Schemes, Codes and Quadratic Zero-Difference

Balanced Functions

Yin Tan, and Guang Gong

Abstract

Zero-difference balanced (ZDB) functions were introduced by Ding for the constructions of optimal and
perfect systems of sets and of optimal constant composition codes. In order to be used in these two areas
of application, ZDB functions have to be defined on cyclic groups. In this paper, we investigate quadratic
ZDB functions from the additive group of F» to itself of the form G(z? 1), where @ is injective on the
set of (p*+1)-th power of F,,». By choosing different values of p and ¢, such ZDB functions include certain
quadratic APN and PN functions as special cases, which gives a “trans-characteristic” interpretation of these
functions. We first provide a geometric characterization of such ZDB functions, and then make use of them
to give a construction of a 4-class association schemes. We further determine the weight distributions of the
linear codes from such ZDB functions. This includes some of the previous work on the codes generated in

the same manner from APN and PN functions as special cases.
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I. INTRODUCTION

Let F' be a function from an Abelian group (A,+) to an Abelian group (B,+). For any a € A and
b € B, the numerical function dz(a,b) is defined by

Op(a,b) =#{x € A| F(x +a) — F(z) = b}, (1)

where # denotes the size of a set. Let Ap be the maximal value of dr(a,b) when a runs through nonzero
elements of A and b through all elements of B; then we call F a differentially A p-uniform function. The
study of the functions with small Ap is motivated by their wide applications in cryptography when A and
B are finite fields. For instance, they have been used as the Substitution boxes in many block ciphers with
substitution-permutation network structure [31]. When A = B = [F», it is well known that the smallest
value of Ap is 2 when p is 2; and is 1 when p is an odd prime. Such functions are called almost perfect
nonlinear (APN) and perfect nonlinear (PN), respectively. In addition to the applications in cryptography,
APN and PN functions are related to other topics in algebra [34]], coding theory [6], [8]l, [29], [39], sequences
[24]], [25]] and combinatorics [9],[11[],[12],[20[,[21],[36]]. One may refer to [[7], [10] for the well-rounded
surveys of APN and PN functions.
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In [15], [16], Ding introduced the notion of zero-difference balanced functions for the construction of
optimal constant composition codes and of optimal and perfect difference systems of sets. A function F' is
called zero-difference §-balanced (ZDB) if dr(a,0) = § for all nonzero a in A. Since then, several classes
of ZDB functions have been constructed and more of their applications have been investigated, see [5]], [[15]],
[1efl, (181, [17], [35], [40] and the references therein. It is worth mentioning that the known constructions
of ZDB functions are mostly defined on a cyclic group (usually a subgroup of F.). In order to satisfy the
requirement for the specific applications of ZDB functions as in [16]], [18]]. In this paper, we will investigate
ZDB functions on the additive group of [F,», which is a non-cyclic group when n > 1. More precisely, we
shall consider functions with the following property ‘B, which are zero-difference p’-balanced as shown in
[11, Corollary 1].

Definition 1 (Property ). : Let F' be a quadratic function from Fp to itself with F(0) = 0. The function
F is of the from F(z) = G(zP't1), where n = 2kt when t > 0; or n is any positive integer when t = 0.
Furthermore, the function G restricted to the set of p' + 1 powers of Fpn, denoted by Cpiy1, is injective.

The motivation to study functions with Property 8 comes from their applications to construct strongly
regular graphs [11] and association schemes (as will be discussed in Section [[V)), and also from their
relationship to APN and PN functions. Namely, when p = 2 and ¢ = 1, there exist quadratic APN functions
on Foz. that are of the form G(22't1) = G(2?), where G is injective on the set of cubes. For example,
the well-known APN function 2 + Tr(x”) can be written as (z + Tr(x®)) o x3; and the computer search
discovered 18 such APN functions on Fas [37], [38]]. Similarly, when p is odd and ¢ = 0, there exist quadratic
PN functions that are of the form G(z"*!) = G(22), where G is injective on the set of squares (see [27],
[36[). All currently known PN functions, including the non-quadratic Coulter-Matthews PN functions, are
of the form G(z?). Therefore, the functions with Property B3 provide a “trans-characteristic” point of view
of quadratic APN and PN functions by choosing different values of p and t. The examples of the functions
with Property B for other values of p and ¢ can be found in [11, Theorem 1]. It is the aim of this paper to
investigate the properties of the functions with Property 8 and explore their applications in combinatorics
and coding theory, and consequently provide more applications of quadratic APN and PN functions.

Let F' be a function with Property 3. Note that when p = 2 and ¢ = 0, the function F' with Property 13

is of the form F(x) = G(x?), therefore F' is quadratic permutation on Fa. since x?

is a permutation. This
implies that F' is a zero-difference 0-balanced function and its differential uniformity can be any integer 2°
for 1 <i<n-—1 (since F(x+a) — F(z) — F(a) is linear). We shall assume ¢ > 0 when p = 2 in the
rest of the paper. It is easy to see that the difference function Lg(x) = F(x + s) — F(z) is affine for any
nonzero s € [F,» since F' is quadratic. In Section we study the distribution of the image sets of L when
s runs through F7.. Denoting Hs; = Im(Ls) and H = {H; : s € F},.}, we show that H is a subspace of
F,» (note that H, may be an affine subspace for an arbitrary quadratic function); and that for any H, € H,
there are p?’ — 1 elements s’ which give rise to the same H,. Moreover, the set of such elements s’ together
with O consist of a subspace of ). with dimension 2¢.

In Section [IV] we provide a construction of 4-class association schemes by functions with Property

P. Association scheme was first introduced by Bose and Nair in [3|] (defined in Section [[I-B). It is an



important topic in combinatorics and have many applications, for instance in coding theory [14]]. We begin
by determining the magnitude of the Walsh coefficients ﬁ(a, b) for all a,b € Fp». Then we characterize
which a,b may have the same magnitude of the Walsh coefficient. Based on this result, we show that
functions with Property 3 can be used to construct a 4-class association scheme when ¢ > 0.

In Section V| we study the linear codes from functions with Property 3. More precisely, we consider the

linear code Cr generated by the matrix C'r, where

Cr =

T ] | .
Fa) |

Here the columns of C'r are ordered with respect to some ordering of the elements of [F;.; and we regard
the finite field IF» as a vector space of dimension n over [F,,. The weight distribution of the code Cr has
been studied in [6] when F' is an APN function; and in [8]], [22], [39] when F' is one of the known PN
functions. We determine the weight distribution of the code Cr in Theorem [Z_f] for any values of p and t.
This includes some results in [6], [8]], [22], [39] as special cases.

