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Abstract

The main topics of this paper are the structure of Sidelng@yuences and new constructioniaf
ary sequence families from the structure. For primmand a positive intege, it is shown thatd-ary
Sidelnikov sequences of perigd™ — 1, if M | p™ — 1, can be equivalently generated by the operation
of elements in a finite fieldsF(p™), including ap™-ary m-sequence. The equivalent representation over
GF(p™) requires low complexity for implementing the Sidelnikowgeences of periog?™ — 1. From
the (p™ — 1) x (p™ + 1) array structure of the sequences, it is then found that adiatfie column
sequences and their constant multiples have low correlamugh to construct new/-ary sequence
families of periodp™ — 1. In particular, new)M -ary sequence families of perigd® — 1 are constructed
from the combination of the column sequence families andwmn8idelnikov-based sequence families,
where the new families have larger family sizes than the knomes with the same maximum correlation
magnitudes. Finally, it is shown that the né#-ary sequence family of perigd™ — 1 and the maximum
correlation magnitude,/p™ + 6 asymptotically achieveg’2 times the equality of the Sidelnikov’s lower
bound whenM = p™ — 1 for odd primep.

Index Terms

Correlation, Polyphase sequences, Sequence family,ndelsequences, Weil bound.

. INTRODUCTION

Sequences with low correlation find many applications inelgiss communications for acquiring the

correct timing information and distinguishing multipleens or channels with low mutual interference.



Also, sequences with variable alphabet size are suitabladaptive modulation schemes, where variable
data rates can be supported by wireless systems accordaftmel characteristics. In addition, a large
number of distinct sequences are required for supportinmasy distinct users or channels as possible.

Sidelnikov sequences introduced in [18] are polyphase esemps with low correlation and variable
alphabet sizes, represented by multiplicative characks primep and positive integers: and M |
p™ — 1, M-ary Sidelnikov sequenced period p™ — 1 have the maximum out-of-phase autocorrelation
magnitude of4. The binary case of the sequences has been also discusskd.ifkkKim and Song [9]
showed that the cross-correlation of af-ary Sidelnikov sequence of perigf® — 1 and its constant
multiple has the maximum magnitude ofp™ + 3.

To obtain a large number of distinct sequences, Sidelnikouences can be employed in constructing
a polyphase sequence family. The efforts on the family hasenbinitiated by Guohua and Quan’s
observation [3] on the correlation properties of the binseguences obtained by tkhift-and-addition
of Legendre sequences of prime periodn [17], Rushanan applied the Weil bound to theoreticaityvp
that the correlation magnitude of the sequences is bounyled/p + 5. Inspired by [4] and [17], Kimet
al. [10] then constructed/-ary sequence families from the shift and addition of Sidken sequences.
In [5], Han and Yang summarized the known constructions, @sidg the same technique shift and
addition, they further constructetf/-ary sequence families with larger size than the known ohes,
the same maximum correlation magnitude. Recently, Yu andgG23] presented general constructions
for some of known families by providing more efficient proafis the maximum correlation magnitudes
employing the refined Weil bound. They also generalized thresttuctions by the addition of multiple
cyclic shifts of Sidelnikov sequences. For more detailstug topic includingpower residue sequences
see [4], [5], [8], [9], [10], and [23].

This paper studies the structure of Sidelnikov sequencedgagsents new construction of polyphase
sequence families from the structure. For priend a positive integern, we show thaf\/-ary Sidelnikov
sequences of periog?™ — 1, if M | p™ — 1, can be equivalently generated by the operation of elements
in a finite fieldGF (p™), including ap™-ary m-sequence of periogf™ — 1. The equivalent representation
over GF(p™) requires low complexity for implementing the Sidelnikovgsences of periogh*™ — 1.
Investigating the(p™ — 1) x (p"™ + 1) array structure of the sequences, we then discover thatfathal
the column sequences and their constant multiples have @velation enough to construct nei -
ary sequence families of perigd™ — 1, where each family has the maximum correlation magnitude
of 2/p™ + 2 (for evenM) and 3,/p™ + 1, respectively. Moreover, we construct nédi-ary sequence

families of periodp™ —1 by combining the column sequence families with some knowdel8ikov-based



sequence families in [5] and [10]. The new sequence familieside larger family sizes than the known
ones with the same maximum correlation magnitudes. Finalty show that the new/-ary sequence
family of periodp™ — 1 and the maximum correlation magnitudle/s™ + 6 asymptotically achieves’2
times the equality of the Sidelnikov’s lower bound [19] wh&h= p™ — 1 for odd primep.

The rest of this paper is organized as follows. In Sectionw#, give preliminaries for this work
by describing definitions and concepts. Section Il studiesstructure ofdf-ary Sidelnikov sequences
of period p>™ — 1 for M | p™ — 1, discussing the equivalent representation, the arrayctste, and
correlations of the column sequences. In Section IV, we idens\/-ary sequence families of period
p™ —1 by employing the column sequences described in SectioMbteover, we combine the sequence
families with known Sidelnikov-based families for constting new M -ary sequence families with the
same maximum correlation magnitudes as the known onesalgérlfamily sizes. Finally, we examine
the asymptotic behavior of our new sequence family for odeh@p and M = p™ — 1, comparing it to

the Sidelnikov bound. Concluding remarks are given in $echi.

[I. PRELIMINARIES

This section describes basic definitions and concepts fdenstanding the work in this paper. The
following notations will be used throughout this paper.

— wy =eli is a primitive M-th root of unity, wherej = /—1.

— F, = GF(q) is a finite field withqg elements and; denotes a multiplicative group d,.

— [FF,[z] is a polynomial ring oveif,, where each coefficient of a polynomif(x) € F,[z] is an
element ofF,.

