and

x2 = −α−l1p
m

, respectively. In the exponents,−l1 6≡ 0 (mod pm+1) and−l1pm ≡ l1 6≡ 0 (mod pm+1)

for 1 ≤ l1 ≤
⌊

pm

2

⌋
, which impliesα−l1 , α−l1pm ∈ Fp2m \ Fpm . As −1 (or 1 if p = 2) is an element in

Fpm, it is straightforward thatx1, x2 ∈ Fp2m \ Fpm. Hence,Vl1(x) = 0 has no roots inFpm. Note that

x1 6= x2 sincel1 6≡ l1p
m (mod p2m − 1) for 1 ≤ l1 ≤

⌊
pm

2

⌋
.
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Similarly, the roots ofVl2(β
τx) = 0 arex′1 = −α−l2−(pm+1)τ andx′2 = −α−l2pm

−(pm+1)τ , respectively,

where−l2 − (pm + 1)τ ≡ −l2 6≡ 0 (mod pm + 1) and−l2pm − (pm + 1)τ ≡ l2 6≡ 0 (mod pm + 1)

for 1 ≤ l2 ≤
⌊

pm

2

⌋
. Thus,x′1, x

′

2 ∈ Fp2m \ Fpm, andVl2(β
τx) = 0 has no roots inFpm for any τ . Also,

x′1 6= x′2 sincel2 6≡ l2p
m (mod p2m − 1) for 1 ≤ l2 ≤

⌊
pm

2

⌋
. 2

Proof of Theorem 3:Let a = {c1vl1(t)} andb = {c2vl2(t)} where1 ≤ l1, l2 ≤
⌊

pm

2

⌋
and1 ≤ c1, c2 ≤

M − 1. In the sequence pair, we defineEa,b(τ) by

Ea,b(τ) = ω
c1vl1 (t)−c2vl2 (t+τ)
M , 0 ≤ τ ≤ pm − 2

= ψ (Vl1(x)
c1) · ψ

(
Vl2(β

τx)M−c2
)
, x ∈ F

∗

pm

(16)

whereVl1(x) andVl2(β
τx) are given in (15). From Lemma 1,Vl1(x)

c1 = 0 andVl2(β
τx)M−c2 = 0 have

no roots inF
∗

pm, respectively. Then, (16) is represented as

Ea,b(τ) = ψ
(
Vl1(x)

c1 · Vl2(β
τx)M−c2

)
= ψ (g(x)) . (17)

In (17), the sequence paira andb are cyclically equivalent if and only ifg(x) = h(x)M so thatψ (g(x))

may be a trivial character, whereh(x) ∈ Fpm[x]. Therefore, we need to showg(x) 6= h(x)M for the

cyclic distinctness of the paira andb. In g(x), note that neitherVl1(x)
c1 nor Vl2(β

τx)M−c2 is of the

form h′(x)M for h′(x) ∈ Fpm[x], because each one has distinct roots and1 ≤ c1, c2 ≤ M − 1. Thus, if

Vl1(x) 6= Vl2(β
τx), then each factor causesg(x) 6= h(x)M for any c1 andc2.

Case 1. τ = 0: Comparing each coefficient ofVl1(x) andVl2(x), it is clear thatg(x) = h(x)M if and

only if l1 = l2 andc1 = c2, wherea = b, a trivial case.

Case 2. 0 < τ ≤ pm − 2: Since1 ≤ l1, l2 ≤
⌊

pm

2

⌋
, αl1 6= αl2+(pm+1)τ = αl2βτ for any τ 6= 0. Also,

l1 − l2p
m ≡ l1 + l2 6≡ 0 (mod pm + 1), which impliesαl1 6= αl2pm+(pm+1)τ = αl2pm

βτ for any τ 6= 0.

Thus, (αl1x + 1) in Vl1(x) cannot be identical to either(αl2βτx + 1) or (αl2pm

βτx + 1) in Vl2(β
τx).

Therefore,Vl1(x) 6= Vl2(β
τx) for any τ 6= 0, and thusg(x) 6= h(x)M .