The rest of the paper is organized as follows. Section [ll| gives necessary definitions and results that will
be used throughout the paper. The combinatorial properties of ZDB functions with Property ‘13 are presented
in Section [Tl We give the construction of the association schemes in Section [V] The weight distribution
of the linear code Cr is determined in Sections [V] [VI] Some concluding remarks are given in Section
VI

II. PRELIMINARIES

In this section, we introduce the definitions and results that will be used in the rest of the paper.

A. Group rings, character theory and Walsh transform

Group rings and character theory of finite fields are useful tools to study functions defined on [F,» and
their related combinatorial objects. We briefly review some definitions and results. For more details on
group rings and character theory, please refer to [33] and [30] respectively. In the following, we assume
G is a finite Abelian group. The group algebra C[G] consists of all formal sums . - a49,a4 € C. The
component-wise addition and multiplication of two elements in C[G] are defined by

Z agg + Z bgg = Z(ag + bg)g,
geG geG geG

and

D agg D byg=> <Z ap - bgh_1> qg.

9€G e g€G \heG
A subset S of G is identified with the group ring element ) __¢ s in C[G], which is also denoted by S
by abuse of notation. For A =3 asg in C[G] and ¢ an integer, define AW = > geG agg".
A character y of a finite Abelian group G is a homomorphism from G to C*. It is called principal if

x(c) = 1 for all ¢ € G, otherwise it is called non-principal. All characters of G' form a group, which is



denoted by G. This character group G is isomorphic to GG. The action of any character y can be extended
to C[G] by X(D_,eq a99) = >_yeq @gx(9)- The following well-known Inversion formula is very useful.

Result 1 (Inversion Formula). Let D = ) aqyg € C[G]. Then
geG

ag = Cl;| > x(D)x(g™).
X€G

The following result is an application of the Inversion formula.

Result 2. Let Dy, Dy € C[G] be two group ring elements. Then D1 = Do if and only if x(D1) = x(D2)
for all characters x of G.

For the finite field F,~, define x; by xi(z) = (Er ®) for all z € Fp», where ¢, is a complex primitive
p-th root of unity. Then x; is an additive character of F,». Moreover, every additive character x is of the
form x; (b € Fpn), where x; is defined by x(z) = x1(bx) for all z € Fpn.

Finally, for a function I’ from F~ to itself, the Walsh transform of F is defined as

Wr(a,b) = > (FEtPFO) g b e By,
z€EF,n
where Tr(x) is the absolute trace function from [~ to F,. The multiset Wr := {Wr(a,b) : a,b € F)n} is
called the Walsh spectrum of F, and Wp(a,b) is called the Walsh coefficient at (a,b).

B. PFartial difference sets, Schur rings and association schemes

In the following, we provide the definitions of some combinatorial and algebraic objects. The readers may

refer to [[1]], [2]], [23] for more details.

Definition 2 (Partial Difference Set). Let G be a multiplicative group of order v. A k-subset D of G is
called a (v,k,\, u) partial difference set (PDS) if each non-identity element in D can be represented as
gh™ (g,h € D,g # h) in exactly X ways, and each non-identity element in G\D can be represented as
gh™' (g,h € D,g # h) in exactly j ways.

We shall always assume that the identity element 15 of G is not contained in D. Particularly, D is called
regular if D=V = D. Using the group ring language, a k-subset D of G with 1¢ & D is a (v, k, A, 11)-PDS
if and only if the following equation holds:

DDV = (k= ) lg+ (A — pu)D + uG.

If x is a non-principal character of G, then x(D) € {% ((/\ — )£/ (= N2 +4(k — /1,)> } Denote
these two values by a,b and define D, = {x € G|x(D) = a}, Dy = {x € G|x(D) = b}, we call D, and
Dy the dual PDSs of D. The following result shows that both D, and D, are PDSs.

Result 3. [13] Let G be an Abelian group of order v and D (# () and # G) be a regular (v, k, \, u)-PDS
in G. Then both D, and Dy, are regular PDSs in G (the parameters are given in [32)]).

Next we introduce the definition of association schemes.



Definition 3 (Association Scheme). Let V be a finite set of vertices, and let {Ry, R1, ..., Ry} be binary
relations on V with Ry := {(x,x) : x € V'}. The configuration (V; Ry, R1, ..., Ry) is called an association
scheme of class d on V' if the following holds:

(1) VxV=RyURiU---URqgand Ri(R;j =0 for i # j;

(2) 'R; = Ry for some i’ € {0,1,...,d}, where 'R; := {(z,y) : (y,z) € R;}. If i/ = i, we call R; is
symmetric.

(3) for i,j,k € {0,1,...,d} and x,y € V with (x,y) € Ry, the number §{z € V : (z,2) € R;,(2,y) €
Rj} is a constant, which is denoted by pfj

Furthermore, an association scheme is said to be symmetric if every R; is symmetric.

A well-known approach to construct association schemes is to use Schur rings. The Schur ring is defined

as follows.

Definition 4 (Schur Ring). Let G be a finite group and Dy, ..., Dy be nonempty subsets of G with the
following properties:

(1) Do = {e}, where e is the identity element of G;

(2) G=DoUD1U---Dq and D;(\D; =0 for i # j;

(3) Dl(._l) = Dj: for some i’ € {0,...,d}, where Dg_l) ={gt:9eD;};

(4) D,D; = 22:0 pijk forall i,j €{0,...,d}, where pfj are integers.

The subalgebra (Dy, ..., Dy) of C|G| generated by Dy, ..., Dy is called a Schur ring over G.

The relationship between Schur rings and association schemes is given below.

Result 4. The configuration (G; Ry, ..., Rg) forms an association scheme of class d on G, where R; :=
{(g,h) : gh=t € D;} for i € {0,...,d}. Note that ing_l) = D; for each i, the scheme is symmetric.

It is well known that a 2-class symmetric association scheme is equivalent to a strongly regular graph,

which is the Cayley graph generated by a regular partial difference set (see [4]).

II1. COMBINATORIAL PROPERTIES OF ZDB FUNCTIONS WITH PROPERTY 3

Let F' be a function satisfying Property 3. For the convenience of the discussions, we first fix some
notations which will be used throughout the rest of the paper.
Notations:
- Dp=Im(F)={F(z):x €Fpn };
- For a positive integer d, Cy = {2¢: 2 € Fpn}s
- For each s € Fy., Hy = {F (v + ) — F(v) : 2 € Fyn };
- H={Hs;:s€F.};
- H1 = {x» | x» is trivial on exactly one H € H}, where x; is an additive character of F;
- ¢ = (—1)" for £ € N.
We shall need the following results for the discussions in this Section, whose proof may be found in [36}

Theorem 2.2] and [11, Theorem 2, Corollary 3, Proposition 3, Theorem 3] in the sequel.