— Letp be prime, anch andm be positive integers, where | n. A trace functionfrom F,~ to [,
is defined byIr) (z), i.e.,

" (2) = o + 2P +--- + :Upm%ﬂ, x € Fpn.
— For an element in F,, alogarithm overF, is defined by

t, if x=0al, 0<t<q—2,
log, x =
0, if =0

wherea is a primitive element irf,.



A. Multiplicative characters

Let o be a primitive element off, and M a divisor ofg — 1, i.e., M | ¢ — 1. A multiplicative
character[15] of I, of order M is defined by

eXp(j%), ifz=0al, 0<t<qg—2

0, if =0

P(x) = (1)

where it is the convention to assumeg0) = 0 [15]. If M = 1, theny(a!) = 1 for any integer
t, which is trivial. Thus, we assumé&/ > 1 for nontrivial multiplicative characters. For an integer
¢, 1<e<M—1,y%z) =1(x) is also a nontrivial multiplicative character with< ord(yn) < M,
whereord(y;) denotes the order af;, or the smallest positive integer such thaty{(z) = 1 for all

x € . For the general definition of a multiplicative characte® Sheorem 5.8 in [15].

From (1), it is straightforward to define the multiplicatigharacter by a logarithm over finite fields.

Definition 1: A multiplicative character off, of order M is defined by

P(x) = exp <j%k)%> , xzely (2)

where(0) = 1 by definition of the log operation.

In (2), note that)(0) = 1, which contradicts the conventional assumption in (1) his paper, however,
we keep the assumption ¢f0) = 1 to maintain the definition of (2), which will be useful in regsenting
Sidelnikov sequences in a simple form by multiplicative releters.

From basic log operations, multiplicative characters hswae properties as follows.

a) ¢ (z°) =¢°(x), wherez € F, andc is constant,
b) ()Y (y) = (zy), wherer,y € Fy,
) Y(x)yHy) = (%), wherez,y € F;
where we assum@® = 0 for any constant. Throughout this papeky(xz) may be denoted ag if the

context is clear.

B. Sidelnikov sequences
Sidelnikov [18] introduced a polyphase sequence with lowigoic autocorrelation. We present its

definition by a logarithm as well as the original one.

Definition 2: Let F, be a finite field withg = p™ and M a divisor of¢ —1, i.e., M | ¢—1, wherep is

prime andn is a positive integer. Let be a primitive element iff,. Let D;, = {o™*+ 10 < i < %}



for 0 < k < M — 1. The M-ary Sidelnikov sequence = {s(t) | 0 <t < g — 2} of periodg — 1 is

defined by
0, if ol =—1
s(t) =
k, if of € Dy..
Equivalently,s(t) is defined by

s(t) =log, (o' +1) mod M, 0<t<q—2. (3)

By (2) and (3), the modulated sequencesf) is represented by
wfv(jt)zw(at+l), 0<t<qg-—2 4

where ¢/(0) = 1. (4) represents Sidelnikov sequences in a simple form bytiptiohtive characters,
without the indicator functior? (z) used in [5] and [10].
Given the notations in Definition 2, we consider the polynaimépresentations of Sidelnikov sequences.

Let s(¢) be anM-ary Sidelnikov sequence of perigd— 1. With a polynomialS(z) = =z + 1 in F,
s(t) = log, S(a') mod M, wf\/([t) =1 (S(at))

where 0 <t < ¢ — 2. In this cases(t) is said to have th@olynomial representatio(z).

C. Correlations and sequence families

Leta = {a(t)} andb = {b(t)} be M-ary sequences of periall, where0 < ¢t < L — 1. A (periodic)

correlation of sequencesandb is defined by
L—1
Cap(T) = Z wﬁt)_b(t—i_ﬂ, 0<7<L-1
t=0

where the indices are computed modulo If a and b are cyclically equivalenti.e., a(t) = b(t + 1)
for all t's and an integet, thenC, 1,(7) becomes theutocorrelationof a. Otherwise, ifa andb are
cyclically distinct thenC, ,(7) is the cross-correlationof a andb.

Let S = {s©,... s(N-1D} be a set of N cyclically distinct M-ary sequences of periofl, and
Cmax(S) be defined by

Cinax(8) = max |Cs) g (7)| forany0 <7< L -1, 0<i,j <N -1

wherer # 0 if i = j. Clearly, Cp,ax(S) is the maximum of all nontrivial auto- and cross-correlasio
of pairs of sequences if. Then, the sef is called anM-ary sequence familpf period L, where N

is the family sizeand Cy,,.x(S) is the maximum correlation magnitudef S. The sequence family is



said to havdow correlationif Cpax(S) < vV/L + ¢ for small constants ande. For more details on

correlation and sequence families, see [1] and [7].

D. The Weil bound

The Weil bound [22] gives the upper bound on the magnitudénafaxcter sums (or exponential sums).
It has been widely employed in determining the maximum datie@n magnitude of a sequence family
since the correlation of sequences is ultimately equivaiera character sum. For the applications of
exponential sums to sequence and coding theory, see [16].

Based on the Weil bound described in [21], we introduce ttimad version (Corollary 1 in [23])

supporting the assumptiaf;(0) = 1, which conforms to (4).

Proposition 1: [23] Let fi(x),--- , fi(x) bel monic and irreducible polynomials i, [z] which have
positive degreed,- - - ,d;, respectively. Let)y,--- ,1; be multiplicative characters df,. Assume the
product characteﬂﬁz1 Yi(fi(x)) is nontrivial, i.e.,Hﬁzlz/zi(fi(ac)) # 1 for all x € F,. Lete; be the
number of distinct roots ifF, of f;(z), wherei = 1,--- 1. If 4;(0) = 1 for eachi, then for every

a; € Fy, we have

! !
> il fi(@) - di(afilx))| < (Z di — 1) Vit e 5)
i—1 i—1

zel,

In particular, if [T._, ¥%(z) = 1 for all z € [y, then

l l
Y il fi@) - i(afilw)] < <Z d; 2) Vi+t1+Y e (6)
i=1

z€F, 1=1

Proposition 1 turns out to be very useful in determining thaximum correlation magnitude of a
sequence family represented by multiplicative characighere we only need to take into account the
degrees and the number of rootsHp of each f;(z), a polynomial corresponding to a sequence or its

cyclic shift.

