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Abstract

A sequence is called perfect if its autocorrelation function is a delta function. In this
paper, we give a new definition of autocorrelation function: generalized even and odd
periodic autocorrelation, and generalized even and odd periodic cyclically conjugated au-
tocorrelation. In particular, we study a special case of autocorrelation function called
cyclically conjugated autocorrelation function. As a result, we present several classes of
perfect cyclically conjugated even periodic and odd periodic autocorrelation of quaternary
Golay sequences. We also considered such perfect property for 49-QAM Golay sequences,
q > 2 being an integer. Those proposed sequences could be used for synchronization and
detection if the time delay is known.

Index Terms. Golay sequence, quadrature amplitude modulation (QAM), cyclically conju-
gated even periodic autocorrelation, cyclically conjugated odd periodic autocorrelation.

1 Introduction

Sequences have been widely used in modern communications, radar, sonar, and in the field
of measuring techniques [6, 20, 33]. Correlation is a measure of the similarity or relatedness
between two sequences. Generally speaking, in practical systems sequences with perfect even
periodic or odd periodic autocorrelation property are very favorable [11], [21], [28]-[33]. Un-

fortunately, their design seems extremely hard. So far, only little results are known and in
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most cases such sequences are widely believed to be not existent. Thus, people have to look
for other solutions. One alternative way is to construct a pair or a set of sequences such that
the sum of their autocorrelation functions is a delta function.

In [8, 9, 10], a pair of binary sequences was first introduced by Golay in connection with
infrared multislit spectrometry. Such sequences pairs have a property that the sum of their
respective aperiodic autocorrelation function is a delta function. For short, in the literature
the pair is called Golay pair and each sequence is called a Golay sequence. Golay sequences are
used in fields such as in multislit spectrometry, ultrasound measurements, acoustic measure-
ments, radar pulse compression, Wi-Fi networks, 3G CDMA wireless networks, and OFDM
communication systems.

In this paper, we will propose a new definition of autocorrelation function: generalized
even and odd periodic autocorrelation, and generalized even and odd periodic cyclically con-
jugated autocorrelation. In particular, we consider a new autocorrelation, called cyclically
conjugated autocorrelation. By using the technique of the generalized Boolean function tech-
nique developed by Davis and Jedwab [5], we investigate the cyclically conjugated even periodic
autocorrelation and odd periodic autocorrelation properties of Golay sequence. Most notably,
we find several classes of quaternary Golay sequences with perfect cyclically conjugated even
periodic or odd periodic autocorrelation. Due to the close relationship between Golay se-
quences and quadrature amplitude modulation (QAM) Golay sequences, we next extend our
analysis to QAM Golay sequences. Those proposed sequences could be used in synchronization
and detection if the time delay is known.

This paper is organized as follows. In Section 2, we provide the necessary background
information and notions used throughout the paper. In Section 3, we review some known
perfect and odd perfect sequences, and give an necessary condition of even and odd perfect
cyclically conjugated sequences. In Section 4, we present the perfect cyclically conjugated
even periodic or odd periodic autocorrelation property of some Golay sequences. In Section 5,
we construct perfect cyclically conjugated even periodic or periodic autocorrelation of QAM

Golay sequences. Finally, some concluding remarks are given in Section 6.



2 Definitions and Preliminaries

For a complex-valued sequence a = (ag, a1, - ,an—1) with period N and a complex number
d, its aperiodic autocorrelation function, generalized even periodic autocorrelation function and

generalized odd periodic autocorrelation at shift 7 are respectively defined by

N—-1-71
Ca(r) = Y ai(air)", 0ST<N-1 (1)
=0
Ros(1) = Cu(7) +6(Ca(N —1))° (2)
Ra,5(7—) = Ca(T) + 6Ca(N - T) (3)

where z* denotes the complex conjugate of the complex number z. The sequence a is called

generalized perfect even periodic sequence with respect to 6 if R, 5(7) =0for 1 <7 < N —1,

and it is called generalized perfect odd periodic sequence with respect to § if Ra’g(T) = 0 for
1<7<N-1.
In particular, R, 1(7) is the even periodic autocorrelation function of the sequence a, and

R, —1(7) is the odd periodic autocorrelation function of the sequence a [28, 29, 30]. In this

paper, we discuss another two types of periodic autocorrelations Rajl(T) and Ra,,l(T).

