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1 Introduction

Let M ∈ Zp×q2 ; that is, M is a matrix of dimension p × q with entries drawn from the set
{0, 1}. Let the (i, j)th entry (i.e., the entry in the ith row and jth column) of M be denoted by
mi,j.

Given a finite vector ~x = 〈x0, x1, . . . , xq−1〉 of q elements from a commutative monoid1, the
multiproduct problem is to produce the output vector ~y = 〈y0, y1, . . . , yp−1〉, where

y0 = x
m0,0

0 x
m0,1

1 · · ·xm0,(q−1)

q−1 ,

y1 = x
m1,0

0 x
m1,1

1 · · ·xm1,(q−1)

q−1 ,

...

yp−1 = x
m(p−1),0

0 x
m(p−1),1

1 · · · xm(p−1),(q−1)

q−1 .

Pippenger’s Multiproduct Algorithm is an algorithm for solving instances of the multiproduct
problem while attempting to minimize the total number of multiplications used to compute
the output sequence; Pippenger proved in [12] that his algorithm is asymptotically optimal.2

Example 1. Suppose ~x = 〈x0, x1, x2〉 is given and let M =


1 0 1
1 1 0
0 0 1
1 1 1

. Then, the solution to

the multiproduct problem is the sequence y0 = x0x2, y1 = x0x1, y2 = x2 and y3 = x0x1x2.
Substituting the values x0 = 3, x1 = 5, x2 = 7 (and working over Z) yields: y0 = 21, y1 = 15,
y2 = 7 and y3 = 105. ♦

Now, consider the generalization of the multiproduct problem where the entries of M are
drawn from Zk+1 for some positive integer k ≥ 1: this is the multiexponentiation problem.
As with Pippenger’s Multiproduct Algorithm, Pippenger’s Multiexponentiation Algorithm is
an algorithm for solving instances of the multiexponentiation problem while attempting to
minimize the total number of multiplications required to compute the output sequence. The
1 A monoid (S, ·) is a set S together with a binary operation ‘·’ that satisfies three properties:

Closure: For all a, b ∈ S, the result of the operation a · b is also in S,
Associativity: For all a, b, c ∈ S, the equation (a · b) · c = a · (b · c) holds; and,
Identity: There exists an element e ∈ S such that e · a = a · e = a for all a ∈ S.

Typically we consider ‘·’ to be the operation of multiplication, however other operations are possible (most notably
addition).

We define the power ak as usual by the repeated application of ‘·’ to the element a; i.e., a1 = a, a2 = a · a and
ak = a · a · · · a︸ ︷︷ ︸

k times

. By convention, a0 = e. In additive notation it is common to write ak as k ∗ a.

Throughout this paper we will omit the symbol ‘·’ when writing a · b, so that ab is synonymous with a · b.

2 Strictly speaking, Pippenger never gave an algorithm; instead, he gave a constructive proof that, in the worst-
case, instances of the multiproduct problem require a number of two-operand multiplications that is asymptotically
bounded above by pq

log pq
(1 + o (1)). It was previously known that worst-case instances of the problem are asymp-

totically bounded below by this same expression [8, 10], thus Pippenger’s constructive proof yields an asymptotic
formula for the best possible complexity of any algorithm that solves the multiproduct problem. The algorithm
typically referred to as Pippenger’s Multiproduct Algorithm is an algorithmic realization of his constructive proof.
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algorithm works by reducing an instance of the multiexponentiation problem to an instance
of the multiproduct problem, and then solves it using Pippenger’s Multiproduct Algorithm.
Pippenger proved in [13] that his algorithm is asymptotically optimal.3

Example 2. Suppose ~x = 〈x0, x1, x2〉 is given and letM =


3 0 2
1 2 0
0 0 2
3 2 1

. Then, the solution to the

multiexponentiation problem is y0 = x30x
2
2, y1 = x0x

2
1, y2 = x22 and y3 = x30x

2
1x2. Substituting

the values x0 = 3, x1 = 5, x2 = 7 (and working in Z) yields: y0 = 1323, y1 = 75, y2 = 49 and
y3 = 4725. ♦

The multiexponentiation problem has an obvious application in evaluating sparse multivariate
polynomials; i.e., the terms in the input vector ~x are taken to be the q indeterminates of a
multivariate polynomial f and the terms in the output vector ~y are taken to be the monomials
in f . An efficient algorithm for the multiexponentiation problem can be used to evaluate f
using a (nearly) minimal number of two-operand multiplications.

Example 3. Suppose we are given a sparse multivariate polynomial f(x0, x1 . . . , xq−1) in q
indeterminates, and we wish to evaluate it at the point (a0, a1, . . . , aq−1). We use Pippenger’s
Multiexponentiation Algorithm to evaluate the indeterminate part of the p monomials com-
prising f at (a0, a1, . . . , aq−1):

a
m0,0

0 a
m0,1

1 · · · am0,(q−1)

q−1

a
m1,0

0 a
m1,1

1 · · · am1,(q−1)

q−1
...

a
m(p−1),0

0 a
m(p−1),1

1 · · · am(p−1),(q−1)

q−1 ,

and complete the evaluation of f by taking a linear combination of these values with the
appropriate coefficients. ♦

Another interesting application emerges upon “taking the logarithm” of this problem [12];
i.e., computing linear transforms using the minimum number of two-operand additions. This
problem arises in signal processing applications, where resource constrained devices (with no
efficient multiply instruction) are called upon to compute linear transforms.

Example 4. Suppose we are given two matrices

M =


m0,0 m0,1 · · · m0,(q−1)
m1,0 m1,1 · · · m1,(q−1)
...

...
...

...
m(p−1),0 m(p−1),1 · · · m(p−1),(q−1)

 and ~x =


x0
x1
...

xq−1


3 The same caveats apply to this statement as to the statement regarding Pippenger’s Multiproduct Algorithm; that
is, Pippenger actually gave a constructive proof that the worst-case complexity of the multiexponentiation problem
is asymptotically bounded (both above and below) by pq lg k

lg(pq lg k)
(1 + o (1)) two-operand multiplications.

Rev: 458 3 of 32



Id: extensions-body.tex 458 2010-09-11 14:59:22Z rhenry

and we seek to compute the matrix product

M · ~x =


m0,0 ∗ x0 +m0,1 ∗ x1+ · · · +m0,(q−1) ∗ xq−1
m1,0 ∗ x0 +m1,1 ∗ x1+ · · · +m1,(q−1) ∗ xq−1

...
m(p−1),0 ∗ x0 +m(p−1),1 ∗ x1+ · · · +m(p−1),(q−1) ∗ xq−1

 .
Using Pippenger’s Multiexponentiation Algorithm (and the operation ‘+’ instead of ‘·’ as our
monoid operation) we can compute this set of equations using a (nearly) minimal number of
addition instructions. ♦

Note: The preceding example could be made more realistic by allowing negative coefficients,
subtractions, and short shifts. In [12], Pippenger remarked that “these changes would not affect
our analysis or results in any significant way”, however we leave investigation of this idea to
future work.

Finally, we note that many cryptographic protocols (especially in the setting of anonymous
credential systems and zero-knowledge proofs) require the users to solve many instances of the
multiexponentiation problem. One example of this is the author’s own work on Nymbler [5,
6]; in this scheme, a user is required to evaluate large numbers of exponential equations,
and then prove in zero knowledge that each equation was evaluated correctly. While the
exponentiations themselves are reasonably expensive operations, the computation time (as well
as bandwidth usage) is dominated by the zero-knowledge proofs that are needed to convince
a semi-trusted third party that each exponentiation was computed faithfully. As originally
presented in [5, 6], these proofs work by computing the exponents using the regular ‘square-
and-multiply’ exponentiation algorithm, and then transmitting a zero-knowledge proof for
each step of the algorithm. Each of these proofs, in turn, requires the verifier to compute
a number of exponentiations. Therefore, any approach that can reduce the number of steps
required to compute these exponents would lead to a decrease in the size of, and computational
effort required to create and verify, these zero-knowledge proofs.

Before describing Pippenger’s Multiproduct Algorithm and Pippenger’s Multiexponentiation
Algorithm in §2 and §3, we introduce the relevant theoretical framework in the following
subsections.

1.1 Addition chains

An addition chain (of length s) for a positive integer n is a sequence of s+ 1 positive integers
(n0, n1, . . . , ns) such that:

– n0 = 1;
– ns = n; and,
– for all 0 < i ≤ s, there exists a pair (nj, nk) satisfying ni = nj + nk and 0 ≤ j, k < i.

Note: the pair (nj, nk) is not necessarily unique for a given i; we only require that at least
one such pair exists.
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Example 5. The sequence (1, 2, 3, 6, 12, 24, 30, 31) is an addition chain of length 7 for the
positive integer 31, since 2 = 1+1, 3 = 2+1, 6 = 3+3, 12 = 6+6, 24 = 12+12, 30 = 24+6,
and 31 = 30 + 1. ♦

1 2 3 6 12 24 30 31

Fig. 1. A pictorial representation of the addition chain in Example 5.