[1l. THE STRUCTURE OFSIDELNIKOV SEQUENCES
In this section, we study the structure #f-ary Sidelnikov sequences of perigd™ — 1, where
M | p™ — 1. Throughout this sectiom = 2m, « is a primitive element irfF,. and 8 = o?"*1 is a

primitive element inf .



A. Equivalent representation of Sidelnikov sequences
Theorem 1:An M-ary Sidelnikov sequence= {s(t)} of periodp®>™ —1, if M | p™—1, is equivalently
represented by

s(t) =logs (B +Trp (') +1) mod M, 0<t< pPm — 2. (7)
In other words,s(t) is equivalently defined by

{o, if pt 4+ T7 (af) = —1

. , 0<t<p™ -2 (8)
k, if Bt 4+ Trl (o) € Ly

whereL, = {fMHF —1]0<i< 22 for0<k <M —1.

Proof: Let w(t) = log, (o' + 1) wheres(t) = w(t) (mod M) from (3). Then,

"+ 1) - w(t) = (" + 1) -loga(a’ +1)

log,, (! + 1)P" !

9)
= log, (a!®" D) 4 " ol 4 1)
=log, (B + Tt (a') +1) mod pPm— 1.
From (9), letg! + Tr” (!) + 1 = g“®) € Fpm. Then,
(P™ 4+ 1) - w(t) = log, £*® = log, «®"FVu0 = (p™ £ 1) . u(t) mod p*™ —1
= (p" +1) - (w(t) —u(t)) =0 mod p*" —1 (10)
= w(t) —u(t) =0 mod p™ — 1.
If M |p™ —1, then (10) implies
w(t) —u(t) =0 mod M
= 5(t) = w(t) = u(t) =logs (6" + Trjy (a') +1)  mod M.
Also, (8) is straightforward from (7), O

Theorem 1 shows the remarkable equivalence from whicid/aary Sidelnikov sequence of period
p*™ — 1, if M | p™ — 1, can be determined by the elements of subfigld, including ap™-ary m-
sequence corresponding f” (a!). The equivalent representation by the subfield elementfthe
allows the efficient implementation of th&/-ary Sidelnikov sequence with low complexity. Figure 1
illustrates the implementation by the subfield elemetits- 1 and ap™-ary m-sequence generated by a
2-stage linear feedback shift register (LFSR). In the figmate that the feedback configuration of the
LFSR is determined by the primitive polynomial of degteeverF,. that definesf 2.



modp

ﬁt+17t:0717"'7p2m_2 S(t)
- Em—— IOgﬁ(') > mod-M ——

A

TI':;L(O{t), t= 0717"' 7p2m -2

2-stage LFSR

Fig. 1. The LFSR implementation of ai-ary Sidelnikov sequence of perigd™ — 1, where M | p™ — 1.

B. Array structure and the column sequences

In [2], Gong introduced the array (or interleaved) struetof a general sequence and presented new
sequence families by exploiting the structure. Similawg consider theép™ — 1) x (p™ + 1) array of

the M-ary Sidelnikov sequence in Theorem 1.

Theorem 2:Let p be prime,m a positive integer, and/ | p™ — 1. Let s = {s(¢t)} be the M-ary
Sidelnikov sequence of periogf™ — 1 in Theorem 1. Lety(¢t) be thel-th column sequence in the

(p™ —1) x (p™ + 1) array ofs, i.e,
ut)=s((P"+1)-t+1), 0<I<p", 0<t<p"-—2. (11)

Then, vy(t) is either all zero sequence ¥/ = 2, or a multiple of anM-ary Sidelnikov sequence of

periodp™ — 1 if M > 2. For1 <1< me;lj, on the other hand, we have
Upm+1_l(t) =uy(t—14+1). (12)

In other wordsy;(t), 1 <1< |&"] is cyclically equivalent tay,.1_;(t). In particular, ifl = 25 for
odd primep, then (12) implies that the column sequenge . () has a period o’
Proof: By (7) and (11),u,(t) is given by

u(t) = logg (g(pM+1)t+l + T (a(pm+1)t+z> N 1>
(13)
= 10gﬁ <ﬁ2t+l + 5t . Tr;{b(al) + 1) mod M, 0<t<p™—2.

wheresP" 1 = 32, If | = 0, the column sequenceg(t) becomes

vo(t) =logg(B' +1)* =2 - logg(B +1) mod M.



Thus,vy(t) is either all zero sequencé/ = 2) or a twice of anM-ary Sidelnikov sequence of period

p™ —1 (M > 2). On the other hand, if <1< V";“J, then from (13),

vpm11-1(t) = logg (62t+pm+1_l + 8T (P T 4 1)

log <62(t+1)_l + 4t Tr%(ap2m+pm_lpm) + 1)

log (20D 4 41 T (a4 1)

logﬁ <ﬁ2(t—l+1)+l + ﬁt_H_l . Tr"m(ozl) + 1) mod M

= ’Ul(t -1+ 1)
Therefore,u(t), 1 <1 < [%J turns out to be cyclically equivalent te,~;_;(¢). In particular, if

| = 25 for odd primep, then

m—1
Vpm+1 (t) = Upm+1 (t — P B >

which implies that the column sequeneg-+: (¢) has a period oL O

Example 1:Let p = 7, m = 1, and M = 6. Consider a finite fieldf-= defined by a primitive
polynomial p(z) = 22 + x + 3. Then, a6-ary Sidelnikov sequence(t) of period 72 — 1 = 48 is

represented by & x 8 array as follows.

s(t) = [vo(t), vi(t), -+, vr ()] =

wWw O W = Ot
= oW W N O
w N O NN =

1
4
4
5
1

1
4
4
)
1
0

= NN Ot = N Ot

S A O NN
W O W = ot Lt

5 2 3 0

In the array,vo(t) = 2s'(t) (mod 6), wheres'(t) = {2,4,1,0,5,3} is a6-ary Sidelnikov sequence of
period 6. We also see that;(t) = vi(t), ve(t) = va(t — 1), andvs(t) = v3(t — 2), respectively, and

v4(t) has a short period df, as described in Theorem 2.