From Cases 1 and 2,Ea,b(τ) 6= 1 for all x’s. Finally, each pair of the column sequencesvl(t), 0 ≤
l ≤

⌊
pm

2

⌋
is cyclically distinct. 2

Next, we study the correlation of a pair of sequences inSv.

Theorem 4:Let a = {c1vl1(t)} andb = {c2vl2(t)} be a pair of sequences fromSv in Definition 3,

where1 ≤ c1, c2 ≤M − 1 and1 ≤ l1, l2 ≤
⌊

pm

2

⌋
. The correlation magnitude ofa andb is bounded by

|Ca,b(τ)| ≤ 3
√
pm + 1. (18)
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In particular, if c1 = c2 or c1 − c2 ≡ M
2 (mod M), then

|Ca,b(τ)| ≤ 2
√
pm + 2 (19)

wherec1 − c2 ≡ M
2 (mod M) is valid for evenM and odd primep. In (18) and (19),0 ≤ τ ≤ pm − 2,

andτ 6= 0 if l1 = l2 andc1 = c2.

Proof: With Vl1(x) andVl2(β
τx) given in (15),Ca,b(τ) is determined by

Ca,b(τ) =

pm
−1∑

t=0

ω
c1vl1 (t)−c2vl2 (t+τ)
M , 0 ≤ τ ≤ pm − 2

=
∑

x∈F
∗

pm

ψc1 (Vl1(x)) · ψ−c2 (Vl2(β
τx))

=
∑

x∈Fpm

ψ1

(
βl1f1(x)

)
· ψ2

(
βl2+2τf2(x)

)
− 1

whereψ1 = ψc1 , ψ2 = ψ−c2 = ψM−c2 , andf1(x) = β−l1Vl1(x), f2(x) = β−l2−2τVl2(β
τx). As each

monic quadratic polynomialfi(x), i = 1, 2 is irreducible inFpm and has distinct roots inFp2m \Fpm from

Lemma 1, it is obvious thatd1 = d2 = 2 and e1 = e2 = 0 in Proposition 1. Note thatτ 6= 0 if a = b.

Then, the product characterψ1(β
l1f1(x)) · ψ2(β

l2+2τf2(x)) is nontrivial from the cyclic distinctness of

a andb. With these parameters, we are now able to apply the bound of (5) in Proposition 1 to obtain

|Ca,b(τ)| ≤

∣∣∣∣∣∣

∑

x∈Fpm

ψ1

(
βl1f1(x)

)
· ψ2

(
βl2+2τf2(x)

)
∣∣∣∣∣∣
+ 1

≤ (d1 + d2 − 1)
√
pm + e1 + e2 + 1 = 3

√
pm + 1.

In particular, if c1 = c2 or c1 − c2 ≡ M
2 (mod M) for evenM , then

2∏

i=1

ψdi

i (x) = ψ2c1−2c2(x) = 1

for all x in F
∗

pm. Then, we can apply the improved bound (6) for the correlation, i.e.,

|Ca,b(τ)| ≤ (d1 + d2 − 2)
√
pm + 1 + e1 + e2 + 1 = 2

√
pm + 2.

2

IV. N EW M -ARY SEQUENCEFAMILIES

This section introduces newM -ary sequence families of periodpm − 1 with low correlation by

employing the column sequence setSv described in Section III. Recallα is a primitive element in

Fp2m andβ = αpm+1 is a primitive element inFpm.
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A. Column sequence families

Construction 1:Let p be prime,m a positive integer, andM | pm−1. Let s = {s(t) | 0 ≤ t ≤ pm−2}
be anM -ary Sidelnikov sequence of periodpm − 1. Let Sv be a set of theM -ary sequences of period

pm − 1 in Definition 3. A newM -ary sequence family of periodpm − 1 is defined by

V = Is ∪ Sv = {cs(t) | 1 ≤ c ≤M − 1} ∪
{
c0vl(t) | 1 ≤ c0 ≤M − 1, 1 ≤ l ≤

⌊
pm

2

⌋}
.