See [7, 16] for the length of the shortest addition chain for some small values of n.

Addition-chain exponentiation is a technique for exponentiation by a positive integer that at-
tempts to minimize the number of multiplications required; i.e., an addition chain is computed
for the exponent and each element in the chain is evaluated by multiplying two of the earlier
exponentiation results.

Example 6. Consider the problem of computing x15. The naive approach of computing x ·
x · · ·x requires 14 multiplications, while using the ordinary square-and-multiply technique
yields

x15 = x ·
(
x ·
(
x · x2

)2)2 , 6 multiplications.

However, addition-chain exponentiation (with the optimal chain of (1, 2, 3, 6, 12, 15)) yields

x15 = x3 ·
((
x · x2

)2)2 , just 5 multiplications.

♦
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Algorithm 1 gives a pseudocode implementation of addition chain exponentiation assuming
that the addition chain is given as input.

Algorithm 1: Addition Chain Exponentiation (single output version)
Input: a base x;

an addition chain (m0,m1, . . . ,ms); and,
a sequence {(a1, b1), . . . , (as, bs)}, such that m0 = 1,
and for 0 < i ≤ s, mi = mai +mbi with 0 ≤ ai, bi < i.

Output: xms

1: define: x0 := x
2: for

(
i from 1 to s

)
do

3: compute: xi ← xai · xbi
4: end for

Return: xs

Remark 1. Algorithm 1 corresponds to the special case of the multiexponentiation problem
with p = q = 1 and k ≥ ms.

There are several known algorithms for computing such addition chains. Perhaps the most well-
known algorithm is the ordinary square-and-multiply algorithm referred to in Example 1.1 (and
presented in [9, §14.6.1] under the name binary exponentiation). A more efficient algorithm is
Brauer’s Algorithm [3]. When supplemented by several improvements as summarized in [2,7],
Brauer’s chain can be computed recursively via the following formula:

Tk[n] =


1, 2, 3, 5, 7, . . . , 2k − 1, n if n < 2k+1 and n is even
Tk[n/2], n if n ≥ 2k+1 and n is even
Tk[n− (n mod 2dlgne)], n if n < 22k amd n is odd
Tk[n− (n mod 2k)], n if n ≥ 22k and n is odd.

(1)

A more general notion of addition chains considers a predefined ordered set {m1,m2, . . . ,mp}
and asks for an addition chain for mp that also contains each of m1,m2, . . . ,mp−1. The prob-
lem of finding a minimal length addition chain of this type is known to be NP-complete [4];
nonetheless, there are several known techniques that can efficiently find relatively short addi-
tion chains that contain such a predefined set of values. In many settings (such as our own),
this relaxed requirement is still quite useful.

Example 7. Consider the problem of computing x3, x6, x12 and x15. The extremely naive
approach of computing (x · x · x), (x · x · x · x · x · x), (x · x · x · x · x · x · x · x · x · x · x) and
(x · x · x · x · x · x · x · x · x · x · x · x · x · x · x) requires 31 multiplications, while the slightly
less naive approach of computing x15 = (x · · ·x) and remembering the intermediate results
for x3, x6 and x12 reduces this to 14 multiplications. On the other hand, reusing our result
from Example 1.1, we can compute all four of these values using just 5 multiplications, by
remembering intermediate results in the computation

x15 = x3 ·
((
x · x2

)2)2
.
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We also obtain x2 as an intermediate result. Additionally, one can compute any one of x4, x5,
x7, x8, x9, x13, x14, x16, x17, x18, x21, x24, x27 or x30 by using a single additional multiplication.
♦

Algorithm 2: Addition Chain Exponentiation (multiple output version)
Input: a base x;

an addition chain (m0,m1, . . . ,ms);
a sequence {(a1, b1), . . . , (as, bs)}, such that m0 = 1,
and for 0 < i ≤ s, mi = mai +mbi with 0 ≤ ai, bi < i; and,
a set of desired output indices {i0, i1, . . . , ip−1}, such that ip−1 = s.

Output: {xmi0 , xmi1 . . . , xmip−1}
1: define: x0 := x
2: for

(
i from 1 to s

)
do

3: compute: xi ← xai · xbi
4: end for

Return: {xi0 , xi1 , . . . , xip−1}

Remark 2. Algorithm 2 corresponds to the special case of the multiexponentiation problem
with q = 1 and k ≥ max{mi | 1 ≤ i ≤ s}.

An even more general notion of an addition chain replaces scalars by q-element vectors of
scalars. Given a predefined ordered set of vectors {~v1, ~v2, . . . , ~vp} over Z, an addition chain of
length s begins with the q unit vectors

~10 = 〈1, 0, . . . , 0〉
~11 = 〈0, 1, . . . , 0〉

...
~1q−1 = 〈0, 0, . . . , 1〉,

contains each of ~v1, ~v2, . . . , ~vp, and satisfies the chain condition: for all q ≤ i < q + s, there
exists a pair (~vj, ~vk) satisfying ~vi = ~vj + ~vk and 0 ≤ j, k < i.

Pippenger’s Multiexponentiation Algorithm can be viewed as an algorithm for finding a short
addition chain of this third type. The addition chain is then used to compute the desired
products as described above.

Example 8. Consider the problem of computing x15y9z, x12y6z2 and x2z15. By using, for
example, the addition chain(

〈1, 0, 0〉, 〈0, 1, 0〉, 〈0, 0, 1〉, 〈2, 0, 0〉, 〈0, 2, 0〉, 〈0, 0, 2〉, 〈3, 0, 0〉,
〈0, 3, 0〉, 〈0, 0, 3〉, 〈3, 3, 0〉, 〈6, 0, 0〉, 〈0, 0, 6〉, 〈0, 0, 12〉, 〈0, 0, 15〉,
〈6, 3, 0〉, 〈12, 6, 0〉, 〈15, 9, 0〉, 〈15,9,1〉, 〈12,6,2〉, 〈2,0,15〉

)
we can compute all three desired values using just 17 two-operand multiplications. Note that
computing the required powers of x, y and z independently (i.e., using the chains of minimum
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possible length that contain the predefined sets {2, 12, 15} for x, {6, 9} for y, and {1, 2, 15}
for z) requires at least 5 + 4 + 5 = 14 multiplications, and combining the results to produce
the desired monomials requires an additional 5 multiplications. This yields a total of at least
14+5 = 19(> 17) multiplications. This example thus illustrates the imporant observation that
an instance of the multiexponentiation problem can be solved using fewer multiplications than
is theoretically possible by independently computing the powers for each base and multiplying
the subproducts. ♦

Algorithm 3: Addition Chain Exponentiation (multiexponent version)
Input: a set of q bases {x0, . . . , xq−1};

an addition chain of length-q vectors (m0, . . . , ~m(q−1)+s);
a sequence {(aq, bq), . . . , (a(q−1)+s, b(q−1)+s)}, such that (m0, . . . ,mq−1) = (~10, . . . , ~1q−1),
and for q ≤ i ≤ (q − 1) + s, ~mi = ~mai + ~mbi with 0 ≤ ai, bi < i; and,
a set of desired output indices {i0, i1, . . . , ip−1}, such that ip−1 = (q − 1) + s.

Output:
{
x
mi0,0
0 x

mi0,1
1 · · ·xmi0,(q−1)

q−1 , . . . , x
mi(p−1),0

0 x
mi(p−1),1

1 · · · x
mi(p−1),(q−1)

q−1

}
,

where mi,j is the jth component of ~mi.

1: define: y0 := x0, y1 := x1, . . . , yq−1 := xq−1
2: for

(
i from q to (q − 1) + s

)
do

3: compute: yi ← yai · ybi
4: end for

Return: {yi0 , yi1 , . . . , yip−1}

Remark 3. Algorithm 3 corresponds to the general case of the multiexponentiation problem
with k ≥ max{mi,j | 0 ≤ i < q + s and 0 ≤ j < q}.

1.2 Some graph theory

A directed graph (also called a digraph) is an ordered pair of sets G = (V,E) such that
E ⊆ V × V ; that is, each element of E is an ordered pair of elements from V . The elements
of V are called the vertices of G, while the elements of E are its directed edges.

A sequence P = ((v0,1, v0,2), (v1,1, v1,2), . . . , (vs,1, vs,2)) of directed edges in G is called a directed
path in G if vi,2 = vi+1,1 for all 0 ≤ i < s. In this case, we call P a directed path of length s
from v0,1 to vs,2. A directed graph is called acyclic if it satisfies the following property: if there
exists a directed path from v0,1 to vs,2, then there does not exist a directed path from vs,2 to
v0,1.

All graphs we will make use of are assumed to be directed, and we will henceforth omit this
word; thus, we will refer to directed graphs, directed edges and directed paths as graphs, edges
and paths, respectively.

A graph G is called bipartite if V can be partitioned into two disjoint subsets A and B such
that E ⊆ A×B; that is, every edge in E contains a vertex from A as its first component, and a
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vertex from B as its second. Note that in a bipartite graph there is a one-to-one correspondence
between paths and edges.