C. Correlations of the column sequences

In Theorem 2, it isy;(t), 1 <1< L%J that attracts our attention as a set of nkfvary sequences.

In the following, we establish a formal definition of the seques.
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Definition 3: Let p be prime,m a positive integer, and/ | p™ — 1. Let V}, = {pM*F —1|0<i <

At for0< k<M —1. Forl << |Z'|, anM-ary sequence(t) of periodp™ — 1 is defined by

0, if B2+ 4Bt (af) = —1
v (t) = & & (o) , 0<t<pm—2.
k, if g2+ BT (af) € Vg

By the log operationy;(t) is equivalently defined by
v (t) = logg (ﬂQtH + 60T (ah) + 1) mod M, 0<t<p"—2.
The polynomial representation of(¢) is given by
Vi(z) = Bla® + Tej(of) -z + 1, 2 €F (14)
where
u(t) = logg Vi(8") mod M, wif® =v (Vi(8")), 0<t<pm-2.

A set of y;(t) and its constant multiples is denoted as

so={am1<a<a-11<i< |2}

We now show that a pair of sequencesSp is cyclically distinct.
Theorem 3:In Definition 3, each pair of sequencesdy is cyclically distinct.
Before proving Theorem 3, we consider the following lemma.

Lemma l:Let1 < Iy,ly < |B-]. For0 < 7 < p™ — 2, let V;, (z) and V,,(67z) be the polynomial
representations for;, (t) and vy, (¢ + 7), respectively. Then, each &, (z) = 0 andV,,(87x) = 0 has

two distinct roots infF,.~ \ F,~ for any 7, which implies that each polynomial has no rootsFin..

Proof: From (14), the polynomial representations are given by

Vi, (z) = 82 + Trp (o) -z 4+ 1 = (w4 1) - (P2 + 1) 15

Vi, (872) = 82727 + T (o) - fTa + L= (o572 + 1) - (o BT + 1) "

wherea € Fpem and 8 = o?”*! € F,u. Clearly, the roots oflj () = 0 arez; = —a~" and

1y = —a~hP" respectively. In the exponents]; # 0 (mod p™+1) and—I1p™ =13 Z 0 (mod p™+1)
for 1 <1y < |Z-], which impliesa~, a=8P" € Fyen \ Fpn. As —1 (or 1 if p = 2) is an element in
Fpm, it is straightforward thatc;, zo € Fpem \ Fpm. Hence,V;, () = 0 has no roots irf,~. Note that

1 # x5 sincely # Lip™ (mod p?™ — 1) for 1 <1y < |B-].
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Similarly, the roots of;, (37z) = 0 arex = —a =" +D7 andz), = —a~=P" =" +D7 respectively,
where —ls — (p™ + 1)1 = —ly Z 0 (mod p™ + 1) and —lyp™ — (p" + 1)7 = Iy Z 0 (mod p™ + 1)
for1 <1, < L%J Thus,z}, ) € Fpem \ Fpm, andV,,(37z) = 0 has no roots iff,~ for any . Also,

) # xh sincels # lop™ (mod p?™ — 1) for 1 <1, < |B-]. .

Proof of Theorem 3Let a = {cjv;, (t)} andb = {cyv;, (t)} wherel < 1,1, < |Z-| and1 < ¢;,¢p <

M — 1. In the sequence pair, we defiig, ,(7) by

Bap(r) = w70 0 < <2

)

(16)
=¥ (@) v (Vi (7)), e Fpn

whereV;, (r) andV;,(37x) are given in (15). From Lemma 1}, (z)* = 0 andV;, (87x)™ =% = 0 have

no roots inkF;.., respectively. Then, (16) is represented as

Eap(1) =¥ (Vi, (2) - Vi, (672)M7%) = v (g()). (17)

In (17), the sequence pairandb are cyclically equivalent if and only i§(x) = h(x)™ so thaty (g(x))
may be a trivial character, whetg(z) € F,.[z]. Therefore, we need to show(z) # h(z) for the
cyclic distinctness of the pai andb. In g(z), note that neithe#;, (z)°* nor V,,(57x)M = is of the
form n/(x)™ for h/(x) € F,~[z], because each one has distinct roots andcy,ca < M — 1. Thus, if
Vi, (z) # Vi,(B7z), then each factor causgsér) # h(x)M for anyc; andcs.

Case 1. 7 = 0: Comparing each coefficient &f, (z) andV;, (), it is clear thatg(z) = h(x)™ if and
only if [y =1y andc; = ¢, wherea = b, a trivial case.

Case 2. 0 < 7 < p™ —2: Sincel < ly,lp < |B-], ah # o2+ P"+D7 = o237 for any 7 # 0. Also,
Ili — lop™ =11 + 1y £ 0 (mod p™ + 1), which impliesalt # oP"+E"+)7 — L™ 37 for any r # 0.
Thus, (oiz 4+ 1) in V;,(x) cannot be identical to eithgn'> 37z + 1) or (a2P" 37z + 1) in Vi, (57 x).
Therefore,V;, (z) # V;,(87x) for any T # 0, and thusg(z) # h(x)™.