Definition 1 The cyclically conjugated even periodic autocorrelation F, and cyclically conju-

gated odd periodic autocorrelation F, are respectively defined as

Fo(t) = Ra1(1) = Cu(1) 4+ Co(N — 1) (4)

Fo(r) = Ro—1(1) = Co(1) — Co(N — 7). (5)

A sequence a of length N is said to have perfect cyclically conjugated even (resp. odd) periodic
autocorrelation if F,(t) =0 (resp. Fo(r)=0) for 1 <7< N —1.

Note that if a; € {~1,1}, then Ro1(7) = Ra_1(7) = Fo(7) and Re_1(7) = Re1(1) =
FG(T). However, they are different for the rest of the cases of the values of a;. In the remainder
of this paper, we will propose several classes of perfect conjugated cyclically even (resp. odd)
periodic sequences.

Let H > 2 be an integer, Z g be the integer residue ring modulo H, and £ be the primitive H-
th root of unity, i.e., £ = exp(2myv/—1/H). A modulated sequence of sequence (ag, a1, -+ ,an—_1)



over Zy is written as the complex sequence (£%0,£%, ... £4N-1) In the following, we will use
those two expressions of sequences interchangeably for convenience.

Let a and b be two sequences with period N. The pair of sequences a and b are called a
Golay complementary pair if Co(7) + Cp(7) = 0 for any 1 < 7 < N — 1. Any one of them is
called a Golay sequence.

A generalized Boolean function f(x1,--- ,zy,) with m variables is a mapping from {0,1}™

to Z g, which has a unique representation as a multiple polynomial over Zg of the special form:

flx1, xm) = Z CLIHQ% aj € Zy,x; € {0,1}.

Ie{l,m} i€l

This is called the algebraic normal form of f.

Let (i1,--- ,%m) be the binary representation of the integer i = » ;' ix2™ %, The truth
table of a Boolean function f(z1,- - , ;) is a binary string of length 2", where the i-th element
of the string is equal to f(i1,- - ,4,). For example, m = 3, we have

f = (f(07070)7f(07071)7f(07 1’0)7f(07171)7f(17070)7f(1707 1)7f(17170)7f(17171))

In the following, we introduce some notations. We always assume that m > 4 is an integer

and 7 is a permutation from {1,---,m} to itself. Define a sequence a = {a;}2 ;" over Zg,

whose elements are given by

m—1 m
a4 =5 ; G (k) i (k1) T ; Crik + co (6)

where ¢; € Zg,1=0,1,--- ,m.
When H = 2", h > 1 an integer, Davis and Jedwab proved that {a;} and {a;+2"Yi 1)+c'}
form a Golay complementary pair for any ¢’ € Zyn in the Theorem 3 of [5]. Later on, Paterson

generalized this result by replacing Zyn with Zg [26], where H > 2 is an even integer.

Fact 1 Let a = {ai}?;nofl be the sequence given in (6). Then the pair of the sequences a; and

a; + %iﬂ(l) + ¢ form a Golay complementary pair for any ¢ € Zy.



We define

m—1 m
a0 = 2 inguizgern) T Y ik + co
k=1 k=1
bio = aio+ i
Gje = Qj 0Tt Sie
bie = bio+Sie=aje+p,l1<e<qg—1,
where ¢, € Zy, k=0,1,--- ,m, s;. and p; are defined as one of the following cases:

1. 8je =dep + de71i7r(m), Wi = Qiﬂ(l) for any de,de,;1 € Zg.
2. Si,e = de,O + de71i7r(1)7 Hi = 27f7r(m) for any de,O)de,l S Z4-

3. Sie = de,O + de,liw(w) + de,2iw(w+1)a 2de70 + de,l + de,? =0, pi = 2i7r(1)’ or fi; = 27’7r(m) for
any de,Oade,ladeQ €Zsand 1 <w<m—1.