Suppose G = (V,E) is a graph and A,B ⊆ V such that |A| = q, |B| = p and A ∩ B = ∅
(note that we are not necessarily assuming that G is bipartite; indeed, V − (A ∪ B) may be
nonempty and there may be edges that are not contained in A× B). Denote the elements of
A by ai, for 0 ≤ i < q, and the elements of B by bj, for 0 ≤ j < p. Then G is said to realize
the matrix M ∈ Zp×qk+1 if the number of distinct paths from ai to bj is mi,j. In this case, we
refer to the vertices in A as input vertices and the vertices in B as output vertices. A graph G
that realizes M is said to be minimal if no proper subgraph of G realizes M.

Lemma 1. For any M ∈ Zp×q2 there exists a unique (up to relabeling vertices) minimal bipar-
tite graph G that realizes M.

Proof. That such a graph exists is easy to see: let A = {a0, . . . , aq−1}, B = {b0, . . . , bp−1}, and
V = A ∪B, and set E = {(ai, bj) | mi,j = 1}; then G = (V,E) is the desired graph.

Now suppose that G′ = (V ′, E ′) is another minimal bipartite graph that realizes M. Let
V ′ = A′ ∪ B′ where A′ = {a′0, . . . , a′p−1} is the set of inputs and B′ = {b′0, . . . , b′p−1} is the
set of outputs. Choose (a′i, b

′
j) ∈ E ′. Then, since G′ realizes M, we know that mi,j = 1 and

therefore there exists and edge (ai, bj) ∈ E. Conversely, if (ai, bj) ∈ E, then since G′ realizes
M we know that there is an edge (a′i, b

′
j) ∈ E ′. Thus, for each 0 ≤ i < q, relabel a′i as ai and,

for each 0 ≤ j < p, relabel b′j as bj. Finally, observe that G′ = G.

Example 9. Let M =


1 0 1
1 1 0
0 0 1
1 1 1

, and let A = {a0, a1, a2}, B = {b0, b1, b2, b3} and V = A ∪ B.

If E = {(a0, b0), (a0, b1), (a0, b3), (a1, b1), (a1, b3), (a2, b0), (a2, b2), (a2, b3)}, then G = (V,E) is
the bipartite graph realizing M. ♦

By redefining the set of edges E to be a multiset4, the above lemma can be generalized to
apply to any matrix M ∈ Zp×qk+1. To do this, we simply replace any single edge e = (ai, bj) by
mi,j distinct copies e1 = e2 = . . . = emi,j = (ai, bj). Technically, the resulting structure is not
strictly a graph; rather it is what we call a multigraph. We will not distinguish between graphs
and multigraphs, and instead will assume that any graph may contain repeated edges.

Example 10. The illustration shown in Figure 1 (§1) is a pictorial representation of a non-
bipartite graph that realizes the 1× 1 matrix whose only entry is 31. ♦

4 A multiset is a mathematical object much like a set, except that it allows repeated elements and the multiplicity
of the occurrence of these elements is relevant. We will use ] to denote the union of multisets where multiplicity is
preserved.
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Algorithm 4: Bipartite Graph Construction
Input: A matrix M ∈ Zp×qk+1.
Output: The bipartite graph G that realizes M.

1: set: A← {aj | 0 ≤ j < q}
2: set: B ← {bi | 0 ≤ i < p}
3: set: E ← ∅ [Note: E is a multiset]

4: for
(
i from 0 to p− 1

)
do

5: for
(
j from 0 to q − 1

)
do

6: for
(
k from 1 to mi,j

)
do

7: set: E ← E ] {(aj, bi)}
8: end for
9: end for

10: end for

Return: G = (A ∪B,E)

A function T that maps a graph G to another graph G′ is called a transformation.

Definition 1. Let M ∈ Zp×qk+1 be given. Then a transformation T on G is called a realized
invariant transformation with respect to M if, for all graphs G that realize M, it follows
that T (G) also realizes M.

Example 11. Let G = ({a0, a1, b0}, {(a0, b0), (a0, b0), (a1, b0)}) be the bipartite graph that
realizes M =

[
2 1
]
. Then the transformation T that maps G to

G′ = ({a0, a1, x, b0}, {(a0, x), (a0, x), (x, b0), (a1, b0)})

is a realized invariant transformation with respect to M. To convince yourself of this, simply
count the numbers of paths from a0 to b0 and from a1 to b0 in both graphs. ♦

G

a0

a1

b0

G′

a0

a1

x

b0

Fig. 2. A pictorial representation of the two graphs described in Example 11.

The in-degree of a vertex is the number of edges that lead into that vertex; i.e., the number
of edges that contain that vertex as their second component. Equivalently, the in-degree of
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v ∈ V in the graph G = (E, V ) is equal to |{(a, v) | (a, v) ∈ E}|. The out-degree of a vertex is
defined similarly.

Intuitively, the in-degree of each output vertex in the bipartite graph that realizes M corre-
sponds to (one plus) the number of multiplications required to compute the corresponding
output in the multiexponentiation problem using the naive approach. More generally, the
number of multiplications required to evaluate the multiproduct problem associated with M
according to a graph G = (V,E) that realizes M is equal to |E| − |V − A|, where A ⊂ V is
the set of input vertices in G and |E| is the cardinality of E including multiplicity. We call
this value the weight of G. Thus, viewing the multiexponentiation problem in the setting of
directed acyclic multigraphs reveals a potential approach to minimizing the length of the ad-
dition chain for M and, thereby, efficiently evaluating a problem instance. In particular, start
with the trivially constructible bipartite graph G that realizes M, apply a series of realization
invariant transformations T0, T1, . . . , T` such that each transformation Ti acts to reduce the
weight of its image. Then, simply compute the output sequence according to the final output
graph.

1.3 The ` Fuction and the L Function

Let `(M) denote the minimum possible length of an addition chain for a given matrix M ∈
Zp×qk+1. Let L(p, q, k) = max

{
`(M) |M ∈ Zp×qk+1

}
be the maximum value of `(M) for any matrix

M ∈ Zp×qk+1. Pippenger’s multiproduct and multiexponentiation algorithms are the end product
of a long line of incremental work on studying the asymptotic behaviour of L(p, q, k). Before
Pippenger’s work, many of the special cases were addressed in the literature.

The first and most obvious of these is the case of L(1, 1, k); i.e., that of computing a regular
exponentiation. In 1937, Scholz [15] observed that

lg k ≤ L(1, 1, k) ≤ 2 lg k.

This follows from the regular square-and-multiply approach (cf. [9, §14.6.1]). If k = 2n is a
power of 2 then exactly lg k = n multiplications are required with this method; at the other
extreme, if k = 2n−1 is a power of 2 less one, then exactly 2 lg k−2 = 2(n−1) multiplications
are required (n−1 squarings interleaved with n−1 multiplications). Later, Brauer [3] proposed
a chain construction method that tightened this bound to

lg k ≤ L(1, 1, k) ≤ lg k

(
1 +

1

log10 log10 k

)
+ 2(log10 k)

log10 2.

The addition chain built from the sequence given by Equation 1 (pg. 6) is based on Brauer’s
construction. See [2] or [7] for additional details.

Later, Straus [17] showed for, for any fixed q,

L(1, q, k) ∼ lg k

and Yao [18] showed that, for any fixed p,

L(p, 1, k) ∼ lg k
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when p = o (lg lg k).

Lupanov [8] proved that if

1. lg p = o (q) and lg q = o (p); and,
2. lg p

lg q
tends to zero or ∞,

then
L(p, q, 1) ∼ pq

lg pq
.

Generalizing an idea of Nechiporuk [10], Pippenger [12,13] removed the second condition and
showed that, if the first condition is generalized to p = (k + 1)o(q) and q = (k + 1)o(p),

L(p, q, k) ∼ min{p, q} log k + pq lg (k + 1)

lg (lg (pq lg (k + 1)))
+ o

(
pq lg (k + 1)

lg (lg (pq lg (k + 1)))

)
.

His proof was constructive, and forms the basis of the algorithms presented in the remainder
of this paper.

1.4 Cost model

The complexity analysis of the algorithm uses the following cost model:

– The zero vector,
~0 = 〈0, . . . , 0〉

and the q unit vectors,

~10 = 〈1, 0, . . . , 0〉
~11 = 〈0, 1, . . . , 0〉

...
~1q−1 = 〈0, 0, . . . , 1〉,

are available at no cost.
– The sum of any two (not necessarily distinct) vectors that were previously computed (in-

cluding the unit vectors) is available at a cost of 1.

Note that the entries in these vectors correspond to exponents in the output (i.e., summing
two vectors is equivalent to computing a single multiplication). Thus, the cost of the algorithm
corresponds in an obvious way to the number of multiplications required to compute the output
sequence; i.e., to the length of the addition chain used to compute the output sequence.