From Cases 1 and %, ,,(7) # 1 for all ’s. Finally, each pair of the column sequeneeg), 0 <

1 < |B-] is cyclically distinct. O
Next, we study the correlation of a pair of sequences,n

Theorem 4:Let a = {civ;,(t)} andb = {cov;,(t)} be a pair of sequences fro&, in Definition 3,

wherel < cj,co <M —1andl <1y, < L%J The correlation magnitude ef andb is bounded by

[Cap(T)] < 3vp™ + 1. (18)
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In particular, ife; = ¢y or ¢ — co = 4 (mod M), then

|Cap(T)] < 2V 42 (19)

wherec; — ¢y = % (mod M) is valid for even)M and odd primep. In (18) and (19)0 < 7 < p™ — 2,

andr 75 0if I =1y ande¢y = co.

Proof: With V;, (x) and Vi, (87 x) given in (15),Ca 1(7) is determined by

pm—1
Ca,b(T) e Z w]c\}vll(t)_621”2(t+7—), 0 S T S pm _ 2
t=0

= > ¢ (Vi (@) - (Vi (B7w))

ZBE]F;nl

= > w (B A@) e (B Ralw)) — 1

2€F ,m

wherey, = ¢, Py = ¢~ = M=%, and fi(x) = 71V, (2), fo(z) = B2V, (87x). As each
monic quadratic polynomiaf;(z), i = 1,2 is irreducible inF,~ and has distinct roots i, \ F,~ from
Lemma 1, it is obvious thad; = dy = 2 ande; = e; = 0 in Proposition 1. Note that # 0 if a = b.
Then, the product characteér (5 f1(z)) - 12 (82127 fo(x)) is nontrivial from the cyclic distinctness of

a andb. With these parameters, we are now able to apply the boun#)ah (Proposition 1 to obtain

Can(M < | D n (B Ai(@)) - v (824 falw)) | +1

z€F,m
<(di+dy—1)Vp"+e1+ex+1=3/pm+1.

In particular, ifc; = ¢ Ore; — e = % (mod M) for evenM, then
2
1o @) = w2 (@) =1
i=1
for all z in ... Then, we can apply the improved bound (6) for the correfatie.,

’C&b(T)‘ < (dl +dy — 2)\/pm+ l4+ep+e+1=2p™+2.

IV. NEW M-ARY SEQUENCEFAMILIES

This section introduces new/-ary sequence families of periog™ — 1 with low correlation by
employing the column sequence s&f described in Section Ill. Recalk is a primitive element in

Fpem and 3 = oP" 1 is a primitive element irF ..
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A. Column sequence families

Construction 1:Let p be prime,m a positive integer, and/ | p™ —1. Lets = {s(t) | 0 <t < p™—2}
be aniM-ary Sidelnikov sequence of perigd® — 1. Let S, be a set of thel/-ary sequences of period

p™ — 1 in Definition 3. A newM-ary sequence family of periog™ — 1 is defined by
V=ZsUSy = {cs(t) | 1§C§M—1}U{covl(t) |[1<ep<M-1,1<1< {%J}

In particular, if M is even for odd prime, then we define another nel-ary sequence family by

) = 7,usE USETE) S est) |1 <e< M- 1)

L m—1
U{clvll(t)]cl is fixed 1§l1§p 5 }

M m_q
u{<c1+7>vl2(t)ylglzgp 5 }

where if M > 2, thenl < ¢; <& —1, and if M = 2, then¢; =1 andS‘(,clJW) = ¢.

Given the notations in Construction 1, the cyclic distirss, the maximum correlation magnitudes,

and the family sizes ob andV(*) are shown in Theorems 5, 6, and 7, respectively.

Theorem 5:Each pair of sequences Wis cyclically distinct. As its subset, each pair ¥ is also

cyclically distinct for any possible;.

Proof: In V = Z5 U Sy, it is obvious from [9] that all sequences #fy are cyclically distinct. Also,
Theorem 3 has already proven the cyclic distinctness of esezps inS,. Therefore, we only need to
prove that a sequence pair fraflg and S, is cyclically distinct.

Leta € Zs andb € S,. (or vice versa.) Thera = {cs(¢)} andb = {cyv;(¢)}. Let S(z) =z + 1 and
Vi(B7x) in (14) be the polynomials fos(t) andv,(t + 7), respectively. In the sequence pdi, ,(7) is
defined by

Ea,b(T) _ w]c\j(t)—covz(t-i-r) _ ¢ (S(x)C) ) ¢ (‘/l(/BTx)M_CO) ., 0<71< pm _9 (20)

where S(z)¢ = 0 at 2 = —1, whereasV;(87x)"~* # 0 for any z's in F}... Forz # —1, (20) is

represented as

Eap(1) = ¢ (S@)Vi(BTe)" ™) =4 (g(2)), @ €Fpu\ {~1}. (21)

For the cyclic distinctness o and b, it is sufficient to showg(z) # h(z)M for h(z) € Fpm[z],

similar to the proof of Theorem 3. In (21§ (z) # Vi(87x), and for1l < c¢,¢9 < M — 1, neither
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S(x)¢ nor Vi (BTx)M =< is of the formh’(z)M for W' (z) € Fpm[z]. Thus, it is clear thay(z) # h(z)M.
ConsequentlyF, ,(7) # 1 for all 2’s, and each sequence pair frafg and S, is cyclically distinct.

Finally, each sequence pair Wis cyclically distinct, and so is each pair W), a subset of. O

Theorem 6:The maximum correlation magnitudes Wfand V() are determined by
Cinax (V) =37 1, Cina (V) = 2007 + 2.

Proof: Let a andb be a pair of sequences W (or V(¢1)). The maximum correlation magnitude of the
pair is computed for the following cases, where we employrbiations in Proposition 1. In each case,
we exclude a trivial in-phase autocorrelation7of= 0 at a = b, which drives each product character in
Cap(7) to be nontrivial.