Result 5. Let F' be a function satisfying Property SB. Then the following hold:

(1) When p is odd and t = 0, the set Dp is a Payley type partial difference set (resp. skew Hadamard
difference set) when p™ =1 mod 4 (resp. p" =3 mod 4).

(2) When t > 0, the set D is a partial difference set with parameters

( W PV =1 Pt —3pt — 2 — p™ 2 (pt — 1) p" —p! — ep™?(1 —pt))
P (p' +1) ’ (' +1)

Moreover, for nonzero a € Fyn, the character values F(0,b) € {p™/2, —p™/2*t} when k is even; and
F(0,b) € {—p™/2, p"/2Ht} when k is odd.

(3) Given b € IF},., the set of elements s € Fyn such that xy is trivial on Hy is either {0} or a subspace of
Fpn with dimension 2t.

(4) F is a zero-difference p'-balanced function.

(5) Forany a,b € Fpn, (a,b) # (0,0), the magnitude of the Walsh coefficients |F(a,b)| € {0,p™/2, pn/2+t},

where || denotes the magnitude of a complex number x.
The following result provides the characterization of the subspaces in H.

Theorem 1. Let F' be a function satisfying Property 3. Then the following hold:

(1) For any H € H, H is a subspace of Fp. of dimension n —t.

(2) For any H € H, there exists a subset Qj; of Fyn such that Hy = H for all s € Q};. Define Qp =
Q3 U{0}. Then Qg is a subspace of Fpn of dimension 2t.

(3) The size of H is (p" —1)/(p* — 1) when t > 0, and is 1 when t = 0.

Proof: (1) Recall that for each H € H, there exists an s € [y, such that H = Hs = {F(x+s)— F(z) :
xz € Fpn}. Clearly H is an affine subspace of F)» since F' is quadratic. Writt H = H' + a, where H' is
a subspace and a € F,». Note that 0 € H since by Result 4) the equation F(x + s) — F(x) = 0 has p
solutions. This means —a € H' and then a € H’ by the assumption that H’ is a subspace, which lead to
H = H' + a = H'. The dimension of H can be seen from Ls(z) = F(z + s) — F(z) is a p'-to-1 function
and hence Im(L;) = p"~t.

(2) We first prove Qp is a subspace of .. Clearly Qp is not empty since by assumption H € #H, i.e.
H = H for some s € }F;n. For any s1,s2 € Q0 and u,v € IF,,, we need to show that us; +vsa € {2y. We

have

v—1
F(y+us; +vs2) —F(y) = >, (F(y+u31+(v—z')52) —F(y+u51+(v—i—1)82>
i=0
u—1
+ % (Fy+ (u—)s1) = Ply+(u=j - s1).
j=0
It follows from s;, so € Qp that F(y+usi + (v —1)s2) — F(y+us1 + (v —i—1)s2) € H and F(y+ (u—
J)s1)—Fly+(u—j—1)s1) € Hfor 0 <i<wv—1,0<j<wu—1. Then from H is a subspace we get
F(y 4 us1 +vs2) — F(y) € H, which implies Hys, s, C H. Clearly Hys,+ys, = H since the dimension
of Hys,+vs, and H are both n —{.
Next we determine the dimension of Q. Assume H = H,, we shall show below that Qy = sIF,.:.

First, {s,s\,...,s\'} is a subset of Qp, where A = w®"~1/®'+1) and w is a primitive element of



F,. Indeed, for any s’ = s\, we have F(x + §') — F(x) = F(x + s\') — F(z) = G((x + s\)P'+1) —
GxP'th) = G((N(\ 'z + 8))P ) — (APt = G((A P + s)P' ) — G((A"P)P' ). Therefore
Hy = {F(a+ ) = F() : 2 € By} = {G((A\ 2 + ) +1) = G2 1) : ¢ € By} = {G((y +
sPH) —GyP ) iy €Fpn} = {F(y+5) — F(y) : y € Fpn} = H,. Now we claim that {s,s),...,s\P'}
spans a subspace of dimension 2¢. This is equivalent to showing that the degree of the minimal polynomial

of the element A\ = w®"~1/(P"+1) j5 9¢ It can be seen from the fact that the size of the cyclotomic set

pt—=1 _ ip"—1
pt 1 —p pt+1

p'+1 | p(p"~7 — 1), which leads to 2t | i — j and hence the cyclotomic set containing (p™ —1)/(p’ + 1) is

containing (p™ —1)/(p* + 1) module p™ — 1 is 2¢. Indeed, if p*

mod (p" —1) we shall have

2t. Now we have that Qz has a subset whose size is p?’. Note that the subspace spanned by {1, A, ..., )\p'}
is 2 and hence Q0 = slF,2.. By Result 3), for each non-zero b € F,., there are at most pzt elements
s such that Yy is trivial on Hg. This means that, if |Qy| > p?, there will exist x; such that it is trivial
on more than p?* subspaces H,, which gives the contradiction. Hence Q5 equals to the space spanned by
{s,8A,..., s)\pt’} and the dimension of Qg is 2¢.

(3) From the above proof, we see that Q= sN, where N is the subspace spanned by {1, ..., \P'}.
Let 2 be a set of coset representatives of the [F,. /N*.

Given H,H' € H and H # H', clearly Qg N Qy = {0}. Therefore there are in total (p" —1)/(p* — 1)
subspaces in H. Finally, when ¢t = 0, or equivalently F' is a quadratic PN function. By its definition we
have Hy; = Fp» for all nonzero s, which means that [#| = 1. [

As an application of Theorem |1} we show below that the set #; is indeed the dual partial difference set
of Dp.

Proposition 1. Let Hy be the set of characters xyp such that xy is trivial on exactly one subspace H in H.
Then H;1 is the dual partial difference set of D with parameters
( w D=1 pt =3 =2 — PR 1) pt—pt — (1 —pt)>
Pl (p" +1)? ’ (p* +1)?

Moreover, the character values of the above PDS are

oty a2 i b e D,
Xo(H1) =

€ — /2 _ €k n/2+t_ .
(er—1)p Q(ZSH—J{)DP 27 ifbd Dp.