Of course, not all multiplications are created equal, and minimizing exponentiation time does
not necessarily amount to minimizing the number of multiplications. For example, computing
the square of a number is generally faster than computing the product of two different numbers
(especially if the magnitude of the two multiplicands is dramatically different); on the other
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hand, multiplication by 2k in a binary computer (or, more generally, by bk in any base-b
number system) is simply a matter of shifting each digit to the left by k position and filling
the resulting void with zeros. There are also well-known algebraic techniques that can be
employed when computing exponents modulo a prime or a composite of known factorization.
We will not pursue this line of thought any further and we refer the reader to Bernstein’s
paper [2] for additional discussion on the matter. We do, however, note that in practice the
strategy of minimizing addition chain length is generally an effective one.

Also note that the cost model does not take into consideration the overhead due to decom-
posing the input problem, storing intermediate values, partitioning and grouping values, etc.
When dealing with inputs of sufficiently large bit-length, this cost model is likely to be a
reasonable one as the costs associated with these operations will be negligible; however, for
many practical applications this overhead may potentially contribute noticeably to the speed
of computations.

2 Pippenger’s Multiproduct Algorithm

Using the ideas and terminology that we developed in the first section, we now present Pip-
penger’s Multiproduct Algorithm.

Conceptually, the algorithm is best understood as using a combination of iteration and recur-
sion to obtain a result. Each iteration splits the problem into two subproblems; one subproblem
is solved by applying Pippenger’s Multiproduct Algorithm recursively, while the other sub-
problem is further reduced into two more subproblems in the next iteration (or, eventually,
solved directly). Each iteration is parameterized by the following (all nonnegative integers):

– the current iteration index, denoted by i;
– the clumping factor, denoted by αi; and,
– the grouping factor, denoted by βi.

Additionally, the algorithm is parameterized by the iteration limit (a positive integer), denoted
by `; the initial clumping factor (also a positive integer), denoted by c; and, an optional
(boolean) toggle, denoted by t. The clumping and grouping factors αi, βi and c are subject to
the following constraints:

– c ≥ 2;
– βi ≥ 2; and,
– αi ≥ βi.

Typically, c will be logarithmic in pq, βi will be exactly 2, and αi will be fairly large (only a
polylogarithmic factor smaller than p). We will return to these parameters in §4.

In §2.1, we first present Pippenger’s Multiproduct Algorithm as it applies to a graph that
realizes a matrix M (which is how Pippenger originally presented it in [12,13]) Then, in §2.2,
we translate our graph-theoretic formulations into pseudo-code that can be applied to directly
solve instances of the multiproduct problem.
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2.1 Graph-theoretic formulation

Let M ∈ Zp×q2 and let G−1 = (A−1 ∪ B−1, E−1) be the minimal bipartite graph realizing
M, where A−1 is the set of input vertices and B−1 is the set of output vertices. On the ith
iteration, the algorithm applies a realized invariant transformation (with respect to M) Ti to
Gi−1 = (Vi−1, Ei−1), to produce the graph Gi = (Vi, Ei).

In the description that follows, we will use aS to refer to an input vertex in Ai corresponding
to a set S, and bX to refer to an output vertex in Bi corresponding to a set X. That is, the
original graph consists of: q input vertices aS0 , . . . , aSq−1 , each of which is associated with a
singleton set Si = {xi}; and p output vertices bX0 , . . . , bXp−1 , each of which is associated with
a union of input set Xi = Si1 ∪ · · ·∪Sin . The ith transformation, Ti, adds new vertices in Ai or
Bi, and replaces edges in Ei−1 by new edges in Ei, as follows (note that we omit consideration
of the optional toggle t from our discussion):

if i = 0: (Input Partitioning)
1: set: A0 := ∅
2: set: B0 := ∅
3: set: H0 := ∅
4: set: F0 := ∅
5: partition: A−1 into

⌈
q
c

⌉
parts P , each of size at most c

6: for each
(
partition P

)
do

7: for each
(
subset S ⊆ P

)
do

8: if
(
|S| ≥ 2 and S ⊆ X for some output X

)
then

9: insert: A0 ← A0 ∪ {aS}
10: for each

(
x ∈ S

)
do

11: insert: H0 ← H0 ∪ {(a{x}, aS)} [(a{x}, aS) ∈ A−1 ×A0]

12: end for
13: end if
14: end for
15: for each

(
output bX ∈ B−1

)
do

16: let: PbX := {aS ∈ P | (aS, bX) ∈ E−1} [PbX ⊆ P ]

17: if
(
PbX 6= ∅

)
then

18: insert: F0 ← F0 ∪ {(aPbX , bX)} [(aPbX , bX) ∈ (A0 ∪A−1)×B−1]

19: end if
20: end for
21: end for
22: set: E0 := H0 ∪ F0

V0 := (A−1 ∪ A0) ∪ (B−1 ∪B0)
23: then G0 := (V0, E0)

Intuitively, input partitioning replaces all edges from a partition P of inputs to an output X
with a single edge. The vertices in A−1 are the original inputs and those in B−1 are the original
outputs, while those in A0 are called auxiliary inputs (and B0 is empty). The edges in H0 are
called auxiliary edges, and those in F0 are called active edges.
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The bipartite graph G′′0 = (A−1 ∪ A0, H0) can be viewed as a smaller multiproduct problem
with A−1 as inputs and A0 as outputs; solve this subproblem recursively using Pippenger’s
Multiproduct Algorithm. The graph G′0 =

(
(A−1 ∪ A0) ∪ (B−1 ∪ B0), F0

)
can also be viewed

as a smaller subproblem with A−1 ∪ A0 as inputs and B−1 ∪ B0 as outputs; the remainder of
the algorithm will deal with solving this second subproblem.

A simple pictorial example of input partitioning is given in Example 12. The structure of the
graph after input partitioning is given in Figure 3.

Example 12. (Graph-theoretic Input Partitioning)

G−1

Weight: 10-3 = 7

a0

a1

a2

a3

a4

b0

b1

b2

G0

Weight: 13-7 = 6

P1

a0

a1

a2

a0a1

a0a2 a0a1a2

P2

a3

a4

a3a4

b0

b1

b2

This diagram illustrates input partitioning. The gray edges in the diagram on the
right are auxiliary edges, while the black edges are active edges. ♦

A−1 A0

B−1 B0

H0

F0

F0

Fig. 3. This figure shows the structure of the graph after the (i = 0)th transformation.
The four boxes represent the four sets of vertices; an arrow from one box to another
indicates that there are (probably) directed edges from vertices in the originating
box to those in the distination box, with the label on that arrow specifying the set
in which these edges are contained. A black arrow indicates that the edges are active
edges, while a gray arrow indicates that they are auxiliary edges.
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if 1 ≤ i < `, and i is odd: (Output Clumping)
1: set: Ai := ∅
2: set: Bi := ∅
3: set: Ii := ∅
4: set: Hi := ∅
5: set: Fi := ∅
6: partition: Bi−2 into

⌈
|Bi−2|
αi

⌉
parts P , each of size at most αi

7: for each
(
partition P

)
do

8: let: U = {U1, . . . , Us} be all size-βi subsets of P [s ≤
(
αi
βi

)
]

9: for
(
Si ∈ A−1 ∪ · · · ∪ Ai

)
do

10: let: S(i) := {X | (aSi , bX) ∈ Fi−1}
11: decompose: S(i) as a disjoint union of Uj ∈ U, plus k ≤ αi − 1 ‘overflow’ outputs
12: for each

(
overflow output X in the chosen decomposition of S(i)

)
do

13: insert: Ii ← Ii ∪ {(aSi , bX)} [(aSi , bX) ∈ (A−1 ∪ · · · ∪Ai)×Bi−2]

14: end for
15: end for
16: end for
17: for each

(
size-βi subset Uj ∈ U

)
do

18: set: T (Uj) := {Si | Uj is used in the chosen decomposition of S(i)}
19: if

(
T (Uj) 6= ∅

)
then

20: insert: Bi ← Bi ∪ {bUj}
21: for each

(
Si ∈ T (Uj)

)
do

22: insert: Fi ← Fi ∪ {(aSi , bUj)} [(aSi , bUj ) ∈ (A−1 ∪ · · · ∪Ai)×Bi]
23: end for
24: for each

(
X ∈ Uj

)
do

25: insert: Hi ← Hi ∪ {(bUj , bX)} [(bUj , bX) ∈ Bi ×Bi−2]

26: end for
27: end if
28: end for
29: set: Ei := (I0 ∪ · · · ∪ Ii) ∪ (H0 ∪ · · · ∪Hi) ∪ Fi

Vi := (A−1 ∪ · · · ∪ Ai) ∪ (B−1 ∪ · · · ∪Bi)
30: then Gi := (Vi, Ei)

The vertices in A−1 are the original inputs, and those in B−1 are the original outputs, while
the vertices in Bi (and B0, . . . , Bi−2) are called auxiliary outputs (and Bi−1 is empty), and
those in A0, . . . , Ai are the auxiliary inputs. The edges in Ii are called residual edges, while
those in Hi are the auxiliary edges, and those in Fi are the active edges.