Case 1. a,b € Zg: In this casea = {cs(t)} andb = {¢s(t)} each of which is a constant multiple of

an M-ary Sidelnikov sequence of perigd* — 1. From [9], the correlation of the pair is given by

4, if c=¢
[Cab(T)] < _
VP + 3, if ¢c#£c.
Case2.acZs;andbe S, (orb e S\(,clJri?), i=0,1.): If acZs andb € S, (or vice versa), then

a = {cs(t)} andb = {cov;(t)}. With the polynomialsS(z) = =z + 1 andV;(x) in (14), the correlation
of a andb is given by

Can() = 3 0 (S(2)) - 4~ (Vi(8T2))

z€F,
= > i (A) - (B4 fala)) —1

z€F,m
wherey; = ¢¢ andyy = =% = pM~=%_ The monic polynomialf;(x) = S(x) has a single root in
F,=. On the other handfy(z) = 3~/=?"V;(#7z) is a monic quadratic polynomial i, [z], where its
roots are distinct irf¥ 2 \ IF,,» from Lemma 1. Obviously, each polynomial is irreduciblefip-. With
the notations of Proposition 1, it is therefore clear tiat= 1, do = 2 ande; = 1, e5 = 0. The cyclic
distinctness ot andb guarantees that the product charaatex f1(z)) - 12 (8727 fo(z)) is nontrivial.

With the parameters, we obtain from (5)

Can(M < | D (fi(@) - (852 fal) ) | +1
zeF,m (22)

<(di+do—1)Vp™+er+ea+1=2pm+2.
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Meanwhile, ifa € Zg andb € S‘(,cﬁi?) (or vice versa), (22) is also true sinséclﬂ?) C Sy, where
1=0,1.
Case 3. a,b € S, (ora,b € S‘(,

M
it )

,i=0,1)If a, b € Sy, then|Cap(7)| is bounded by
(18) from Theorem 4. In particular, #h,b € S‘(,cﬁi?), i = 0,1, it is immediate that the correlation
magnitude is bounded by (19).

From Cases 1 3, the proof is completed. O

Theorem 7:The family size ofy and V(1) are determined by

(5] ) oo

p" 4+ M — 2, if M >2

Pt if M =2.

‘V(Cl) _

Proof: The family size ofV is straightforward from a simple counting of< [ < {%"J andl < ¢,co <

M — 1. Similarly, the family size ofV(“1) is immediate froml < [;,ly < pm2‘1 and1<¢< M —1 for

a fixed integere;. O

M
2

Remark 1:In Construction 1, itt; = % then we may defing (%) = ISUS‘(, ), where the correlation
magnitude is bounded b3,/p™ + 2 in the same way as the proof of Theorem 6. Although the family
size is smaller than the other cages # &), it can be utilized in the combination of sequence families,

which will be discussed in next subsection.

B. Combination of sequence families
We construct newdM -ary sequence families by combining the column sequencé#iésnmtroduced in

previous subsection, and known Sidelnikov-based onepied in [5] and [10].

Construction 2:Let p be prime,m a positive integer, and/ | p™ —1. Lets = {s(t) | 0 <t < p™—2}
be aniM-ary Sidelnikov sequence of perigd® — 1. Let S, be a set of the\/-ary sequences of period

p™ — 1 in Definition 3. A newM-ary sequence family of periog™ — 1 is defined by
Z/{ :IS U AS U SV

={es(t) |1 <ec< M -1}

m_1
U{cos(t)+cls(t+l1) modM\lgco,clgM—l,lgllgv 5 J}

U{czvlz(t)\lgng—l, 1§12§{%J}
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wherecy < ¢; if I; = 21 for odd primep.

In particular, if M is even for odd primep, another newM -ary sequence family is defined by
U =7,uA usi®)

={es(t) |1 <e< M -1}

m—1
U{cos(t)+cls(t+ll) mod M | ¢og+¢1 =0 modM,lgllgp 5 }

M m—1
U{—%(t)\lﬁbép 5 }

2

pm—1

wherel < cp,c; < M —1, andeg < ¢y if I} = Po—.

Note thatZs U As = L is the M-ary sequence family presented in [10], whilgu Aéo) = Fs is the
M-ary sequence family presented in [5]. Given the notation€anstruction 2, the cyclic distinctness,
the maximum correlation magnitudes, and the family sizeld ahdi/ are shown in Theorems 8, 9, and

10, respectively.

Theorem 8:Each pair of sequences i is cyclically distinct. As its subset, each pairlfn is also

cyclically distinct.

Proof: Note thatZs U As = £ in [10] andZs U Sy = V in Construction 1, which implies the cyclic
distinctness of sequences in the subseté/ofor the cyclic distinctness of all sequencesinit is
therefore sufficient to prove that each sequence pair franand S,, is cyclically distinct.

Leta € A5 andb € S,. (or vice versa.) Them = {cos(t) + c1s(t +11)} andb = {cavy, (t)}. Let
S(z) = z+1andVi,(67z) in (15) be the polynomials fog(t) andw,, (t+7), respectively. TheniZ, ()
is defined by

Ea7b(7') _ Z wg(/)js(t)+cls(t+l1)—02012(t—i—T) 0<r< pm _9

)

t=0 (23)
= ¢ (S(gj)co) . w (S(ﬁllx)01> . ¢ (sz(ﬁr:ﬂ)M—cg)
where S(z)® =0 ataz; = —1 and S(8h2)® = 0 atz, = =", whereasV,, (67=)" % # 0 for any

r'sin Fy.. Forz € Fy. \ {z1, 22}, (23) is represented as

Ban(7) = ¥ (S@)*S(8"2) Vi, (7)™~ ) = ¥ (g(x)), @ € By \ {1, 22},

Similar to the proof of Theorem 3, it is easily checked that) # h(z)M for any nontrivially, I, co, c1, ca,
andr, whereh(z) € Fp~[z]. Hence, each sequence pair frofg and S, is cyclically distinct. Finally,

each pair of sequencesnis cyclically distinct, and so is each pair i, a subset ot/. O
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Theorem 9:The maximum correlation magnitudeszafandﬁ are determined by