We construct a pair of 49-QAM sequences A = {4;}27;" and B = {B;}2";" as follows:

q—1
Ai =y ) rewtie
e=0

q—1
Bi = 7 Z ’rewbi’e)
e=0

where v = eI™/4 = +/=1, and r, = ﬁ, Qi bie € 24,0<e<qg—1

Fact 2 The two sequences A and B form a 49-QAM Golay complementary pair [19]. Further-
more, for g =2, A and B become 16-QAM Golay complementary pair which were constructed
by Chong, Venkataramani and Tarokh in [3]. For q = 3, A and B become 64-QAM Golay

complementary pair which were presented by Lee and Golomb in [17].

Remark 1 Note that there are some typos and missing cases in [3] and [17], which were
corrected in [18]. Some additional cases about 64-QAM Golay complementary sequences, which

are not of those forms above, were presented in [2].



3 Perfect Polyphase Sequences

In this section, we summarized the known results of polyphase sequences with perfect even
or odd periodic autocorrelation property. Known results on perfect sequences are as follows.

Here perfect sequences is the sequence s of length N such that R ;(7) =0for 1 <7 <N —1.

e Binary sequences: The only known perfect sequence is of length N = 4: (1,1,1,—1).
Jungnickel and Pott [14] conjectured that except for N = 4 no other perfect binary
sequences exist (circulant Hadamard matrix conjecture). Mossinghoff [23] showed that

the conjecture holds for N < 548964900.

e Ternary sequences: In [22], Luke and Schotten proved that there does not exist any
almost binary sequence s of length NV > 2. There are ternary sequences given by Ipatov

[13] and Hoholdt-Justesen sequences [12].

e Quaternary sequences: Perfect quaternary sequences exist for N = 2,4,8,16 (Milewski

and Frank-sequences) [6]. Mow [24] that no other perfect quaternary sequences exist.

e Polyphase sequences: Perfect polyphase sequences include Frank-Zadoff-Chu sequences
[7, 4], Milewski sequences [25] and their various modifications and combinations [6].
Using those known polyphase sequences, Krengel [16] constructed new perfect polyphase

sequences.

Known results on odd perfect sequences are as follows. Here odd perfect sequences is the

sequence s of length N such that Rs (1) =0for 1 <7< N —1.

e Binary sequences: The only known perfect sequence is of length N = 2: (1,1) and no

other odd perfect sequence exist for N > 2 [27, 22].

e Ternary sequences: There exists almost binary sequence s of length N = ¢+ 1 (¢ an
odd prime power) with odd perfect property. In [15], Krengel constructed odd perfect

ternary sequences by using the shift sequences of m-sequences.

e Quaternary sequences: odd perfect quaternary sequences are known for length N = 2
and 4. In [22], the authors conjectured that no other odd-perfect quaternary sequences

exist.



e Polyphase sequences: Krengel [16] constructed odd perfect polyphase sequences derived
from Frank-Zadoff-Chu sequences and Milewski sequences, and shift sequences of m-

sequences.

Using Magma, we exhaustive searched quaternary sequence of length NV, 2 < N < 16, and
there does not exist any sequence s with property Rss(7) =0,1 <7 < N —1, where § =& or
€3, and ¢ = v/—1. We think that there does not exist such kind of perfect quaternary sequence
of length N. The following lemma gives the necessary condition to the perfect conjugated

cyclically even or odd periodic autocorrelation property.

Lemma 1 Let s be a sequence over Zy with Ry s(t) =0 for 1 <1 < N. Then § € {£1}, i.e.,

s has perfect conjugated cyclically even or odd periodic autocorrelation property.