The graphG′′i =
(
(A−1∪· · ·∪Ai∪Bi)∪Bi−2, Ii∪Hi

)
can be viewed as a smaller subproblem with

A−1∪· · ·∪Ai∪Bi as inputs and Bi−2 as outputs. Similarly, the graph G′i =
(
(A−1∪· · ·∪Ai)∪

Bi, Fi
)
can be viewed as a smaller subproblem with A−1∪· · ·∪Ai as inputs and Bi as outputs.

The first of these subproblems is solved recursively using Pippenger’s Multiproduct Algorithm;
first, however, the remainder of the algorithm is applied to solve the second subproblem.

A simple pictorial example of output clumping is given in Example 13. The structure of the
graph after the first application of output clumping is given in Figure 4.
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Example 13. (Graph-theoretic Output Clumping)

Gi−1

Weight: 10-3 = 7

a0

a1

a2

a3

a4

b0

b1

b2

Gi

Weight: 12-6 = 6

a0

a1

a2

a3

a4

U1

U2

U3

b0

b1

b2

This diagram illustrates output clumping. The gray edges in the diagram on the right
are auxiliary edges, while the dashed edges are residual edges and the black edges
are active edges.

♦

A−1 A0 A1

B−1 B0 B1

F1

H1

H0

I1 ⊂ F0

I1 ⊂ F0

F1

Fig. 4. This figure shows the structure of the graph after the (i = 1)th transformation
(i.e., after the first application of output clumping). The six boxes represent the six
sets of vertices; an arrow from one box to another indicates that there are (probably)
directed edges from vertices in the originating box to those in the destination box,
with the label on that arrow specifying the set in which these edges are contained.
A black arrow indicates that the edges are active edges, a gray arrow indicates that
they are auxiliary edges, and a dashed arrow indicates that they are residual edges.
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if 2 ≤ i < `, and i is even: (Input Clumping)
1: set: Ai := ∅
2: set: Bi := ∅
3: set: Ii := ∅
4: set: Hi := ∅
5: set: Fi := ∅
6: partition: A−1 ∪ · · · ∪ Ai−1 into

⌈
|A−1∪···∪Ai−1|

αi

⌉
parts P , each of size at most αi

7: for each
(
partition P

)
do

8: let: S = {S1, . . . , St} be all size-βi subsets of P [t ≤
(
αi
βi

)
]

9: for each
(
size-βi subset Sj ∈ S

)
do

10: if Sj ⊆ X for some output X then
11: insert: Ai ← Ai ∪ {aSj}
12: for each

(
element x ∈ Sj

)
do

13: insert: Hi ← Hi ∪ {(a{x}, aSj)} [(a{x}, aSj ) ∈ (A−1 ∪ · · · ∪Ai−1)×Ai]
14: end for
15: for each

(
output bX ∈ Bi−1

)
do

16: if
(
(Sj ⊆ X) and (Sj ∩ Sk = ∅ for all aSk ∈ Ai with (aSk , bX) ∈ Fi)

)
then

17: insert: Fi ← Fi ∪ {(aSj , bX)} [(aSj , bX) ∈ Ai ×Bi−1]

18: end if
19: end for
20: end if
21: end for
22: end for
23: for each

(
output bX ∈ Bi−1

)
do

24: let: RX = X −
⋃
{Sj | (aSj , bX) ∈ Fi} [|RX | ≤ αi − 1 for all bX ∈ Bi−1]

25: for each
(
element x ∈ RX

)
do

26: insert: Ii ← Ii ∪ {(a{x}, bX)} [(a{x}, bX) ∈ (A−1 ∪ · · · ∪Ai−1)×Bi−1]

27: end for
28: end for
29: set: Ei := (I0 ∪ · · · ∪ Ii) ∪ (H0 ∪ · · · ∪Hi) ∪ Fi

Vi := (A−1 ∪ · · · ∪ Ai) ∪ (B−1 ∪ · · · ∪Bi)
30: then Gi := (Vi, Ei)

The vertices in A−1 are the original inputs, and those in B−1 are the original outputs, while the
vertices in Ai (and in A0, . . . , Ai−1) are the auxiliary inputs, and those in B0, . . . , Bi are the
auxiliary outputs. Again, the edges in Ii are the residual edges, those in Hi are the auxiliary
edges, and those in Fi are the active edges.

The graph G′′i =
(
(A−1∪· · ·∪Ai−1)∪Ai, Hi

)
can be viewed as a smaller multiproduct problem

with A−1 ∪ · · · ∪ Ai−1 as inputs and Ai as outputs; solve this subproblem recursively using
Pippenger’s Multiproduct Algorithm. Similarly, the graph G′i =

(
(A−1 ∪ · · · ∪ Ai) ∪ (B−1 ∪

· · · ∪ Bi), Ii ∪ Fi
)
can be viewed as a smaller multiproduct problem with A−1 ∪ · · · ∪ Ai as

inputs and B−1 ∪ · · · ∪ Bi as outputs. The remainder of the algorithm will deal with solving
this latter subproblem.
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A simple pictorial example of input clumping is given in Example 14. The structure of the
graph after the first application of input clumping is given in Figure 5.

Example 14. (Graph-theoretic Input Clumping)

G−1

Weight: 10-3 = 7

a0

a1

a2

a3

a4

b0

b1

b2

G0

Weight: 12-6 = 6

P1

a0

a1

a2

a0a1

a0a2

P2

a3

a4

a3a4

b0

b1

b2

This diagram illustrates input clumping. The gray edges in the diagram on the right
are auxiliary edges, while the dashed edges are residual edges and the black edges
are active edges. ♦

A−1 A0 A1 A2

H2

H2

B−1 B0 B1

I2 ⊂ F1

H1

B2

H0

I2 ⊂ F1

I1

I1 F2

Fig. 5. This figure shows the structure of the graph after the (i = 2)th transforma-
tion (i.e., after the first application of input clumping). The eight boxes represent
the eight sets of vertices; an arrow from one box to another indicates that there
are (probably) directed edges from vertices in the originating box to those in the
destination box,with the label on that arrow specifying the set in which these edges
are contained. A black arrow indicates that the edges are active edges, a gray arrow
indicates that they are auxiliary edges, and a dashed arrow indicates that they are
residual edges.
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2.2 Pseudo-code formulation

We now give a pseudo-code description, in the form of five subroutines, which implements
Pippenger’s Multiproduct Algorithm directly (i.e., without transforming the problem into a
graph). One of the subroutines, GetParams, is not presented; see §4 for further discussion
on this subroutine. Again, we also omit consideration of the optional toggle t, although we
remark that its inclusion would be pretty straightforward. In particular, the effect of having
t = true would be to replace the initial call to InputPartition by a call to an analogous
subroutine, OutputPartition, and then to swap the order of OutputClump and InputClump
for the remainder of the algorithm.

Following each pseudo-code algorithm is a fully worked example that illustrates the effect of
that algorithm on a set of sample inputs and outputs. For ease of illustration, some portions
of the intermediate work in these examples more closely follows the graph-theoretic versions
of the algorithms presented in the last section; the outputs, however, are in all cases consistent
with the output of the algorithms as presented in this section.

Algorithm 5: MultiProd(x, y)
Input: the set of inputs x; and,

the set of desired outputs y. [y ⊆ P(x)]
Output: the set of outputs X. [X =

{∏
x∈y | y ∈ y

}
]

1: call: `,α,β, c← GetParams(x, y) [α={α1, . . . , α`}, β={β1, . . . , β`}]
2: call: X←ComputeMultiProd(0, x, y, `, c, α, β) [Algorithm 6]

Return: X

Algorithm 6: ComputeMultiProd(i, x, y, `, c, α, β)
Input: the current iteration index i; [i ≥ 0]

the set of inputs x;
the set of desired outputs y; [y ⊆ P(x)]
the iteration limit `; [` ≥ 0]
the initial clumping factor c; [c ≥ 2]
the clumping factors α; and, [= {α0, . . . , α`}]
the grouping factors β. [= {β0, . . . , β`}]

Output: the set of outputs X. [X =
{∏

x∈y | y ∈ y
}
]

1: if
(
i = `

)
then

2: return NaiveMultiply(x, y) [Algorithm 10]
3: else if

(
i = 0

)
then

4: call: x′,y′ ←InputPartition(x, y, c) [Algorithm 7]
5: return ComputeMultiProd(1, x′, y′, `, c, β, α) [Algorithm 6]
6: else if

(
i is odd

)
then

7: call: y′,y′′ ←OutputClump(x, y, αi, βi) [Algorithm 8]
8: call: x′′ ←ComputeMultiProd(i+ 1, x, y′, `, c,α,β) [Algorithm 6]
9: return MultiProd(x ∪ x′′, y′′) [Algorithm 5]
10: else if

(
i is even

)
then

11: call: x′,y′ ←InputClump(x, y, αi, βi) [Algorithm 9]
12: return ComputeMultiProd(i+ 1, x′, y′, `, c, α, β) [Algorithm 6]
13: end if
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Remark 4. On Line 9, Algorithm 6 recursively calls MultiProd, as do InputPartition and
InputClump on lines 12 and 24, respectively. We need to be sure that at some point a base
case is reached; i.e., that each recursive subproblem is somehow smaller than its predecessor,
until it is eventually small enough to be solved directly. The recursive call on Line 9 uses the
original set of outputs, and a new set of inputs that is strictly smaller than the original set
of inputs. The recursive call on Line 12 of InputPartition uses a subset of the original set
of inputs, and a new set of outputs that is strictly smaller than the original set of outputs.
Finally, the recursive call on Line 24 of InputClump is similar to the call in InputPartition,
except that the set of outputs is even more restricted (i.e., is probably smaller). Thus, in all
instances, the recursive call does indeed address a smaller instance of the problem. When the
problem instance becomes sufficiently small, GetParams returns ` = 0, and the recursive call
to MultiProd simply results in a call to NaiveMultiply, which is the base case.