ConaxU) =3V +5,  Coax(U) = 2P + 6. (24)

Proof: Note thatCiax (Zs U As) = Cax (£) = 3y/p™+5 from [10], andCliyax (Zs U Sy) = Crax (V) =
3v/p™ + 1 from Theorem 6. FOC .« (U) = Crnax(Zs U As U Sy,), therefore, it is sufficient to investigate
the correlation between a sequence pair frdgnandS,,. Similarly, Ciax (IS U Aéo)) = Chax <ﬁs> =

2,/p"+6 from [5], andC\ax (IS U S\(,?)> = 2,/p™+2 from Remark 1. Hence, we only need to examine

M

the correlation between a sequence pair fméﬂ) andS‘(F) for Cmax(lj) = Chax (Is U Aéo) U S‘(,%)).
In computing the maximum correlation magnitudes, we usentftations in Proposition 1.
First of all, leta € As andb € S,. (or vice versa.) Thea = {cys(t)+c1s(t+11)} andb = {cauvy, (t)}.
Let S(xz) =z + 1 andV;,(57z) in (15) be the polynomials fog(t) and vy, (t + 7), respectively. Then,
Can(r)= D 0 (S(@)) -0 (S(572)) - &~ (Vu(672))

IEF;nl

= > G (A@) - (5 folw) s (B fy()) — 1

z€F,m

where; = 1%, 1y = 1, andyz = ¢~ = M= In (25), the monic polynomialg;(z) = S(x)

(25)

and fo(z) = 77S(67x) have a single root idf,~, respectively. On the other hand, the monic quadratic
polynomial f3(z) = 372727V}, (87 x) has distinct roots iff,z» \ F,~» from Lemma 1. Obviously, each
polynomial is irreducible inF,~. Moreover,d; = d; = 1, d3 = 2, ande; = ez = 1, andez = 0 in
Proposition 1. Also, the product character(fi(z)) - 12 (37 f2(z)) - 13 (82727 f3(x)) is nontrivial from

the cyclic distinctness ai andb. With the parameters, we are able to apply the bound of (5ptai

(Can(P) < | D2 1 (f2(@)) - o (7 falw)) - s (852 fo(w)) | + 1
z€F,m (26)

<(dy+dy+ds—1)/pm+e +e+es+1=3pm+3.
In particular, ifa € Aéo) andb € S‘(F/), thency +c¢; =0 (mod M) andey = % Thus,
3
[T o (@) =were @) =1
i=1
for all z in F},... Then, we can apply the improved bound (6) for the correfatie.,
‘C&b(T)’ < (dl +do + d3 — 2)\/pm +14e+e+e3+1=2ypm+4. (27)

Finally, (26) and (27) meet§ . (U) and Coax () in (24), respectively. O
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Theorem 10:The family size oft/ andi/ are determined by

Ul = M(A;[_l)-(pm—2)+M—1, if p>2
(M —1)-(M-2"1 — M +2), if p=2. (28)

(&(:pm.%q.

Proof: In [10], |£| = |Zs| + | As| is given by(M—1)2(pM—23)+M(M—1) for p > 2, or (M — 1221 — 1)+
M —1 for p = 2. Then,
U| = |Ts| + [As| + [Sv| = |£] + (M — 1) - {%J

which leads us tdi/| in (28).

Similarly, |Fs| = |Zs| + ‘Ago) — QD1 4 Mg in [5] for even M and odd primep. Then,

m

pm—1

(%)
SV 2

(L?‘ = |Fs| +

from which ‘Z/N{‘ in (28) is immediate. O

Compared to [5] and [10]/ and/ provide more cyclically distincf/-ary sequences of perigd® — 1
than the known Sidelnikov-based sequence famillesnd 7, respectively, wher€,.x (U) = Crpax(L)

andCax(U) = Cnax(Fs). Table | compares the parameters of well known polyphaseesex families

with low correlation, where the last four entries are the rs®guence families found in this paper.

Remark 2:For M = 4, Table | shows tha¥/ has the family siz€ L +1 with Cmax(ljf) =2VL +1+6,
andi/ has the family siz&L — 3 with Cy.x (U) = 3v/L + 1+ 5. In fact, it is Z, sequence families [12]
that provide the largest family sizes for the given maximuonrelation magnitudes for/ = 4. The
advantage ot/ andi/ is that they have the flexibility by providing a variety of semce periods and

alphabet sizes that cannot be covered byZhesequence families.

Remark 3:LetS = {s(¥ s ... s(N-1} be a general/-ary sequence family of periga” —1 and
size N, where each sequens® = {s;(t) |l =0, --- , N —1} is represented by multiplicative characters.
Let P,(z) be the polynomial representation ©ft), whereP;(z) € F,~[z]. In determiningCh,ax(S), the
(refined) Weil bound in Proposition 1 suggests that the degfehe largest square free divisor Bf(x)
must be as small as possible for low correlation. In paricuf we wantCi,.x(S) < 2,/p™ + € for a
small positive integet, the degree must be at maxst Therefore, constructing such a sequence family

demands polynomials ifii,~ [z] that have the degrees of at mast
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TABLE |

THE COMPARISON OF WELL KNOWN POLYPHASE SEQUENCE FAMILIE& IS AN ODD PRIME)