In particular, ifM is even for odd primep, then we define another newM -ary sequence family by

V(c1) = Is ∪ S(c1)
v ∪ S(c1+

M

2 )
v = {cs(t) | 1 ≤ c ≤M − 1}

∪
{
c1vl1(t) | c1 is fixed, 1 ≤ l1 ≤ pm − 1

2

}

∪
{(

c1 +
M

2

)
vl2(t) | 1 ≤ l2 ≤ pm − 1

2

}

where ifM > 2, then1 ≤ c1 ≤ M
2 − 1, and ifM = 2, thenc1 = 1 andS(c1+

M

2 )
v = φ.

Given the notations in Construction 1, the cyclic distinctness, the maximum correlation magnitudes,

and the family sizes ofV andV(c1) are shown in Theorems 5, 6, and 7, respectively.

Theorem 5:Each pair of sequences inV is cyclically distinct. As its subset, each pair inV(c1) is also

cyclically distinct for any possiblec1.

Proof: In V = Is ∪ Sv, it is obvious from [9] that all sequences inIs are cyclically distinct. Also,

Theorem 3 has already proven the cyclic distinctness of sequences inSv. Therefore, we only need to

prove that a sequence pair fromIs andSv is cyclically distinct.

Let a ∈ Is andb ∈ Sv. (or vice versa.) Then,a = {cs(t)} andb = {c0vl(t)}. Let S(x) = x+ 1 and

Vl(β
τx) in (14) be the polynomials fors(t) andvl(t+ τ), respectively. In the sequence pair,Ea,b(τ) is

defined by

Ea,b(τ) = ω
cs(t)−c0vl(t+τ)
M = ψ (S(x)c) · ψ

(
Vl(β

τx)M−c0
)
, 0 ≤ τ ≤ pm − 2 (20)

whereS(x)c = 0 at x = −1, whereasVl(β
τx)M−c0 6= 0 for any x’s in F

∗

pm . For x 6= −1, (20) is

represented as

Ea,b(τ) = ψ
(
S(x)cVl(β

τx)M−c0
)

= ψ (g(x)) , x ∈ F
∗

pm \ {−1}. (21)

For the cyclic distinctness ofa and b, it is sufficient to showg(x) 6= h(x)M for h(x) ∈ Fpm [x],

similar to the proof of Theorem 3. In (21),S(x) 6= Vl(β
τx), and for 1 ≤ c, c0 ≤ M − 1, neither
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S(x)c nor Vl(β
τx)M−c0 is of the formh′(x)M for h′(x) ∈ Fpm [x]. Thus, it is clear thatg(x) 6= h(x)M .

Consequently,Ea,b(τ) 6= 1 for all x’s, and each sequence pair fromIs and Sv is cyclically distinct.

Finally, each sequence pair inV is cyclically distinct, and so is each pair inV(c1), a subset ofV. 2

Theorem 6:The maximum correlation magnitudes ofV andV(c1) are determined by

Cmax (V) = 3
√
pm + 1, Cmax

(
V(c1)

)
= 2

√
pm + 2.

Proof: Let a andb be a pair of sequences inV (or V(c1)). The maximum correlation magnitude of the

pair is computed for the following cases, where we employ thenotations in Proposition 1. In each case,

we exclude a trivial in-phase autocorrelation ofτ = 0 at a = b, which drives each product character in

Ca,b(τ) to be nontrivial.

Case 1. a,b ∈ Is: In this case,a = {cs(t)} andb = {c′s(t)} each of which is a constant multiple of

anM -ary Sidelnikov sequence of periodpm − 1. From [9], the correlation of the pair is given by

|Ca,b(τ)| ≤





4, if c = c′

√
pm + 3, if c 6= c′.