Proof: Denoting Xp = > cp  F(z) = 14+ (p'+1)Dp. Then we get Dp = );f;f. Clearly XFXI(;D =

S er (F@) = F0) = Secr,, (Syer (Flu+2) — F(0))) = o+ 7' .o He. Forany b € Hy,

is trivial on exactly one subspace in H and non-trivial on all the others. Assume Yxj is trivial on Hg € H, then
-1 n —

we have x,(XpXj V) = p"+p' 5o Xo(H2) = P41 Ty, Xo(H) = pratpl-pn - (p? 1) = p+2

(note that by Theorem 2) #Qy = 2t _ 1). Substituting the value of y;(X FXE,:U) into the following

equation

(DD V) = o (a(Xe) — DOw(XE ) = 1)
= G Ce(XrX ) - 20(Xp) + 1),

we get
(" + 1)*x(Dp)? = p" ™ —2(1 + (p' + 1)xu(Dp)) + 1.



Note that in the above we use the fact Xp = Xl(;l), which was proven in [[11, Theorem 2]. Simplifying

the above equation we obtain
(0" + 1?*xs(Dr)? + 200" + 1)xp(Dr) — p"* +1=0.

Then we have y;(Dr) = (—1 4 p*+1) /(1 + pt). Note that x,(Dr) € Z by Result[5[2) (we shall explain
in Proposition [2| that x4(Dp) = F (0,b)). Hence

(=14 p™2) /(1 +pt) if k is odd,

(=1 —p"=)/(1+p") if k is even.
By Result E], it is routine to that #; is the dual PDS of D with the given parameters. [ |
In the following we further make use of Theorem [I] to give a characterization of the Walsh spectrum of
the function F' with Property B. Recall that by Result 5) the magnitude of F (a,b), (a,b) # (0,0) is in

the set {0, p™2, p"/>**}. Define the following subsets of Fpn x Fpn:

Xo = {(0,0)},

X, = {(a,0) €Fpn xFpn |a#0},

X { (a,b) € Fpn x Fppn | F(a,b) =0 and b#0 }, 3)
X5 = {(a,b) € Fpn x Fpn | |F(a,b)] = p"/? },

Xy = {(a,b) €Fpn x Fpn | |F(a,b)| = p"/>+ },

where |z| denotes the module of the complex number z. One may see that when p is odd and ¢ = 0, i.e. F'is
a quadratic PN function, X = () and X3 = X4 = Fp» xF,» — {0} X F» since by definition |F(a,b)| = p/?
for all b # 0. Therefore in the rest of this section and in the next section we assume ¢ > 0 unless explicitly
stated. The following result determines the elements in X; for 2 < ¢ < 4. To state the result, we need to
define a mapping o from #; to IFj.. By Theorem |1} there are (p" — 1)/ (p* — 1) subspaces in H. Denote
Q as a set of #H = (p" —1)/(p?** — 1) elements s such that {H, : s € Q} = H. Given x; € H, i.e. xp is
trivial on exactly one subspace in H, say Hg for some 3 € Q. Define o : H1 — F. by o(xs) = 3. In the

following, for the convenience, we regard #; the same as the set {b € Fp|x, € H1}.

Proposition 2. Let X; be subsets defined above. Then

Xy = {(a,b) € Fpn x Fpn | xa not trivial on Qy ), b € Hi},
X3 = {(CL, b) € ]Fpn X ]Fpn ‘ Va € Fpn, b S ]F;n \Hl},
Xy = {(a,b) € Fpn X Fpn | xq is trivial on Qu,b € Hy}.

Proof: Define the graph of the function F' by Gp = Zwern (z,F(x)) € Z[Fp» x Fpn]. We have
GrGY = X, yer 0=y F@)=F) = Yoen,. (Lyen,. (5 Fur+2)=FW) ) = 0"+ %20 ( L e, (5 Fly+
z) — F(y))) = p" + pt >_.+0(2, Hz). For a character = xqXyp of the group Fp» X Fyn, it is clear that
F(a,b) = n(GF). Therefore, by applying the character 7 on both sides of the above equation, we have that

Fa,b)? =p" +p">_ xa(2)xs(H-). 4)
z#0
In the following we only show that X5 is the set in the theorem. The proof of the other sets X3, X are

similar.



First, given any (a,b) € Fyn x Fyn such that b € H; and x, non-trivial on Q.. W.lo.g. assume
Xp is trivial on Hy € #H and non-trivial on all Hy € H \ {H}. By Eq. @) we have F(a,b)2 = p" +
pj Yo Xa(2X6(H) = 1" + 0" Y oco-  Xa(2)D" " = 1" +0"Xa(Qo(p)+) = p" —p" = 0, which shows
F(a,b) =0 or equivalently (a,b) € Xo.

Conversely, given any (a,b) € Xo, i.e. F(a,b) = 0 and b # 0, from Eq. (4) we have > 20 Xa(2)x6(H) =

—p"~t. Since H, is a subspace of dimension n — ¢t for all z € F;n, we have y,(H) is either 0 or pt.

_ n—t

Therefore, we get —p" " = 3" o Xa(2)Xo(H2) = - 40, v, isuivialon 1. P ' Xa(2) = " "'Xa(sN*), which
follows that x,(sN*) = —1 and then X, is non-trivial on sN. We finish the proof. [ |

IV. ASSOCIATION SCHEMES FROM ZDB FUNCTIONS WITH PROPERTY ‘B

In this Section, we will present the construction of a 4-class association schemes from functions with
Property 3. We shall show that X = {F» x Fp»; Xo, X1, X9, X3, X4} constitutes a Schur ring (X;’s are
defined in (3))), and therefore by Result ] a 4-class association scheme is derived. The following several
lemmas are to determine the character values of X; for 1 < ¢ < 4, which will be used to prove X is a

Schur ring.

Lemma 1. Let n = x.Xxp be a character of Fyn X Fpn. Then

pn—l, ifGZO,VbEFn,
n(X1) = . g
-1, if a#0,Yb € Fpn.

Proof: The result is followed from 7(X1) = xaXt(X1) = D cp, Xa(T)X5(0) = Xa(Fpn). [ |

Lemma 2. Let 1 = xqXxp be a character of Fpn X Fpn. Then

0, if a #0,
S0 - p;;{;:;)) z:fa:O,beDF,byéO,
~Erer) fa = 0,b ¢ Dp,b #0,
\ ), ifa=0,b=0.

Proof: By Proposition [2| we have that X3 = Fpn x (Fpn — Hy — 0). Therefore n(X3) = xaxs(X3) =
Xa(Fpr)xp(Fpn — 0 — H1). We split the proof into the following cases:
(¢) If a # 0, one can see that 7(X3) = 0 since xq(F)~) = 0.
(73) If @ =0 and b # 0, then n(X3) = p"(—1 — x»(#1)). By Proposition |1 we know that H; is the dual
PDS of Dp with parameters
(pn pr—1 pt = 3pt =2 — P — 1) Pt —pt — ™ (1 —pt)>
P (p" +1)? ’ (p" +1)? '
Therefore by Result [5| we have y,(Hi) = _I%I;;/M when b # 0 and b € Dp; and xp(H1) =
_1%’;571/2 when b # 0 and b ¢ Dp. This follows that n(X3) = p"(—1 — xs(H1)) = p”“‘te”i:/;t_l

when b # 0 and b € Dp; and n(X3) = p”_pt%w when b # 0 and b € Dp.