Algorithm 7: InputPartition(x, y, c)
Input: the set of inputs x;

the set of desired outputs y; and [y ⊆ P(x)]
the initial clumping factor c. [c ≥ 2]

Output: the set of new inputs x′; and,
the set of new outputs y′. [y′ ⊆ P(x′)]

1: set: x′ := ∅
2: for each

(
yj ∈ y

)
do

3: set: y′j := ∅
4: end for
5: for

(
i = 0 to

⌈
|x|
c

⌉
− 1
)
do

6: set: Yi := ∅
7: set: Pi := {xi·c, . . . , xi·c+(c−1)}
8: for each

(
yj ∈ y

)
do

9: define: xi,j := Pi ∩ yj
10: set: Yi ← Yi ∪ {xi,j}
11: end for
12: call: Xi := MultiProd(Pi, Yi) [Algorithm 5]
13: for each

(
yj ∈ y

)
do

14: set: x′i,j := {x ∈ Xi | x =
∏
xi,j}

15: add: y′j ← y′j ∪ x′i,j
16: end for
17: compute: x′ ← x′ ∪Xi
18: end for
19: compute: y′ := {y′0, . . . , y′|y|−1}
Return: x′, y′

Example 15. (Algorithm 7, Input Partitioning) Let the inputs be ~x = {x0, x1, x2, x3, x4, x5, x6, x7};
the outputs be ~y = {y0, y1, y2, y3, y4, y5, y6, y7, y8, y9}, where

y0 = {x0, x2, x3, x4, x5, x6}, y1 = {x0, x1, x2, x4}, y2 = {x0, x3, x4, x5, x6, x7},
y3 = {x1, x2, x3, x4, x6, x7}, y4 = {x0, x1, x3, x4, x5, x7}, y5 = {x0, x1, x2, x3, x6, x7},
y6 = {x0, x1, x2, x3, x4, x5, x7}, y7 = {x0, x2, x4, x6}, y8 = {x1, x2, x3, x7},
y9 = {x0, x2, x4, x5, x6};
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and, let c = 3. We first partition the inputs into
⌈
8
3

⌉
= 3 groups:

P0 = {x0, x1, x2} , P1 = {x3, x4, x5} , P2 = {x6, x7} ,

Next we compute xi,j for each pair of partition and output above:

x0,0 = {x0, x2} x0,1 = {x0, x1, x2} x0,2 = {x0}
x0,3 = {x1, x2} x0,4 = {x0, x1} x0,5 = {x0, x1, x2}
x0,6 = {x0, x1, x2} x0,7 = {x0, x2} x0,8 = {x1, x2}
x0,9 = {x0, x2} x1,0 = {x3, x4, x5} x1,1 = {x4}
x1,2 = {x3, x4, x5} x1,3 = {x3, x4} x1,4 = {x3, x4, x5}
x1,5 = {x3} x1,6 = {x3, x4, x5} x1,7 = {x4}
x1,8 = {x3} x1,9 = {x4, x5} x2,0 = {x6}
x2,1 = {} x2,2 = {x6, x7} x2,3 = {x6, x7}
x2,4 = {x7} x2,5 = {x6, x7} x2,6 = {x7}
x2,7 = {x6} x2,8 = {x7} x2,9 = {x6}

We compute the products of elements in these sets with a recursive call:

x′0,0 = x0x2 x′0,1 = x0x1x2 x′0,2 = x0

x′0,3 = x1x2 x′0,4 = x0x1 x′0,5 = x0x1x2

x′0,6 = x0x1x2 x′0,7 = x0x2 x′0,8 = x1x2

x′0,9 = x0x2 x′1,0 = x3x4x5 x′1,1 = x4

x′1,2 = x3x4x5 x′1,3 = x3x4 x′1,4 = x3x4x5

x′1,5 = x3 x′1,6 = x3x4x5 x′1,7 = x4

x′1,8 = x3 x′1,9 = x4x5 x′2,0 = x6

x′2,1 = 1 x′2,2 = x6x7 x′2,3 = x6x7

x′2,4 = x7 x′2,5 = x6x7 x′2,6 = x7

x′2,7 = x6 x′2,8 = x7 x′2,9 = x6

Finally, we express the outputs in terms of these newly computed values:

y′0 = {x′0,0, x′1,0, x′2,0} y′1 = {x′0,1, x′1,1, x′2,1}
y′2 = {x′0,2, x′1,2, x′2,2} y′3 = {x′0,3, x′1,3, x′2,3}
y′4 = {x′0,4, x′1,4, x′2,4} y′5 = {x′0,5, x′1,5, x′2,5}
y′6 = {x′0,6, x′1,6, x′2,6} y′7 = {x′0,7, x′1,7, x′2,7}
y′8 = {x′0,8, x′1,8, x′2,8} y′9 = {x′0,9, x′1,9, x′2,9}

These values will be computed in a subsequent iteration. ♦
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Algorithm 8: OutputClump(x,y,α, β)
Input: the set of inputs x;

the set of desired outputs y; [y ⊆ P(x)]
the grouping factor β; and, [β ≥ 2]
the clumping factor α. [α ≥ β]

Output: the set of new outputs y′; and, [y′ ⊆ P(x)]
the set of original outputs y′′, expressed in terms of both new and old outputs.

1: set: y′ := ∅
2: for

(
i = 0 to

⌈
|y|
α

⌉
− 1
)
do

3: set: U := ∅
4: set: Pi := {yi·α, . . . , yi·α+(α−1)}
5: for each

(
xj ∈ x

)
do

6: set: S(xj) := ∅
7: set: Sj := ∅
8: for each

(
yk ∈ Pi

)
do

9: if
(
xj ∈ yk

)
then

10: add: S(xj)← S(xj) ∪ {yk}
11: end if
12: end for
13: rewrite: S(xj) = {yk1 , . . . , ykm}
14: for

(
l = 0 to

⌊
m
β

⌋)
do

15: set: Ul := {ykl·β , . . . , ykl·β+(β−1)
}

16: add: U ← U ∪ {Ul}
17: add: Sj ← Sj ∪ {Ul}
18: end for
19: end for
20: rewrite: U = {U0, · · · , Un}
21: for

(
k = 0 to n

)
do

22: set: T (Uk) := {xj | Uk ∈ Sj}
23: set: y′ ← y′ ∪ {T (Uk)}
24: end for
25: for each

(
yk ∈ Pi

)
do

26: set: y′k := ∅
27: set: y′′k := yk
28: for each

(
Ul ∈ U

)
do

29: if
(
Ul ⊆ y′′k

)
then

30: set: y′k ← y′k ∪ {T (Ul)}
31: set: y′′k ← y′′k − Ul
32: end if
33: set: y′k ← y′k ∪ y′′k
34: end for
35: end for
36: end for
37: set: y′′ := {y′0, . . . , y′|y|−1}
Return: y′, y′′

Example 16. (Algorithm 8, Output Clumping) Let the inputs be ~x = {x0, x1, x2, x3, x4, x5, x6, x7};
the outputs be ~y = {y0, y1, y2, y3, y4, y5, y6, y7, y8, y9}, where

y0 = {x0, x2, x3, x4, x5, x6}, y1 = {x0, x1, x2, x4}, y2 = {x0, x3, x4, x5, x6, x7},
y3 = {x1, x2, x3, x4, x6, x7}, y4 = {x0, x1, x3, x4, x5, x7}, y5 = {x0, x1, x2, x3, x6, x7},
y6 = {x0, x1, x2, x3, x4, x5, x7}, y7 = {x0, x2, x4, x6}, y8 = {x1, x2, x3, x7},
y9 = {x0, x2, x4, x5, x6};
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and, let αi = 4 and βi = 2. We first partition the outputs into
⌈
10
4

⌉
= 3 groups:

P0 = {y0, y1, y2, y3} , P1 = {y4, y5, y6, y7} , P2 = {y8, y9} .