Proof. The two equalities

Cy(1)+6C(N —1) = 0
Cy(N —1)+6C5(1) = 0

indicate that Cs(1) — §°C(1) = (1 — §%)Cs(1) = 0. Since |Cs(1)| =1 # 0, then 1 — §2 = 0 or
0 ==1.

O

In the next section, we will show that some quaternary Golay sequences have perfect

conjugated cyclically even or odd periodic autocorrelation property.

4 Perfect Cyclically Conjugated (GGolay Sequences

In this section, we study the cyclically conjugated even periodic and odd periodic autocor-

relation property of quaternary Golay sequences defined by (6).

4.1 Main results

Theorem 1 For the quaternary Golay sequence defined by (6), the sequence is a perfect cycli-

cally conjugated even-periodic sequence if
(A) ©(1) =1, Cr(1) € Zy, Cr(2)s Cr(m) € {1,3}, and Cr(k) € {0,2},3<k<m-—1.
(B) m(m) =1, Cr(m) € L, Cr(m—1)>Cr(1) € {173}; and Cr(k) € {072}; 2<k<m-2.

7



Theorem 2 For the quaternary Golay sequence defined by (6), the sequence is a perfect cycli-

cally conjugated odd periodic sequence if
(A) ﬂ-(l) =1, Cr(1) € Za, Cr(2) € {173}; and Cr(k) € {07 2}) k> 3.

(B) m(m) =1, crm) € Za, Cxim—1) € {1,3}, and cry € {0,2}, k <m — 2.

As a illustration, we give four quaternary sequences in the following examples, where we

always assume that m = 4 and = is a permutation of {1,2,3,4}.

Example 1 Letw be the identity permutation of {1,2,3,4} and (cg,c1, c2,c3,¢4) = (0,0,1,0,1).
Then such Golay sequence a = (0,1,0,3,1,2,3,2,0,1,0,3,3,0,1,0) is a quaternary sequence

with perfect cyclically conjugated even periodic autocorrelation.

Example 2 Le m be the identity permutation of {1,2,3,4} and (co, c1,c2,c3,¢4) = (0,0,1,0,0).
Then such Golay sequence a = (0,0,0,2,1,1,3,1,0,0,0,2,3,3,1,3) is a quaternary sequence

with perfect cyclically conjugated odd periodic autocorrelation.

Example 3 Le m = (4,3,2,1) and (co, Cr(1); Cr(2)s Cr(3)s Cr(a)) = (0,1,0,1,0). Then such Go-
lay sequence a = (0,1,0,3,1,2,3,2,0,1,0,3,3,0,1,0) is a quaternary sequence with perfect

cyclically conjugated even periodic autocorrelation.

Example 4 Let 7 = (4,3,2,1) and (co, Cx(1); Cr(2)> Cx(3)> Cn(4)) = (0,0,0,1,0). Then such
Golay sequence a = (0,0,0,2,1,1,3,1,0,0,0,2,3,3,1,3) is a quaternary sequence with perfect

cyclically conjugated odd periodic autocorrelation.

4.2 Proofs of the main results

In the remainder of this paper, for an integer 7, 1 <7 <2m™ —-1,0<14,7/ <2™ —1—7 and

0<u<t—1,weset j=i+7,j/ =i +7,v=u+2"—7,and let (i1, - ,im), (¢}, - ,i,),
(G1s 5 dm)s (Gh e 5 gm)s (u1,u2, -+ yup) and (vi,va, -+ ,vy) be the binary representations

of i, 7', j, 7/, u and v, respectively. By the definition of the aperiodic autocorrelation, we have

2m—1-7

Ca(T) - Z §rm

1=0



Now we partition {i: 0 <7 < 2™ — 1 — 7} into the following three disjoint subsets:

Ji(r) = {o§i<2m—7:iﬂ(1)=jw(1)}

JQ(T) = {0<’5<2m_7— #]w Wm):jﬂ(m)}
J3(r) = {0<0<2" =T tin) # Jr(1) bn(m) 7 Jr(m)}-
Hence, we have
om_1_r
Z fai—aj _ Z gaz aj 4 Z é’az aj 4 Z é‘az aj (8)
1=0 i€Ji(7) i€Ja(T 1€J3(T)

Lemma 2 } ;. ; ("™ % =0.