(731) Finally, n(X3) = #X3 when a = b = 0. Clearly #X3 = p"(p" — 1 — #H1) = p"(p" — 1 — (p" —
/(" +1)) =p"(" = Dp'/ (" + 1) =p" 7 (p" = 1)/(p" +1).




Lemma 3. Let 1 = xaXxp be a character of Fpn X Fpn. Then

n=2t(c, n/24+t .
(_%7 lfa:o,bEDF7b7é07
n—2t 71,/2_1 .
(X4) et ifa=0,b¢ Dp,b#0,
maq) =
P2t (s), if a#0,a € Qys) for some s € Hy.
P fasb=0

Proof: By Proposition [2| we have X4 = {(a,)|xq is trivial on Q,(), 3 € H1}. From Theorem
EFZ) () is a subspace of F,. of dimension 2¢. Clearly the set of characters x, that are trivial on
Q) is its dual space, and we denoted it by Qi(,@)' Hence X, = ZBE%(QUL@),B) and then n(Xy) =
> e, Xa(Qi( 5))Xb(5)- We split the following proof into several cases:

(i) If @ = 0, then n(Xy) = p» % > e, Xb(B) = p" " 2x,(H1). This uses the fact that XO(Qi(B)) =
#Qi(ﬁ) = p" 2, The value of 1(X,) is then followed from x,(H1) = “loar™ T hen b # 0 and

Tt
b€ Dp; and xp(H1) = _1%’;@“ when b # 0 and b € Dp (see Result . +P
(#) If a # 0, for any non-zero element z € [F,», it belongs to exactly one €25, where s € 2 and 2 is
the set of #H = (p"™ — 1)/(p** — 1) elements s such that {H; : s € Q} = H. This is because that
{Qf : t € Q} is a disjoint union of F},. (see proof in Theorem 3)). Now, assume that a € €,y for
some s € Hi, we then have 1(Xa) = 3 g, Xa (2 5)X6(8) = Xa(Qrg))x6(8) = " xa(s).
(ii1) If a =b =0, then 1(Xy) = #Xy = #Q, #H1 = p" > (p" — 1)/(p" +1).
|
The character value of X can be obtained through n(Xy + X7 + X2 + X3+ X4) = 0 when the character
7 is nontrivial on Fpn x Fpn, and (X + X1 + Xa + X3+ X4) = p*™ when 7 is trivial. We omit the details

of the proof but directly give the result below.

Lemma 4. Let 7 = xqxp be a character of G. Then the character value 1n(Xs) is as following:

(" 2(p! — 1) (exp™ Tt +1), ifa=0,b€ Dp,b#0,
p 2 (Pt = 1)(exp™? - 1), if a=0,b¢ Dp,b#0,
n(Xa) = ,
—p" % (), ifa#0,a € Qyy for some s € Hi,
P - D)(p" - 1), ifa=b=0.

Now we are ready to show that (F)» xF,n; Xo, X1, X2, X3, X4) is a Schur ring over the group Fp» x Fpn.



Theorem 2. Let F be a function satisfying Property 3. Define the subsets X;,0 < i < 4 as in (3). Then

X1Xo = (" —p"H -1Xo+ (p" —p" )Xy, (5)
X1X3 = (p"—1)X;3, (6)
X1Xy = p"HXo+ (" - 1) Xy, (7)
n—2t(,t n/2+t n/2 _
X, = P DT e %) x,
pt+1
n—t (.t _ n/2 _ n/2 t
p" ' = 1)(p er) (™ + expt)
Xo+ X 8
+ ST (X2 + Xy), ()

P — 1)(2 — p + 3pt — ep™/*H(1 - ph))

XXy = p U - 1)X; + (X2 + Xy)

pt+1
n—4t(,n/2 _ t_ 1) (ph/2 + t
v ) (p : )(p €xp’) Xs, ©)
1+p
n—t(,,n/2 _ n/2 t n—2t(,,n/2+t n/2 _
P (p ) (P " + exp') PP +e)(p €k)
X3Xy = 17 (Xo+ Xy) + W 1) X3, (10)

Therefore, Xo, X1, X2, X3, Xy span a 4-class Schur ring over the group Fpn X Fpn.

Proof: The proof makes use of Lemmas|[T} 2] 3] @} Since the proof for the equations (3)),(6).(7).(8).(©).(I0)
are similar, in the following we only prove equation (3). Denoting LHS (resp. RHS) the left (resp. right)

hand side of equation (5)). By Result[2 we need to show that n(LHS) = n(RHS) for any character = x,xs

of Fy» X [Fpn. In the following we split the following proof into several cases:

(i) If a = b = 0, we have n(LHS) = \Xl\ | Xo| = p"2(pt — 1)(p™ — 1)2. On the other hand,

n(RHS) = (p"— = DX+ (p" — p" )| X4]
(p" - —1)p"~ 2t(p - D" -1+ (p" _pn_gt)%
P 2t(p" —p" 2 D) (pt = 1)(p" — 1)+ pH(pt — 1) (p* — 1)
= p 2t( - D" -1 (" -p" 2t _q +p"72t)
= pn 2t( )(p _ 1)2

(i) f @ = 0 and b € Dp and b # 0, we have n(LHS) = n(X1)n(X2) = (p" — 1) - (—p" 2 (p’ —
1)(€kpn/2+t + 1)) — _pn72t(pn _ 1)(pt _ 1)(€kpn/2+t + 1); and

n(RHS) = (p" —p" % = 1)n(Xa) + (p" — p"*)n(X2)
(p" — pn—2t 1)(_pn72t(pt _ 1)(€kpn/2+t +1))+ (p" — pn72t)p"—“(fplt:refp"/ﬂf)
=" = )" = " = (e 1) = pP T D) (e 4 1)
— _pn72t(pt _ 1)(€kp”/2+t + 1)(pn o pn72t -1 +pn72t)
= —p" (' = 1) (ep"* T+ 1) (" - 1).