Case 2. a ∈ Is andb ∈ Sv (or b ∈ S(c1+i M

2 )
v , i = 0, 1.): If a ∈ Is andb ∈ Sv (or vice versa), then

a = {cs(t)} andb = {c0vl(t)}. With the polynomialsS(x) = x + 1 andVl(x) in (14), the correlation

of a andb is given by

Ca,b(τ) =
∑

x∈F
∗

pm

ψc (S(x)) · ψ−c0 (Vl(β
τx))

=
∑

x∈Fpm

ψ1 (f1(x)) · ψ2

(
βl+2τf2(x)

)
− 1

whereψ1 = ψc andψ2 = ψ−c0 = ψM−c0 . The monic polynomialf1(x) = S(x) has a single root in

Fpm. On the other hand,f2(x) = β−l−2τVl(β
τx) is a monic quadratic polynomial inFpm [x], where its

roots are distinct inFp2m \ Fpm from Lemma 1. Obviously, each polynomial is irreducible inFpm. With

the notations of Proposition 1, it is therefore clear thatd1 = 1, d2 = 2 ande1 = 1, e2 = 0. The cyclic

distinctness ofa andb guarantees that the product characterψ1 (f1(x)) · ψ2

(
βl+2τf2(x)

)
is nontrivial.

With the parameters, we obtain from (5)

|Ca,b(τ)| ≤

∣∣∣∣∣∣

∑

x∈Fpm

ψ1 (f1(x)) · ψ2

(
βl+2τf2(x)

)
∣∣∣∣∣∣
+ 1

≤ (d1 + d2 − 1)
√
pm + e1 + e2 + 1 = 2

√
pm + 2.

(22)
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Meanwhile, ifa ∈ Is andb ∈ S(c1+i M

2 )
v (or vice versa), (22) is also true sinceS(c1+i M

2 )
v ⊂ Sv, where

i = 0, 1.

Case 3. a,b ∈ Sv (or a,b ∈ S(c1+i M

2 )
v , i = 0, 1.): If a, b ∈ Sv, then |Ca,b(τ)| is bounded by

(18) from Theorem 4. In particular, ifa,b ∈ S(c1+i M

2 )
v , i = 0, 1, it is immediate that the correlation

magnitude is bounded by (19).

From Cases 1− 3, the proof is completed. 2

Theorem 7:The family size ofV andV(c1) are determined by

|V| =

(⌊
pm

2

⌋
+ 1

)
· (M − 1)

∣∣∣V(c1)
∣∣∣ =





pm +M − 2, if M > 2

pm+1
2 , if M = 2.

Proof: The family size ofV is straightforward from a simple counting of1 ≤ l ≤
⌊

pm

2

⌋
and1 ≤ c, c0 ≤

M − 1. Similarly, the family size ofV(c1) is immediate from1 ≤ l1, l2 ≤ pm
−1
2 and1 ≤ c ≤M − 1 for

a fixed integerc1. 2

Remark 1: In Construction 1, ifc1 = M
2 , then we may defineV(M

2 ) = Is∪S(M

2 )
v , where the correlation

magnitude is bounded by2
√
pm + 2 in the same way as the proof of Theorem 6. Although the family

size is smaller than the other cases(c1 6= M
2 ), it can be utilized in the combination of sequence families,

which will be discussed in next subsection.

B. Combination of sequence families

We construct newM -ary sequence families by combining the column sequence families introduced in

previous subsection, and known Sidelnikov-based ones presented in [5] and [10].

Construction 2:Let p be prime,m a positive integer, andM | pm−1. Let s = {s(t) | 0 ≤ t ≤ pm−2}
be anM -ary Sidelnikov sequence of periodpm − 1. Let Sv be a set of theM -ary sequences of period

pm − 1 in Definition 3. A newM -ary sequence family of periodpm − 1 is defined by

U =Is ∪ As ∪ Sv

= {cs(t) | 1 ≤ c ≤M − 1}

∪
{
c0s(t) + c1s(t+ l1) mod M | 1 ≤ c0, c1 ≤M − 1, 1 ≤ l1 ≤

⌊
pm − 1

2

⌋}

∪
{
c2vl2(t) | 1 ≤ c2 ≤M − 1, 1 ≤ l2 ≤

⌊
pm

2

⌋}
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wherec0 < c1 if l1 = pm
−1
2 for odd primep.