Proof. Since j # i, we can define z as follows:

z=min{l <k <m gy # Jrir) ) (9)

Obviously, z > 2.

For any i € J1(7), let i’ and j' be the two integers whose bits in the binary representation

are defined by

e (10
N O R A |

and
j/ oy = j7r(k;)7 k 7é z—1 (11)
(k) 1= oy, k=2—1.

In other words, ¢ and j’ are obtained from 4 and j by “flipping” the (z — 1)-th bit in
(ix(1)s " 5 2n(m)) ad (Jr(1)s -+ Jn(m))- Note that the following facts hold.

e i — ¢’ is a one-to-one mapping.

oj—i=j—i=r.



Therefore, i’ enumerates all the elements in J1(7) as ¢ ranges over Ji(7).

Given i € Ji(7), by the definition of z in (9) we then have

2(in(2) + Jn(2))s

ai—aj—ai/—i—aj/ = { ) ) ) )
2(Z7r(272) + In(2—2) + Ur(z) + JTI'(Z))?

= 2,
which indicates that %~ /£% %" = —1, i.e.,
gai—aj + gai/_aj/ — 0

Hence, we have

2 Z éaifaj — Z gaifaj_l_ Z fai’_%"

1€J1(T) i€J1(7) 'eJi(T)
— Z (gai*aj 4 fai/—aj/) =0.
i€J1(T)

Lemma 3 3, "% =0.

Proof. For the case i € Jo(7), setting i’ and j’ to be the two integers defined by

A R A S N
and
gy =1 —iny k=1, ,m.
Similar to the discussion of ¢ € Ji(7), we can prove that
a; = @j — Qi +aj =gy + Jr1) +inim) T In(m) =2

for i € Ja(7), which results in Zier(r) £ = (.

10

z=2
z> 2

(12)

(13)



Note that for the cases Ji(7) and Ja(7), their proofs are independent of the choice of
permutation 7 and the linear part » ", ¢;x; + ¢o. Therefore, by Lemmas 2 and 3, (8) can be

reduced as

Ca(T) = Z £,

i€J3(T)

Replacing 7 by 2" — 7, similarly we have

Co(@™ —7) = >,

ieJz(2m—7)
Note that
Fa(r) = Ca(7) 4+ Ca(2™ —7)
C(t) = Ca(r) = Ca(2™ — 7).
We have
F(r) = 3 ey Y g (14)
1€J3(T) 1€J3(2m—1)
and

Fo(r) = ) €vw— ) g (15)
i€J3(r) i€J3(2m—7)

Proof of Theorem 1: First we prove the case (A). To prove that a is a sequence with
perfect conjugated cyclically even periodic sequence is equivalent to show that the left side of
(14) is equal to zero.

For any given i € J3(7), since j > i, n(1) = 1 and ir(1) # jn(1), We have i ;) = 0 and
Jr(1) = 1. In this case, let u and v be the two integers whose bits in the binary representation

are defined by

] k=1
Un(l) = { e (16)
Jrk)y, k#1
and
k=
Un(k) = { I (17)
ink), k# 1



It is obvious to see that 0 < u,v < 2" — 1. Note that the following facts hold.
e | — v is a one-to-one mapping.
o v—u=2""(jry —ir)) + X 2™ P iy — day) =27 — (- i) =2" — 7.

Therefore, u enumerates all the elements in J3(2™ — 7) as ¢ ranges over J3(7). We also have

= 2(Zw(1) jﬂ'(l))( + Z 2c7r(k - jw(k))

= 2(ir) = Jr) + Dlin) = Jr@) + D 2600 (in() = Jn(i)) = 2
k=3

where the second identity comes from cﬂ(g) € {1,3}, and the last identity follows from to
ceim) € {1,3}, crey € 10,2}, 3 <k <m — 1) # Jn1) a0d irn) # Jrm)- The equality

above indicates £% % /%% = —1 or
é‘ai—aj + é-au—av —0.