(#33) If a = 0 and b ¢ Dy, we have n(LHS) = n(X1)n(X2) = (p™ — 1)p" 2 (p! — 1)(exp™? — 1). On the




other hand,

N(RHS) = (p" —p" % = 1)n(Xz) + (0" — p"*)n(X4)
PPt — D) (ep™? = 1) + (p - pr ) )
P = Dt =" = D (™ = 1) + PN 1) (erp™? - 1)
PP = D(ep™? = 1) (p" = pt T = 14 p" )
p (exp™? = 1)(p" 1)
(i) If a # 0,a € Qu) for some ¢t € Hi, we have n(LHS) = n(X1)n(Xs) = p" (). On the other

hand

n(RHS) = (p" —p" 7 — 1)n(X2) + (p" — p"*)n(X4)
—(p" = p" P = )P () + (0" = )" e (t)
PP () (=t A+ p" T A 1 pt = pt )
= " ().
To finalize the proof that Xy, Xi, Xo, X3, X4 span a Schur ring over F,,» x F,», we need to show that
X X, = ijzopgin for integers piz with 0 < ¢ < 4 and 0 < 5 < 4. This can be seen from X;X; =

Xi(Fpn —Z#i X;) = | Xi|Fpn —Z#i X; X along with Egs. ,@,,,@),. The proof is completed.
|

We give the following example to illustrate Theorem [2] by showing APN functions give rise to a 4-class

Schur ring.

Example 1. Let F(z) = 23+ Tr(x°) = (x+Tr(x3)) ox? be the APN function on Fas. We have the following

X1X; = 255X+ 254X,
X1Xo = 191X, + 192Xy,

X1X; = 255X,

X1Xs = 64X, + 63Xy,

XoXo = 16320X( + 12224, + 3456 X, + 4320X3 + 3456.X4,
X5X3 = 11520X2 + 10560X5 + 11520y,

XoXs = 4096X; + 1152X5 + 1440X 3 + 1152X,

X5X3 = 43520X( + 43520X; + 28160X5 + 29184 X3 + 28160X,,
X3X4 = 3840X5 + 3520X3 + 3840X,

XaXs = 5440X; + 3840X5 + 480X + 3840X.

By Result 4] and Theorem [2] we have the following construction of the 4-class association scheme.

Theorem 3. Let F' be the function satisfying Property SB. Define the binary relations R;,0 < i < 4 in
Fpn x Fpn as Ry = {((a1,b1), (az,b2)) : (a1 — ag,b1 —be) € X;} for 0 < i < 4, where X;’s are defined in
. Then (Fyn x Fyn; Ro, Ri1, Ra, R3, Ry) is a 4-class association scheme.

V. LINEAR CODES FROM ZDB FUNCTIONS WITH PROPERTY ‘R

In this Section we consider the linear code Cr generated by the matrix Cr, which is defined in (2).

Clearly, all codewords of Cr are of the form

Ca,b = (fa,b(1)7 fa,b(w)a o 7fa,b(wpn72)) ’



where f,,(z) = Tr(ax + bf(x)) and w is a primitive element of F,.. It is well known that the weight of
the codeword ¢, can be determined as in the following result, see for instance [22]. We include a short

proof for the convenience of the readers.

Lemma 5. Let the notations the same as above. Then
1=
w(Ca,b) = (pn - pn—l) - ]; Z O’C(F((I, b))
c=1

where o is the Galois automorphism of Q((p)/Q defined by o.(x) = (.
Proof: The result is followed from the following
(p" —1) — #{x € Fpn
(0"~ 1) =} Taer, Teer, &)
= (pr-1)-1 ECGF (ZmGFPn ;‘r(cax-‘rch(x)))
(
(

w(cqp) = Tr(ax + bF(x)) = 0}

P — ) 1 Z ;1 <erﬂ?pn Z}Tr(cax-l—ch(X)))
pr—p" ) = L3P o (F F(a,b)).

|
The theorem below gives the Walsh spectrum of the function F' with Property 33, as well as the weight
distribution of the corresponding linear code Cr. Since the case t = 0 and p is odd has been considered in

[22], we assume t > 0 in the rest of this Section.

Theorem 4. Let F' be a function with Property SB3. Then the following results hold:
(1) If p=2 and t > 0, the Walsh spectrum of F as well as the weight distribution of the linear code Cp

are in the following table

TABLE I: Walsh spectrum of F' and weight distribution of Cr: p =2, > 0

Walsh coefficient ﬁ(a, B) | Multiplicity ’ Weight w ‘ Multiplicity Aq ‘
2n 1 0 1
0 (2" —1)(2n—t — 27 =2t 4 1) 2n—1 (2" —1)(2nt —2n— 2 4 1)
n/2+t—1 (on/2_ n/2 2 n/2+t—1(on/2 n/2 Z
" P AT | [ e |2 e
2t 41 2t 11
5 /=T n/Z 1) (31 . — /2Tt T on/2 1y (3" 1
7277,/ ST on 1 + 277./2 1 (2t+1 )( )
n/2—2t—1on _ n/2 t n/2—2t—1 on n/2 t
on/2+t 2 @ 1)(2 +2) on—1 _ gn/2+t—1 2"/ @ 71)(2 / +2)
2t 11 21
“gn/att /2T (gn _1y@n /2T _q) - /a1 | 2l
2t 1 2 +2 2t 1

(2) If p is odd and k is even, the Walsh spectrum of F is



TABLE II: Walsh spectrum of F': p odd, k£ even

Walsh coefficient F(c, 3) ‘ Multiplicity

p" 1
0 (pn _ 1)(pn—t 71)”727& + 1)
n/2F2t—1 —
n/2 P (" n/2 n/24t _ t+1
b T e (o2 4 p pltptptt=1)

n/2F2t—1
2 X j2 p"—1) 2 24t _
" C P+ (ep—1yt/20* +p2') ( (p—1 t/2pn/ +pn/ P’ 1)
n7ZT—T—1 (1)
—pn/2+t (ptfl)(e(p 1)Ei2pt+p2t) (€p1yt/ap™? + pn/2+t 4 pt 4 p2t — pi+l — p2i+1)
n/2—t—1
24t A - 2 2 2
-/ +th (pt-O—pl)(E(p 1)t[/)2pt+p2t) (E(p ! t/2pn/ " Pt p t)

The weight distribution of the code Cr is

TABLE III: Weight distribution of the code Cr: p odd, k even

Weight w | Multiplicity Ay,
0 1
pr—p ! R [ e )
_ _ n/24+2t—1 n_q
(p— Dt —pr/27Y) (ptfl)(s(pfl)ffﬁupm) (€(pot1yt/2p™? +p™/2+t —pt 4+ p+pttt —1)
n/2F2t—1
-1 2— -1) 2 2
P = 1) +pn/ ' (p’fl)(e(p 1)t/sz +P2t) (6 (p—1 t/2pn/ +pn/ t—pt - 1)

P/t
(p* +1)(€ (p—1)t/2P" +P

(b=t —pn/2) 7 (etp1yap™2 4§72t — g — )