H Period L Alphabet ‘ Chnax ‘ Family size
Trachtenberg [20] p™ — 1, m odd p V(L +1)+1 L+2
Helleseth [6] p™ — 1, m even P 2WL+1+1 L+2
p™'? %2 (mod 3)
Sidelnikov [19] p™—1 P VE+1+1 L+1
Bent [11] p™ — 1, m even P VE+1+1 VL +1
Kumar, Moreno [13] p™—1 P VE+1+1 L+1
Gong [2] (p™ —1)? p 2V/L +3 VL
Z, Family S(0) [12] 2m — 4 VL+1+1 L+2
Z4 Family S(1) [12] 2m —1 4 2VL+1+1 >L?+3L+2
Z4 Family S(2) [12] 2m —1 4 4/L+1+1 > L3 +4L* +5L+2
F: [5] P M 2VL +5 (E2) - (M —1)
Fr [5] P M 3VL+4 M- 14 MDD
Fs [5] p" —1 M 2VL+1+6 (M —1) L4 |2
£ [10] P o1 M 3VL+1+5 (1V171)22(L72) + M(A2£/—1)
plen) P —1 M>2even| 2VL+1+2 L+M-—1
1% pm—1 M 3WL+1+1 (L+1)-(M-1)
u P —1 M even 2VL+1+6 (L+1)-4 1
u P -1 M 3VL+ 145 | MMDED 4 p g

In this papery() andi/ employ the polynomiab(z) = x + 1 of degreel, which corresponds to an
M-ary Sidelnikov sequence. They also take the new polynoafidegree2, V;(x) in (14), which has an
element ofF .. and its conjugate as its roots. Interestingly, the new puiyial corresponds to a column
sequence obtained by the array structure of Sidelnikovesemps of periogh?™ — 1. Moreover,/{ adds
another polynomial of degre®, S(z)S(8'z), corresponding to the shift and addition of a Sidelnikov
sequence, which is a well known technique in [5] and [10].eNtbiat we disregard, ¢y, c¢1, andc, in the
polynomial degrees, since they can be includedjnn the Weil sums. By employing the polynomials,
we successfully constructed the sequence famlEs) and/ with low correlation and significantly
large family sizes. We could find no other polynomials of @egof at mose in I, that provide a large

number of distinct sequences as well as low correlationclvig left open.
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TABLE Il

THE EQUALITY OF NORMALIZED SIDELNIKOV BOUND FORZ:[V

Nmax,lb(a)
m p=3 ‘p:5 ‘pz? ‘pzll‘pzl?)
2 1.2110 | 1.3475 | 1.3810 | 1.4009 | 1.4047
3 1.3526 | 1.4014 | 1.4096 | 1.4130 | 1.4135
4 1.3943 | 1.4117 | 1.4136 | 1.4141 | 1.4142
5 1.4076 | 1.4137 | 1.4141 | 1.4142 | 1.4142
6 1.4120 | 1.4141 | 1.4142 | 1.4142 | 1.4142
7 || 1.4135 | 1.4142 | 1.4142 | 1.4142 | 1.4142
8 1.4140 | 1.4142 | 1.4142 | 1.4142 | 1.4142
9 1.4141 | 1.4142 | 1.4142 | 1.4142 | 1.4142
10 || 1.4142 | 1.4142 | 1.4142 | 1.4142 | 1.4142

C. The asymptotic behavior of

We examine the asymptotic behavioridfwhen L = M = p™ — 1, and compare it to the Sidelnikov

bound [19]. We introduce the bound on periodic correlatibnanbinary sequences, as described in [7].

Proposition 2: Let S be a nonbinary sequence family of peribdand sizeN. Let k be a nonnegative
integer. Then, the maximum correlation magnitudeSat lower bounded by

kT 2k
Cron(S) > ﬂ%) 2L —k) - ﬁié) (29)

Normalizing (29) byv/L + 1, we denote the equality of the lower boundsis.x i1 (S), i.e.,

Crax(S) k+1 2L — k 9k [ 2k+1 B
I+ \/<T> ' ( L+1 > N DE2CH Nona (5)- (30)

Now, we apply the lower bound for the maximum correlation niagle of ourM -ary sequence family

Uof L=M=pm™—1, whereN = @ — 1 from Theorem 10. By applying the parameters to (30),

we can computé\fmax’lb(z]), the equality of the lower bound ofi,. (/).
Table Il shows the values Q‘Vmax,lb(ﬁ) computed for variou® andm, wherek is chosen in0 <

kE < 15 such thatNy.x (U) has the largest value for eaghandm. From the table, we observe that
NmaXJb(Z}) ~ /2 for sufficiently largeL = p™ — 1. Therefore, ifM = p™ — 1, the Sidelnikov bound
for U becomes

Conax(U) > V2VL + 1 (31)
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for sufficiently largeL. From Theorem 9, we already found ti(atlax(lj) =2p"+6=2y/L+1+6.
Consequently, we conclude that # = p™ — 1, the actual maximum correlation magnitude laf

asymptotically achieves/2 times the equality of the Sidelnikov’s lower bound in (31).

V. CONCLUSION

In this paper, we have showed that-ary Sidelnikov sequences of perigd™ — 1, if M | p™ — 1,
can be equivalently generated by the operation of elemenfs.i, including ap™-ary m-sequence of
periodp®™ —1. The equivalent generation oV costs low complexity for implementing the Sidelnikov
sequences of perigef™ — 1. Discussing thép™ —1) x (p™ 4 1) array structure of the sequences, we then
discovered that a half of the column sequences and theitaansultiples have low correlation enough
to construct newM -ary sequence families of perigd” — 1, where the families’ and V(¢1) have the
maximum correlation magnitude af/p™ + 2 (for even M) and3,/p"™ + 1, respectively. Moreover, we
constructed new -ary sequence families of perigd® — 1 by combining the column sequence families
with known Sidelnikov-based families. The new familisand ¢/ provide the largest family size of
all known Sidelnikov-based sequence families with the samg& mum correlation magnitudes. Finally,
examining the asymptotic behavior of the né#ary sequence familﬁ, we showed that il = p™ —1
for odd primep, its maximum correlation magnitude asymptotically achi&y2 times the equality of

the Sidelnikov’s lower bound.
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