In this way, the two terms will cancel each other. Compute

Z £47% 4 Z £oum % = Z (5“”‘” +§auiav) =0.

i1€J3(T) u€Js3(2m—7) 1€J3(T)

Hence, the equality (14) is equal to zero. Then we finish the proof for the case (i).
For the case (B), by defining a mapping 7’(k) = n(m+1—k), k € {1,--- ,;m}, and replacing
7 by 7/, the conclusion follows from that in case (A).
O
Proof of Theorem 2: To prove that a is a sequence with perfect conjugated cyclically
odd periodic autocorrelation is equivalent to show that the left side of (15) is equal to zero.

By similar discussion to that in Theorem 1, it is easily checked that for i € J5(7)

(a; = a;) = (au — av) = 2(ix(1) = Jr))in(2) = Jr(2)) + ZQCW( ~ Jn) = 0.

12



which indicates £%~% /£%~% =1 or
é‘aifaj _ é‘au*av =0

The conclusions then follow.

5 Perfect Cyclically Conjugated 47-QAM Golay Sequences

In this section, using the perfect quaternary sequences derived in the Section, we will show
that 42-QAM Golay sequences also have the perfect cyclically conjugated even periodic and

odd periodic autocorrelation property.

5.1 Main results

Theorem 3 Let A be the 49-QAM Golay sequence defined by Definition 7. Then the sequence

A has perfect cyclically conjugated even periodic autocorrelation property if

(A) (Cﬂ.(l),-” ,Cﬂ.(m)) S {0,1,2,3} X {1,3} X {0,2}m_3 X {1,3}, 7T(1) =1 and Sie = d670 +
2iw(k)+2i7r(k+1)7 e=1,2,---,g—1,dep=0,2,2<k<m~—1.

(B) (Cx(1):-+ s Capmy) € {1,3} x {0,2}73 x {1,3} x {0,1,2,3}, w(m) = 1 and s;c = dep +
2iw(k)+2i7r(k+1)7 dep=0,2,e=1,2,---,¢g—1,1<k<m-—2.

(C) (err)s s Cam)) € {0,1,2,3} x {1,3} x {0,2}™73 x {1,3}, (1) = 1 and s;1 = d1o +
dl,liﬂ‘(l)} (dl,Oadl,l) € {(172)7 (372)}
(D) (cr1ys s Crimy) € {1,3} x {0,2}™73 x {1,3} x {0,1,2,3}, m(m) = 1 and s;1 = d1o +

d11ir(m), (d10,d11) € {(1,2),(3,2)}.

Theorem 4 Let A be the 49-QAM Golay sequence defined by Definition 7 with s; e = deo +
2igk) + 2ink41), €= 1,2+ ,q—1,2 <k <m—1. Then the sequence A has perfect cyclically

conjugated odd periodic autocorrelation property if

(A) (Cﬂ(1)7"' 7C7r(m)) € {0717273} x {173} X {072}m727 ﬂ-(l) =1 and Sie = de,O + QZW(k) +
2i7r(k+1)7 d6,020727 e=1,2,---,q-1,2<k<m-1

13



(B) (C7r(1)7 T 7C7r(m)) € {072}?’”72 X {173} x {07 17273}7 W(m) =1 and Sie = de,O + 227r(k) +
2n(esr)s dep = 0,2, e=1,2,--- ,q—1, 1<k <m—2,

(C) (C7r(1)7 ce 7C7r(m)) S {0, 1,2,3} X {1,3} X {0,2}m72, 7T(1) =1 and Si1 = dLo + dl,liﬂ(l),
(dLO; d171> S {(17 2)7 (37 2)}
(D) (Cﬂ(1)7 T 7C7r(m)) € {0,2}m—2 X {173} x {07 17273}’ ﬂ-(m) =1 and Si,1 = dl,O + dl,liﬂ(m)’
(d1,07 dl,l) € {(17 2)7 (37 2)}
5.2 Proofs of main results

Proof of Theorem 3: For convenience of description, denote s;0 =0, 0 < ¢ < 2™ — 1.