'nzfl(n

prip — 1) +pn/2HtL 77y (o1 yey2p™/ 2 4 p/ 2t 4 pt 4 pt)

(P*+1)(e(p—1)¢/2p* +p

(3) If p is odd and k is odd, the Walsh spectrum of F is

TABLE IV: Walsh spectrum of F: p odd, k£ odd

Walsh coefficient .
~ Multiplicity
F(a, B)
p" 1
0 (" =" —p 2 4+ 1)
n/2F2t—1,n_4
—pn/? (ptfl)(€<p71)t</p2pt+p2t) (E(pfl)t/an/2 + /2t — €(p71)t/2pt+1 — €(p—1)t/2P + E(p—1)¢/2P" + E(pfl)t/2>
n/242t— 1
A
—p"/2Cp (pt 41-)1)(‘07 1)f/zp +P2t) (E<p ! t/gp"/2 +pn/ 4 “(p-1)t/2P" + €G- 1)t/2)
n/2—t—1 1
prt ] 1>Sgpt+)p2f) (comnyp™2 P20 4 cp1ye a4 pmrye/op™ ! €ponye/op® — €povy/op’)
n/2—t— 1
P/ 0 tfl)(e(p o zpt+p2t (6(;)71)15/227"/2 + /2t — €(p_1)1/2P% — €(p71)t/2pt)

The weight distribution of the code Cr is



TABLE V: Weight distribution of the code Cr: p odd, k odd

Weight w ‘ Multiplicity A,
0 1
pr—pn! @" =D —p" T +1)
_ _ n/2F2t—1 n
(p— 1)~ +p/271) (ptfl)(e(p_l):/p2pt+)1)21) ( (p—1)t/2P™ 2 + P2 — €1y /2Pt — €p_1yi /2P + €p1y1 2P + E(pfl)t/Q)

_ _ n/242t— 1 ‘n 1
pn 1(p_1)_pn/2 1 P

n/2 n/2+t
(Pt 1) (e(p— 1)f/2pt+P TP

€(p—1)t/2P + €(p_1y/2pt + 6(p71)t/2>

2t)

(p— 1)(pn—1 _pn/2+t71) p" /2Tt 1) (

BT (e g1y 2P 177 \E(—1 ye/2P™ 2+ p 2T e, 1)1 2p® T epoyey2ptT = €(poyr2p® — 5(p71)t/2pt>

n2t1n1

p7L71(p— 1) +pn/2+t71 P

2 2+t
D (1) etz (co-vear™/ + 9

- E(pfl)t/2p2t - e(pfl)t/2pt)

Since the proof of Theorem [ are rather technical, we present the proofs depending on p = 2 or p is odd

in the following two sections.

VI. PROOF OF THEOREM [4| WHEN p = 2

We first give the following lemma.
Lemma 6. Let F' be a function with Property 3. Then

Za BEFan ﬁ(OQB) = 22n’ and
Sapern Fla,B) = 272127 — 1) +27).

Proof: First we have

Za,,@eﬂ?w F\(Oz, B) - 207/5’6]1?2’1 (Z:L‘E]an (_1)'1‘r(ax+/3F(X))>
2 weFyn ( > eFan (—1)“<a><)) < S (_1)1¥<5F(x))>

Next, we have that

apern D@8 = T peru (Tgacs, (FIFHCHIHBERTE )

= Toyeern (Taer,, ()T (5 (1) OEEC) )

= 22n#{($,y,2)3$,y,ZEF2n \x—l—y—i—z:O,F(x)—i—F(y)—i—F(z) :O}
(1)

Determining the number of the solutions to the system of the equations z+y+z = 0, F(z)+F(y)+F(z) =0
is equivalent to determining the number of solutions (z,y) to the equation F(x + y) + F(z) = F(y)
(z =z +y). If y # 0, by Result [5{4) the equation F(z +y) + F(z) = F(y) has either 0 or 2 solutions.
But we may see x = 0 is a solution to this equation, therefore the number of solutions is 2¢. If y = 0, the
equation F'(z + y) + F(z) = 0 has 2" solutions. We have in total 2!(2" — 1) + 2" solutions (x,y, z). The
rest of the proof follows from Eq. (TI). [ ]

We are ready to determine the Walsh spectrum of F' and the weight distribution of Cr. Let x,y be the
multiplicities of the values 2"/2, 2%/2** in the Walsh spectrum of F', respectively. Then |X3| — z, | X4| — y
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are the multiplicities of the values —2™/2, —27/2+1  respectively. From Lemma EI we get the following two

equations:
2n + 2n/2x _ 2n/2(‘X3‘ _ 3:') + 2n/2+ty _ 2n/2+t(’X4’ _ y) — 22717 (12)

and
23n 4 23n/2x _ 23n/2(|X3| _ I’) + 23n/2+3ty _ 23n/2+3t(‘X4‘ _ y> — 22n(2t(2n _ 1) 4 271,) (13)

Solving z,y from the above two equations, we obtain

n/2+4t— n/2_ n/ 2
S 2n/2+t-1(2 ; 1)(27/2+1)
+1 ’

- 2n/2—2t—1(2n_1)(2n/2+2t)
y = 271 :

This proves the Walsh spectrum of F'. For the weight distribution of the code Cr, by Lemma [5] the weight
of the codeword ¢ g is Wy g = 2" — ﬁ(a, B)/2, and hence the weight distribution is followed from the
Walsh spectrum of F'. ]

VII. PROOF OF THEOREM [d WHEN p IS ODD
Recall that the proof of the case p is odd and £ = 0 is given [8]], [22], [39]. In this section we assume

that ¢ > 0. We first give the following lemmas which will be used in the proof.

Lemma 7. Let F' be a function with Property 3. Then we have
>, Flaf)= Y Fla,)?=p™
Ot,ﬂGFpn O(,BG]FP'A

Proof: The proof of the equation Za’ BEF,n F\(a, ) = p?" is similar to the one in Lemma @ and we

omit it here. For the second equation, we have

Sasern P82 = Tapen (Sayen, Tr<a<x+y>+ﬁ<F<x>+F<y>>>>
= Yeyern (ZQGF Cp a(x+y) )(dem CpTr(ﬁ(F(x)JrF(y))))
= p"#{z € Fpe|F(z) + F(-2) = 0}.
Note that F(—z) = G((—z)?*!) = G(a?'*') = F(z) and then F(z) + F(—z) = 0 yields F(z) = 0,
which implies that x = 0. -

For the function F(z) and o, 8 € Fp», we have

F(o,B)F(a,B) = chr(""(*BF(X)—ay—ﬂF(y))

r(au (x+u —F(u (14)
_ ZCT +BF(u )ZCP +u)=F(x)-F(w)))

P

Since F' is quadratic, when /3 # 0, there exists a linearized polynomial Lg over F,» such that Tr(3(F(x +
u) — F(x) — F(u))) = Tr(Lg(u)x) holds for any u,x € Fp.. Therefore from Eq. we get
ﬁ( ﬁ Oé /8 ZCTr au+8F(u )ZCTr(LB (Wx) _ pn Z ngr(au—l—BF(u)). (15)
u€Ker(Lg)

The next result gives the property of Lg.