Focusing on P0, we enumerate all
(
4
2

)
= 6 size-2 subsets:

U0 = {y0, y1} , U1 = {y0, y2} , U2 = {y0, y3} ,
U3 = {y1, y2} , U4 = {y1, y3} , U5 = {y2, y3} .

Next we compute S(xi) for each input xi:

S(x0) = {y0, y1, y2} , S(x1) = {y1, y3} , S(x2) = {y0, y1, y3} ,
S(x3) = {y0, y2, y3} , S(x4) = {y0, y1, y2, y3} , S(x5) = {y0, y2} ,
S(x6) = {y0, y2, y3} , S(x7) = {y2, y3} .

Then we compute the Si’s from S(xi) and the Uj’s as follows:

S0 = {U0, {y2}}, S1 = {U4}, S2 = {U0, {y3}},
S3 = {U1, {y3}}, S4 = {U0, U5}, S5 = {U1},
S6 = {U1, {y3}}, S7 = {U5}.

Thus, we obtain the following T (Uj)’s, which will be computed in the subsequent iterations:

T (U0) = {x0, x2, x4}, T (U1) = {x3, x5, x6}, T (U2) = ∅,
T (U3) = ∅, T (U4) = {x1}, T (U5) = {x4, x7}.

We express the outputs in P0 in terms of these newly computed values:

y′0 = T (U0) ∪ T (U1);

y′1 = T (U0) ∪ T (U4);

y′2 = T (U1) ∪ T (U5) ∪ {x0}; and,
y′3 = T (U4) ∪ T (U5) ∪ {x2, x3, x6}.

Finally, we compute these values using a recursive call. ♦

Example 17. (Algorithm 9, Input Clumping) Let the inputs be ~x = {x0, x1, x2, x3, x4, x5, x6, x7};
the outputs be ~y = {y0, y1, y2, y3, y4, y5, y6, y7, y8, y9}, where

y0 = {x0, x2, x3, x4, x5, x6}, y1 = {x0, x1, x2, x4}, y2 = {x0, x3, x4, x5, x6, x7},
y3 = {x1, x2, x3, x4, x6, x7}, y4 = {x0, x1, x3, x4, x5, x7}, y5 = {x0, x1, x2, x3, x6, x7},
y6 = {x0, x1, x2, x3, x4, x5, x7}, y7 = {x0, x2, x4, x6}, y8 = {x1, x2, x3, x7},
y9 = {x0, x2, x4, x5, x6};
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Algorithm 9: InputClump(x, y, α, β)
Input: the set of inputs x;

the set of desired outputs y; [y ⊆ P(x)]
the grouping factor β; and, [β ≥ 2]
the clumping factor α. [α ≥ β]

Output: the set of new inputs x′; and,
the set of new outputs y′. [y′ ⊆ P(x′)]

1: set: x′′ := ∅
2: for

(
j = 0 to |y| − 1

)
do

3: set: y′j := ∅
4: set: y′′j := yj
5: end for
6: for

(
i = 0 to

⌈
|x|
α

⌉
− 1
)
do

7: set: Xi := {xi·α, . . . , xi·α+(α−1)}
8: for

(
j = 0 to |y| − 1

)
do

9: set: xi,j := Xi ∩ y′′j
10: while

(
|xi,j | ≥ β

)
do

11: rewrite: xi,j = {xi1 , . . . , xin}
12: set: x′i,j := {xi1 , . . . , xiβ} [x′i,j ⊆ xi,j ]
13: add: y′j ← y′j ∪ {x′i,j}
14: remove: y′′j ← y′′j − x′i,j
15: add: x′′ ← x′′ ∪ {x′i,j}
16: set: xi,j := Xi ∩ y′′j
17: end while
18: end for
19: for

(
j = 0 to |y| − 1

)
do

20: add: y′j ← y′j ∪ y′′j
21: add: x′′ ← x′′ ∪ y′′j
22: end for
23: end for
24: set: x′ := MultiProd(x,x′′) [Algorithm 5]
25: set: y′ := {y′0, . . . , y′|y|−1}
Return: x′,y′

and, let αi = 4 and βi = 2. We first partition the inputs into
⌈
8
4

⌉
= 2 groups:

P0 = {x0, x1, x2, x3} , P1 = {x4, x5, x6, x7} ,

Focusing on P0, we enumerate all
(
4
2

)
= 6 size-2 subsets:

U0 = {x0, x1} , U1 = {x0, x2} , U2 = {x0, x3} ,
U3 = {x1, x2} , U4 = {x1, x3} , U5 = {x2, x3} .

And for P1, we enumerate all
(
4
2

)
= 6 size-2 subsets:

U6 = {x4, x5} , U7 = {x4, x6} , U8 = {x4, x7} ,
U9 = {x5, x6} , U10 = {x5, x7} , U11 = {x6, x7} .
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We compute the products of elements in these sets with a recursive call:

x′0 = x0x1, x′1 = x0x2, x′2 = x0x3,

x′3 = x1x2, x′4 = x1x3, x′5 = x2x3,

x′6 = x4x5, x′7 = x4x6, x′8 = x4x7,

x′9 = x5x6,

x′10 = x5x7,

x′11 = x6x7.

We express the outputs in terms of these newly computed values:

y′0 = {x′1, x′6, x3, x6}; y′1 = {x′0, x2, x4};
y′2 = {x′2, x′6, x′11}; y′3 = {x′3, x3, x′7, x7};
y′4 = {x′0, x3, x4, x′10}; y′5 = {x′0, x′5, x′11};
y′6 = {x′0, x′5, x′6, x7}; y′7 = {x′1, x′7};
y′8 = {x′3, x3, x7}; and, y′9 = {x′1, x′6, x6}.

These values will be computed in a subsequent iteration. ♦

Algorithm 10: NaiveMultiply(xi, yi)
Input: the set of inputs x; and,

the set of desired outputs y. [y ⊆ P(x)]
Output: the set of outputs X. [X =

{∏
x∈y x | y ∈ y

}
]

1: set: X := ∅
2: for each

(
Si ∈ y

)
do

3: if
(
Si 6= ∅

)
then

4: set: yi := 1
5: for each

(
xj ∈ x

)
do

6: if
(
xj ∈ Si

)
then

7: compute: yi ← yi · xj
8: end if
9: end for
10: else if

(
Si = ∅

)
then

11: set: yi := 0
12: end if
13: insert: X← X ∪ {yi}
14: end for
Return: X
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3 Pippenger’s Multiexponentiation Algorithm

Pippenger’s Multiexponentiation Algorithm reduces an instance of the multiexponentiation
problem to an instance of the multiproduct problem, then solves it using Pippenger’s Multi-
product Algorithm.

As with his multiproduct algorithm, Pippenger originally presented the result as it applies
to graphs. We omit the graph construction here and present pseudo-code that directly solves
an instance of the multiexponentiation algorithm (using the multiproduct algorithm as a
subroutine).

Algorithm 11: MultiExp(x,y)
Input: the set of inputs x; and, [x = {x0, . . . , xq−1}]

the set of desired outputs y. [y = {y0, . . . , yp}, where yi = 〈mi,0, . . . ,mi,(q−1)〉]
Output: the set of outputs X. [X = {xmi,00 · · ·xmi,(q−1)

q−1 | yi ∈ y}]
1: set: k := 0
2: for each

(
yi ∈ y

)
do

3: set: e := the largest exponent in yi
4: set: k ← max{e, k}
5: end for
6: set: a :=

⌈√
|x| lg(k+1)
|y|

⌉
7: set: b :=

⌈√
|y| lg(k+1)
|x|

⌉
8: if

(
|y| ≥ |x|

)
then

9: call: x′,y′,y′′ ←Decompose(x, y, a, b) [Algorithm 12]
10: else if

(
|y| < |x|

)
then

11: call: x′,y′,y′′ ←Decompose(x, y, b, a) [Algorithm 12]
12: end if
13: call: x′′ ←MultiProd(x′, y′) [Algorithm 5]
14: call: X←Combine(x′′, y′′) [Algorithm 13]

Return: X
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Algorithm 12: Decompose(x, y, r, b)
Input: the set of inputs x; [x = {x0, . . . , xq−1}]

the set of desired outputs y; and [y = {y0, . . . , yp}, where yi = 〈mi,0, . . . ,mi,(q−1)〉]
a radix r and word-length b [rb ≥ dlg(mi,j + 1)e for all 0 ≤ i < p, 0 ≤ j < q]

Output:
x′: the set of new inputs
y′: the set of new outputs
y′′: the original outputs, expressed in terms of new outputs y′

1: set: x′ := ∅
2: set: y′′ := ∅
3: for

(
i from 0 to p− 1

)
do

4: for
(
j from 0 to q − 1

)
do

5: rewrite: mi,j in binary, padded with zeros to a length of rb
6: partition: binary representation of mi,j into b sequential blocks, each of length r; label them B0, . . . , Bb−1,

where bit 1 of B0 is the least significant bit of mi,j , and bit r of Bb−1 is the most significant bit of mi,j