In particular, ifM is even for odd primep, another newM -ary sequence family is defined by

Ũ =Is ∪A(0)
s ∪ S( M

2
)

v

= {cs(t) | 1 ≤ c ≤M − 1}

∪
{
c0s(t) + c1s(t+ l1) mod M | c0 + c1 ≡ 0 mod M, 1 ≤ l1 ≤ pm − 1

2

}

∪
{
M

2
vl2(t) | 1 ≤ l2 ≤ pm − 1

2

}

where1 ≤ c0, c1 ≤M − 1, andc0 < c1 if l1 = pm
−1
2 .

Note thatIs ∪ As = L is theM -ary sequence family presented in [10], whileIs ∪ A(0)
s = F̃s is the

M -ary sequence family presented in [5]. Given the notations in Construction 2, the cyclic distinctness,

the maximum correlation magnitudes, and the family sizes ofU andŨ are shown in Theorems 8, 9, and

10, respectively.

Theorem 8:Each pair of sequences inU is cyclically distinct. As its subset, each pair iñU is also

cyclically distinct.

Proof: Note thatIs ∪ As = L in [10] and Is ∪ Sv = V in Construction 1, which implies the cyclic

distinctness of sequences in the subsets ofU . For the cyclic distinctness of all sequences inU , it is

therefore sufficient to prove that each sequence pair fromAs andSv is cyclically distinct.

Let a ∈ As andb ∈ Sv. (or vice versa.) Then,a = {c0s(t) + c1s(t + l1)} andb = {c2vl2(t)}. Let

S(x) = x+1 andVl2(β
τx) in (15) be the polynomials fors(t) andvl2(t+τ), respectively. Then,Ea,b(τ)

is defined by

Ea,b(τ) =

pm
−1∑

t=0

ω
c0s(t)+c1s(t+l1)−c2vl2 (t+τ)
M , 0 ≤ τ ≤ pm − 2

= ψ (S(x)c0) · ψ
(
S(βl1x)c1

)
· ψ
(
Vl2(β

τx)M−c2
)

(23)

whereS(x)c0 = 0 at x1 = −1 andS(βl1x)c1 = 0 at x2 = −β−l1 , whereasVl2(β
τx)M−c2 6= 0 for any

x’s in F
∗

pm. For x ∈ F
∗

pm \ {x1, x2}, (23) is represented as

Ea,b(τ) = ψ
(
S(x)c0S(βl1x)c1Vl2(β

τx)M−c2

)
= ψ (g(x)) , x ∈ F

∗

pm \ {x1, x2}.

Similar to the proof of Theorem 3, it is easily checked thatg(x) 6= h(x)M for any nontriviall1, l2, c0, c1, c2,

andτ , whereh(x) ∈ Fpm[x]. Hence, each sequence pair fromAs andSv is cyclically distinct. Finally,

each pair of sequences inU is cyclically distinct, and so is each pair iñU , a subset ofU . 2
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Theorem 9:The maximum correlation magnitudes ofU and Ũ are determined by

Cmax(U) = 3
√
pm + 5, Cmax(Ũ) = 2

√
pm + 6. (24)

Proof: Note thatCmax (Is ∪ As) = Cmax (L) = 3
√
pm+5 from [10], andCmax (Is ∪ Sv) = Cmax (V) =

3
√
pm + 1 from Theorem 6. ForCmax(U) = Cmax(Is ∪As ∪Sv), therefore, it is sufficient to investigate

the correlation between a sequence pair fromAs andSv. Similarly, Cmax

(
Is ∪ A(0)

s

)
= Cmax

(
F̃s

)
=

2
√
pm+6 from [5], andCmax

(
Is ∪ S(M

2 )
v

)
= 2

√
pm+2 from Remark 1. Hence, we only need to examine

the correlation between a sequence pair fromA(0)
s andS(M

2 )
v for Cmax(Ũ) = Cmax

(
Is ∪ A(0)

s ∪ S( M

2
)

v

)
.

In computing the maximum correlation magnitudes, we use thenotations in Proposition 1.

First of all, leta ∈ As andb ∈ Sv. (or vice versa.) Thena = {c0s(t)+c1s(t+l1)} andb = {c2vl2(t)}.