Consider the aperiodic autocorrelation of 49-QAM Golay complementary sequence A:

om_1—7 g—1 q—1
Calr) = ()Yt
i=0 e=0 =0

2Mm—1—1 q—1

= S (S raggengen,

i=0  e,f=0

Hence the cyclically conjugated even periodic autocorrelation of 42-QAM Golay complementary

sequence A is equal to

—1 7—1 q—1

rer g€ )0 1SS o ggonetosgraas

0 u=0 e,f=0

ok

(

0 e,

om_1—
Fa(r) =

%

T

q—1 2m _—r—1 7—1
— E rerf § é’ai_aj“l‘si,e_sj,f + § fau_a'u"!‘su,e_sv,f

e, f=1 1=0 u=0

q—1 2m_r—1 r—1
+ Z rore ( Z gai—a]- (é'si,e + E_Sj’e) + Zgau—au (&'Su,e 4 5_5‘0,6)>
e=1

i=0 u=0

2m—r—1 T—1
+7g ( Y. gy Zﬁ““‘““) :

1=0 u=0

Note that ;e —s;j,r = de,o—dy,0+2(in(k) + in(kt1) — Jr(k) — Jr(k+1)) forany 1 <ee, f <g—1.
Note that both {a;} and {a; + 2(iz(x) + ir+1))} are two perfect cyclically conjugated even

14



periodic autocorrelation sequences over Zy, i.e.,

2m 11 71
E gai*aj‘i‘si,efsj,f + E é‘au*au‘l’su,e*sv,f — 0
u=0 u=0
and
2m—r—1

Z gai*aj + Tz:lgauau = 0.
=0 u=0

Thus, F4(7) can be reduced as

q—1 2m—r—1 T—1
Fa(r) = Zmre< > 5‘“‘—“]’(55%6+ESJ’@)+Z€%‘%<£SW+5—Sv’e>>-

e=1 =0 u=0

Similar to Section 4, the set {7 : 0 < i < 2™ — 1 — 7} can be divided into three disjoint
subsets Ji(7), J2(7) and J3(7). By the similar argument, we can check that the following
equalities hold

g L 70 = g8e £ £ e, i€ Jyi(T)
e 470 = £ £ £ i € Jp(T)

§he 700 = e e i€ Jy(n)

where i’ and j’ for ¢ € Ji(7) are given by (10) and (11); ¢’ and j" for ¢ € Jo(7) are given by
(12) and (13); and w and v for ¢ € J3(7) are given by (16) and (17). Then we have

£ (€90 4 €7000) 4 €U (e 4 €7) = 0, i€ i(7)

é-ai—a]'(é-si,e _*_g—Sj,e)_‘_&-ai/faj/(é-Si/’E_}_é-*sj/@) _ 0’ ZG JQ(T)

€940 (£ - £700e) 4 E0 0 (g0 L £700E) = 0, i € Ja(r)

which indicates that

2m—r—1 T—1
Z é‘ai_aj (é‘si,e + é'_sj,e) + Z é‘au_(lv (é‘su,e + é'_sv,e) — O
1=0 u=0

or Fu(r)=0.
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Proof of Theorem 4: The proof is quite similar to that of Theorem 3. For simplicity,
we omit it.

0

6 Conclusion

In this paper, we introduced two new kinds of autocorrelation of a sequence: cyclically
conjugated even periodic autocorrelation and cyclically conjugated odd periodic autocorrela-
tion. In particular, we proposed several classes of quaternary Golay sequences and 49-QAM
Golay sequences with such perfect autocorrelation property, where ¢ is a positive integer with
q > 2. An interesting problem is to search new sequences with perfect cyclically conjugated

even periodic autocorrelation and cyclically conjugated odd periodic autocorrelation.
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