7: for
(
l = 0 to b− 1

)
do

8: set: yi,l := ∅
9: end for
10: set: xj,1 := xj
11: for

(
k from 1 to r

)
do

12: if
(
k ≥ 1

)
then

13: set: xj,k := (xj,k−1)
2r [by squaring r times]

14: end if
15: for

(
l from 0 to b− 1

)
do

16: if
(
bit k in Bl is set

)
then

17: add: yi,l ← yi,l ∪ {xj,k}
18: add: x′ ← x′ ∪ {xj,k}
19: end if
20: end for
21: end for
22: end for
23: end for
24: set: y′ :=

{
y0,0, . . . , y0,(b−1), . . . , y(p−1),0, . . . , y(p−1),(b−1)

}
25: set: y′′ :=

{
〈y0,0, . . . , y0,(b−1)〉, . . . , 〈y(p−1),0, . . . , y(p−1),(b−1)〉

}
Return: x′, y′, y′′

Algorithm 13: Combine(x, y)
Input: the set of inputs x; and, [x = {x0,0, . . . , x0,(b−1), . . . , x(p−1),0, . . . , x(p−1),(b−1)}]

the set of desired outputs y. [y = {〈y0,0, . . . , y0,(b−1)〉, . . . , 〈y(p−1),0, . . . , y(p−1),(b−1)〉}]
Output: the set of outputs X. [X = {(xi,(b−1))

2b−1

· · · (xi,0)2
0

| yi ∈ y}]
1: set: X := ∅
2: set: b := |y| for y ∈ y
3: for

(
each yi ∈ y

)
do

4: write: yi = {yi,0, . . . , yi,(b−1)}
5: set: y′i := 1
6: for

(
j = 0 to b− 1

)
do

7: find: xi,j ∈ x corresponding to yi,j
8: compute: x′i,j := (xi,j)

2j [by squaring j times]
9: compute: y′i ← y′i · x′i,j
10: end for
11: set: X← X ∪ {y′i}
12: end for

Return: X
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Example 18. (Algorithm 12, Output decomposition) Suppose we are given the vector 〈a, b, c〉
and we wish to solve the multiexponentiation problem given by the following system of equa-
tions

y1 = a141b216c143

y2 = a39b225c250

y3 = a147b237c218

Observe that p = q = 3 and k = 250, so that r = b =
⌈√

lg(251)
⌉
= 3. We decompose the

term a141 in the first expression as follows:

141 = 0 1 0︸ ︷︷ ︸
22·3=64

21·3=8︷ ︸︸ ︷
0 0 1 1 0 1︸ ︷︷ ︸

20·3=1

⇒
(
a
)4 (

a64
)2 (

a8 a
)1

Each of the other terms is decomposed (and then grouped) similarly:
a141: 141 = 010 001 101⇒ (a)4 (a64)

2
(a8a)

b216: 216 = 011 011 000⇒ (b64b8)
2
(b64b8)

c143: 143 = 010 001 111⇒ (c)4 (c64c)
2
(c8c) ⇒ (ac)4︸ ︷︷ ︸

(y0,2)2
r−1

(
a64b64b8c64c

)2︸ ︷︷ ︸
(y0,1)2

1

(
a8ab64b8c8c

)︸ ︷︷ ︸
(y0,0)2

0

a39: 39 = 000 100 111⇒ (a8a)
4
(a)2 (a)

b225: 225 = 011 100 001⇒ (b8)
4
(b64)

2
(b64b)

c250: 250 = 011 111 010⇒ (c8)
4
(c64c8c)

2
(c64c8)⇒

(
a8ab8c8

)4︸ ︷︷ ︸
(y1,2)2

r−1

(
ab64c64c8c

)2︸ ︷︷ ︸
(y1,1)2

1

(
ab64bc64c8

)︸ ︷︷ ︸
(y1,0)2

0

a147: 147 = 010 010 011⇒ (a64a8a)
2
(a)

b237: 237 = 011 101 101⇒ (b8b)
4
(b64)

2
(b64b8b)

c218: 218 = 011 011 010⇒ (c64c8c)
2
(c64c8) ⇒

(
b8b
)4︸ ︷︷ ︸

(y2,2)2
r−1

(
a64a8ab64c64c8c

)2︸ ︷︷ ︸
(y2,1)2

1

(
ab64b8bc64c8

)︸ ︷︷ ︸
(y2,0)2

0

We use repeated squaring to compute the inputs to Pippenger’s Multiproduct Algorithm:

x = {a, a8, a64, b, b8, b64, c, c8, c64},

while the desired outputs are

y′ = {y0,0, y0,1, y0,2, y1,0, y1,1, y1,2, y2,0, y2,1, y2,2}.

Once this multiproduct problem has been solved, Combine (Algorithm 13) is called with inputs

y′′ = {〈y0,0, y0,1, y0,2〉, 〈y1,0, y1,1, y1,2〉, 〈y2,0, y2,1, y2,2〉}

to compute the original output set y = {y0, y1, y2}. ♦
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Example 19. (Algorithm 13, Input Combining) Continuing with Example 18, suppose that
we have used Pippenger’s Multiproduct Algorithm to compute the inputs

x′′ = {x0,0, x0,1, x0,2, x1,0, x1,1, x1,2, x2,0, x2,1, x2,2}

corresponding to
y′ = {y0,0, y0,1, y0,2, y1,0, y1,1, y1,2, y2,0, y2,1, y2,2},

and are given the desired outputs

y′′ = {〈y0,0, y0,1, y0,2〉, 〈y1,0, y1,1, y1,2〉, 〈y2,0, y2,1, y2,2〉}.

We compute the needed powers of xi,j’s by repeated squaring as follows

x′0,0 = (x0,0)
20 =

(
a8ab64b8c8c

)1
x′0,1 = (x0,1)

21 =
(
a64b64b8c64c

)2
x′0,2 = (x0,2)

22 = (ac)4

= a8ab64b8c8c = a128b128b16c128c2 = a4c4

x′1,0 = (x1,0)
20 =

(
ab64bc64c8

)1
x′1,1 = (x1,1)

21 =
(
ab64c64c8c

)2
x′1,2 = (x1,2)

22 =
(
a8ab8c8

)4
= ab64bc64c8 = a2b128c128c16c2 = a32a4b32c32

x′2,0 = (x2,0)
20 =

(
ab64b8bc64c8

)1
x′2,1 = (x2,1)

21 =
(
a64a8ab64c64c8c

)2
x′2,2 = (x2,2)

22 =
(
b8b
)4

= ab64b8bc64c8 = a128a16a2b128c128c16c2 = b32b4.

Then we compute the final outputs in terms of these values:

y1 = (x0,0)
20(x0,1)

21(x0,2)
22 = a(8+1+128+4)b(64+8+128+16)c(8+1+128+2+4) = a141b216c143

y2 = (x1,0)
20(x1,1)

21(x1,2)
22 = a(1+2+32+4)b(64+1+128+32)c(64+8+128+16+2+32) = a39b225c250

y3 = (x3,0)
20(x3,1)

21(x3,2)
22 = a(1+128+16+2)b(64+8+1+128+32+4)c(64+8+128+16+2) = a147b237c218.

♦

4 Parameter derivations

In [12, 13], Pippenger presented details that are sufficient to derive a reasonable parameter
sequence under certain restrictions on p, q and k (recall that p is the number of equations, q
the number of unknowns, and k the largest exponent, respectively). Unfortunately, Pippenger
was interested only in the asymptotic complexity, and his method makes use of the assumption
that

√
lg p

lg lg p
≥ 10 (or

√
lg qdlg(k+1)e
lg lg qdlg k+1e ≥ 10), which implies that p ≥ 6.7∗10299 (or q dlg(k + 1)e ≥

6.7 ∗ 10299). Clearly, this assumption is unrealistic for practical applications.5 In [2], Bernstein
remarks that “One can quickly compute Pippenger’s parameter sequence given p, q, although
5 Having p ≥ 6.7∗10299 would imply an available address space of more than 996-bits, just to reference each equation!
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Pippenger did not say this explicitly”; however, no additional details are given and the citations
he provides contain only the aforementioned result with the unrealistic restrictions on the
size of the problem to be solved. Personal communications with Pippnger confirm that he is
unaware of any method for deriving parameters for problems of a realistic size [14]. To the best
of the author’s knowledge, the only known approach for finding suitable parameter sequences
for problem instances of a realistic size is by experimentation; i.e., by a brute-force search.
In particular, for a fixed p, q, and k, try random problem instance-parameter sequence pairs
until you are reasonably confident that you have found an optimal parameter sequence. While
this may seem a daunting task, it is made easier by two important facts: 1) in practice, both
p and q will typically be fairly small; and, 2) we are actually only interested in dlg(k + 1)e
rather than k itself. This latter point ensures that applications involving, for example, 4096-bit
exponents (which may be needed for certain cryptographic applications) are still tractable to
solve by brute force. Once suitable parameters have been found for a particular application,
they can be hard coded into the algorithms implementation and simply looked up from a table
when needed by the algorithm.
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