Let S(x) = x+ 1 andVl2(β
τx) in (15) be the polynomials fors(t) andvl2(t+ τ), respectively. Then,

Ca,b(τ) =
∑

x∈F∗

pm

ψc0 (S(x)) · ψc1 (S(βτx)) · ψ−c2 (Vl2(β
τx))

=
∑

x∈Fpm

ψ1 (f1(x)) · ψ2 (βτf2(x)) · ψ3

(
βl2+2τf3(x)

)
− 1

(25)

whereψ1 = ψc0 , ψ2 = ψc1 , andψ3 = ψ−c2 = ψM−c2 . In (25), the monic polynomialsf1(x) = S(x)

andf2(x) = β−τS(βτx) have a single root inFpm, respectively. On the other hand, the monic quadratic

polynomialf3(x) = β−l2−2τVl2(β
τx) has distinct roots inFp2m \ Fpm from Lemma 1. Obviously, each

polynomial is irreducible inFpm. Moreover,d1 = d2 = 1, d3 = 2, and e1 = e2 = 1, and e3 = 0 in

Proposition 1. Also, the product characterψ1 (f1(x)) ·ψ2 (βτf2(x)) ·ψ3

(
βl2+2τf3(x)

)
is nontrivial from

the cyclic distinctness ofa andb. With the parameters, we are able to apply the bound of (5) to obtain

|Ca,b(τ)| ≤

∣∣∣∣∣∣

∑

x∈Fpm

ψ1 (f1(x)) · ψ2 (βτf2(x)) · ψ3

(
βl2+2τf3(x)

)
∣∣∣∣∣∣
+ 1

≤ (d1 + d2 + d3 − 1)
√
pm + e1 + e2 + e3 + 1 = 3

√
pm + 3.

(26)

In particular, ifa ∈ A(0)
s andb ∈ S(M

2 )
v , thenc0 + c1 ≡ 0 (mod M) andc2 = M

2 . Thus,

3∏

i=1

ψdi

i (x) = ψc0+c1−2·c2(x) = 1

for all x in F
∗

pm. Then, we can apply the improved bound (6) for the correlation, i.e.,

|Ca,b(τ)| ≤ (d1 + d2 + d3 − 2)
√
pm + 1 + e1 + e2 + e3 + 1 = 2

√
pm + 4. (27)

Finally, (26) and (27) meetsCmax(U) andCmax(Ũ) in (24), respectively. 2



18

Theorem 10:The family size ofU and Ũ are determined by

|U| =





M(M−1)
2 · (pm − 2) +M − 1, if p > 2

(M − 1) · (M · 2m−1 −M + 2), if p = 2.
∣∣∣Ũ
∣∣∣ = pm · M

2
− 1.

(28)

Proof: In [10], |L| = |Is|+ |As| is given by (M−1)2(pm
−3)+M(M−1)
2 for p > 2, or (M −1)2(2m−1 −1)+

M − 1 for p = 2. Then,

|U| = |Is| + |As| + |Sv| = |L| + (M − 1) ·
⌊
pm

2

⌋

which leads us to|U| in (28).

Similarly, |Fs| = |Is| +
∣∣∣A(0)

s

∣∣∣ = (M−1)(pm
−1)

2 + M
2 − 1 in [5] for evenM and odd primep. Then,

∣∣∣Ũ
∣∣∣ = |Fs| +

∣∣∣∣S
(M

2 )
v

∣∣∣∣ = |Fs| +
pm − 1

2

from which
∣∣∣Ũ
∣∣∣ in (28) is immediate. 2

Compared to [5] and [10],U andŨ provide more cyclically distinctM -ary sequences of periodpm−1

than the known Sidelnikov-based sequence familiesL andF̃s, respectively, whereCmax(U) = Cmax(L)

andCmax(Ũ) = Cmax(F̃s). Table I compares the parameters of well known polyphase sequence families

with low correlation, where the last four entries are the newsequence families found in this paper.

Remark 2:ForM = 4, Table I shows that̃U has the family size2L+1 with Cmax(Ũ) = 2
√
L+ 1+6,

andU has the family size6L− 3 with Cmax(U) = 3
√
L+ 1 + 5. In fact, it is Z4 sequence families [12]

that provide the largest family sizes for the given maximum correlation magnitudes forM = 4. The

advantage of̃U andU is that they have the flexibility by providing a variety of sequence periods and

alphabet sizes that cannot be covered by theZ4 sequence families.

Remark 3:Let S = {s(0), s(1), · · · , s(N−1)} be a generalM -ary sequence family of periodpm−1 and

sizeN , where each sequences(l) = {sl(t) | l = 0, · · · , N−1} is represented by multiplicative characters.

Let Pl(x) be the polynomial representation ofsl(t), wherePl(x) ∈ Fpm [x]. In determiningCmax(S), the

(refined) Weil bound in Proposition 1 suggests that the degree of the largest square free divisor ofPl(x)

must be as small as possible for low correlation. In particular, if we wantCmax(S) ≤ 2
√
pm + ǫ for a

small positive integerǫ, the degree must be at most2. Therefore, constructing such a sequence family

demands polynomials inFpm [x] that have the degrees of at most2.
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TABLE I

THE COMPARISON OF WELL KNOWN POLYPHASE SEQUENCE FAMILIES(p IS AN ODD PRIME)

PeriodL Alphabet Cmax Family size

Trachtenberg [20] pm − 1, m odd p
√

p(L + 1) + 1 L + 2

Helleseth [6] pm − 1, m even p 2
√

L + 1 + 1 L + 2

pm/2 6≡ 2 (mod 3)

Sidelnikov [19] pm − 1 p
√

L + 1 + 1 L + 1

Bent [11] pm − 1, m even p
√

L + 1 + 1
√

L + 1

Kumar, Moreno [13] pm − 1 p
√

L + 1 + 1 L + 1

Gong [2] (pm − 1)2 p 2
√

L + 3
√

L

Z4 Family S(0) [12] 2m − 1 4
√

L + 1 + 1 L + 2

Z4 Family S(1) [12] 2m − 1 4 2
√

L + 1 + 1 ≥ L2 + 3L + 2

Z4 Family S(2) [12] 2m − 1 4 4
√

L + 1 + 1 ≥ L3 + 4L2 + 5L + 2

F̃r [5] p M 2
√

L + 5
(

L+1
2

)
· (M − 1)

Fr [5] p M 3
√

L + 4 M − 1 + (M−1)2(L−1)
2

F̃s [5] pm − 1 M 2
√

L + 1 + 6 (M − 1) · L
2

+
⌊

M−1
2

⌋

L [10] pm − 1 M 3
√

L + 1 + 5 (M−1)2(L−2)
2

+ M(M−1)
2

V(c1) pm − 1 M > 2 even 2
√

L + 1 + 2 L + M − 1

V pm − 1 M 3
√

L + 1 + 1
(

L
2

+ 1
)
· (M − 1)

Ũ pm − 1 M even 2
√

L + 1 + 6 (L + 1) · M
2
− 1

U pm − 1 M 3
√

L + 1 + 5 M(M−1)(L−1)
2

+ M − 1

In this paper,V(c1) and Ũ employ the polynomialS(x) = x+ 1 of degree1, which corresponds to an

M -ary Sidelnikov sequence. They also take the new polynomialof degree2, Vl(x) in (14), which has an

element ofFp2m and its conjugate as its roots. Interestingly, the new polynomial corresponds to a column

sequence obtained by the array structure of Sidelnikov sequences of periodp2m − 1. Moreover,Ũ adds

another polynomial of degree2, S(x)S(βlx), corresponding to the shift and addition of a Sidelnikov

sequence, which is a well known technique in [5] and [10]. Note that we disregardc, c0, c1, andc2 in the

polynomial degrees, since they can be included inψi in the Weil sums. By employing the polynomials,

we successfully constructed the sequence familiesV(c1) and Ũ with low correlation and significantly

large family sizes. We could find no other polynomials of degree of at most2 in Fpm that provide a large

number of distinct sequences as well as low correlation, which is left open.
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TABLE II

THE EQUALITY OF NORMALIZED SIDELNIKOV BOUND FOR Ũ

Nmax,lb(Ũ)

m p = 3 p = 5 p = 7 p = 11 p = 13

2 1.2110 1.3475 1.3810 1.4009 1.4047

3 1.3526 1.4014 1.4096 1.4130 1.4135

4 1.3943 1.4117 1.4136 1.4141 1.4142

5 1.4076 1.4137 1.4141 1.4142 1.4142

6 1.4120 1.4141 1.4142 1.4142 1.4142

7 1.4135 1.4142 1.4142 1.4142 1.4142

8 1.4140 1.4142 1.4142 1.4142 1.4142

9 1.4141 1.4142 1.4142 1.4142 1.4142

10 1.4142 1.4142 1.4142 1.4142 1.4142

C. The asymptotic behavior of̃U

We examine the asymptotic behavior ofŨ whenL = M = pm − 1, and compare it to the Sidelnikov

bound [19]. We introduce the bound on periodic correlation of nonbinary sequences, as described in [7].

Proposition 2: Let S be a nonbinary sequence family of periodL and sizeN . Let k be a nonnegative

integer. Then, the maximum correlation magnitude ofS is lower bounded by

Cmax(S) ≥
√(

k + 1

2

)
· (2L− k) − 2kL2k+1

N(k!)2
(2L

k

) . (29)

Normalizing (29) by
√
L+ 1, we denote the equality of the lower bound asNmax,lb(S), i.e.,

Cmax(S)√
L+ 1

≥
√(

k + 1

2

)
·
(

2L− k

L+ 1

)
− 2kL2k+1

N(L+ 1)(k!)2
(2L

k

) = Nmax,lb(S). (30)

Now, we apply the lower bound for the maximum correlation magnitude of ourM -ary sequence family

Ũ of L = M = pm − 1, whereN = L(L+1)
2 − 1 from Theorem 10. By applying the parameters to (30),

we can computeNmax,lb(Ũ), the equality of the lower bound onCmax(Ũ).

Table II shows the values ofNmax,lb(Ũ) computed for variousp andm, wherek is chosen in0 ≤
k ≤ 15 such thatNmax,lb(Ũ) has the largest value for eachp andm. From the table, we observe that

Nmax,lb(Ũ) ≈
√

2 for sufficiently largeL = pm − 1. Therefore, ifM = pm − 1, the Sidelnikov bound

for Ũ becomes

Cmax(Ũ) ≥
√

2
√
L+ 1 (31)
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for sufficiently largeL. From Theorem 9, we already found thatCmax(Ũ) = 2
√
pm + 6 = 2

√
L+ 1 + 6.

Consequently, we conclude that ifM = pm − 1, the actual maximum correlation magnitude ofŨ
asymptotically achieves

√
2 times the equality of the Sidelnikov’s lower bound in (31).

V. CONCLUSION

In this paper, we have showed thatM -ary Sidelnikov sequences of periodp2m − 1, if M | pm − 1,

can be equivalently generated by the operation of elements in Fpm , including apm-ary m-sequence of

periodp2m−1. The equivalent generation overFpm costs low complexity for implementing the Sidelnikov

sequences of periodp2m−1. Discussing the(pm−1)×(pm +1) array structure of the sequences, we then

discovered that a half of the column sequences and their constant multiples have low correlation enough

to construct newM -ary sequence families of periodpm − 1, where the familiesV andV(c1) have the

maximum correlation magnitude of2
√
pm + 2 (for evenM ) and3

√
pm + 1, respectively. Moreover, we

constructed newM -ary sequence families of periodpm − 1 by combining the column sequence families

with known Sidelnikov-based families. The new familiesU and Ũ provide the largest family size of

all known Sidelnikov-based sequence families with the samemaximum correlation magnitudes. Finally,

examining the asymptotic behavior of the newM -ary sequence familỹU , we showed that ifM = pm−1

for odd primep, its maximum correlation magnitude asymptotically achieves
√

2 times the equality of

the Sidelnikov’s lower bound.
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