Lemma 8. Given o, 3 € Fy» and 3 # 0, the following hold:

(1) If |F (o, B)| = p™/2, then the linear function Lg(u) is a linearized permutation polynomial;

(2) If \ﬁ(a, B)| = p™/**t, then the image set of Lg(u) is Qi(ﬁ)'

Proof: First we show that Ker(Lg) = {s € Fy»|xp is trivial on H,}. This is because: for any s €
Ker(Lg), we have 0 = Tr(Lg(s)x) = Tr(8(F(x +s) — F(x) — F(s))), which implies x3 is trivial on
Hg — F(s). Recall that F(s) € H, (since F(s) = F(0+ s) — F'(0)) and Hy is a subspace by Theorem [I[1),
we have H, — F(s) = H,. Hence xg is trivial on H,. Conversely, for each s such that x4 is trivial on Hy,
it is clear Tr(Lg(s)x) = Tr(B8(F(x +s) — F(x) — F(s))) = 0 for all z, therefore s € Ker(Lg).

By Proposition for (v, B) such that | F(a, 8)| = p"/2, we have o € Fpn and 8 € F. \H1. This means x
is not trivial on any H, € H, i.e. Ker(Lg) = {0} by the above claim. Hence Lg is a linearized permutation
polynomial. Similarly, by Proposition [2| if ]ﬁ(a, B)| = p™/2*t, we have Y, is trivial on Q) and B € H;.
Given any b € Im(Lg), i.e. b = Lg(u) for some u € Fyn. For any s € Qy(g), Tr(bs) = Tr(Lg(u)s) =
Tr(B(F(s+u) —F(s) — F(u))), which implies that b € Qi(ﬁ)' Note that F'(s +u) — F(u) € H and further
F(s) € Hy since F(s) = F(0+ s) — F(0). Therefore we have that Tr(bs) = 0 and hence b € Q. i.e.

a(b)

Im(Lg) C Qi(b). Note that the size of Im(Lg) is p" 2! and Qi(ﬁ) are both p" 2, we get Im(Lg) = Qi(ﬂ).
|

We need to following result from algebraic number theory to give the next Lemma.

Result 6. [26|], [28] Let p be an odd prime.

(1) The ring of integers in K = Q((p) is Ox = Z[(,] and {¢p : 0 < i < p — 2} is an integral basis of Ok.
The group of roots of unity in Ok is W = {iC; :0<i<p-—1}. Define Wt = {(f, :0<i<p-1}
and W~ ={—(,:0<i<p—1}.

(2) The field K has a unique quadratic subfield . = Q(\/p*) where p* = (%)p = (71)%]) and for
1 <a<p-—1 (3) is the Legendre symbol. For 1 < a < p — 1, 0a(\/p*) = (3)v/p*. Therefore,

P
Gal(L/Q) = {1, 0.}, where vy is any quadratic non-residue in [,

Lemma 9. For all o, € Fyn, the followings hold:

~

(1) F(a,0) = 6o(cx)p™, where &y is the Dirac function (defined by 6o(ar) = 0 if @ # 0, and dp(a) = 1 if
a=0).

(2) F(0,8) € {exp™?, —e1p™/ >} when B 0.

(3) If F(a,B) # 0, there exists N3 € W such that F(a,B) = Na,3(v/DF)" or F(a,B) = N5 (VD5 T2,
where p* = (_pl) p = (—=1)®=D/2p. Moreover, Na,gM0.3 € WT.

Proof: We only prove (3), the rest two are simple and we omit the details. Now assume that |ﬁ (o, )] =
"2, ie. (a,B8) € X3. We have now F(a,8)F(a, )0k = p"Ox = PP 1" and then F(a, 8)Of =
Pre=1/2 — (/pF)"™. This shows that 7,5 := F(o, 8)/(+/p")" is a unit in Ox. Furthermore, we have
0e(na.g)| = loe(F(a, 8)/(v/DF)™)| = |F(ca,cB)/(£+/p%)"|. Note that from Proposition [2| we see that
(ca,cf) € X3 for all ¢ € Fy if (o, 8) € X3. This shows that |o¢(na,)] = 1 for all ¢ € F;, which
implies that 7, 3 € W. Next we show that 7, 3103 € WT. Indeed, by Lemma (8| we have that Lg is a

linearized permutation on F,.. Therefore, there exists exactly one v € Fp. such that Lg(u) = «. Hence



Tr(B(F(x +u) — F(x) — F(u))) = Tr(Lg(u)x) = Tr(ax) for all x € Fp». As a result,

Nas(VI)" = F(a,8) =Y pep,, G T
qu —F —F(u Tr(BF(x
_ erFnCp (F(x+u)—F(x)—F(u)))+Tr(8F(x))

B(F(x+u)—F(u
BF Tr(8(F(x+u

::ﬁwmw@m
= mopG T (PR,

From above we can see that 7, g1 3 € WT. The proof of the case where |F (v, B)| = (v/pF)" 2" is similar
and we omit it here. u

In the following we first determine the Walsh spectrum of F' and then determine the weight distribution
of C F.

A. Walsh spectrum of F'

By Lemma EI, for each (o, 8) € X3, there exists 7,3 € W = {:l:({,\ :0 < XA < p— 1} such that
F(a, B) = Na,sp™?; and for each (o, ) € Xy, there exists 1,5 € W such that F(a, ) = Ne, g™ 21,
where X3 and X, are defined in (3). For each A with 0 < X\ < p — 1, define

6 = #H(B) € XsUXu[nap =G},
0, = #{(a.B) € XU Xy | nap=—-C)
By Lemma |§I, we have 7,4m03 € W and furthermore by Result 2) no,g = € for (0,5) € X3; and
no,8 = —e€, for (0, 3) € X4. In the following we split the proof into two cases depending on whether £ is
even or odd.
1) k is even: By Lemma |§] and the above discussions, we have 7,3 € W for all (o, 3) € X3 and
Ne,g € W for all (o, B) € X4, where W and W~ are defined in Result @ We first claim that

C=t5= =0, (16)
p

oa(\/PF)" = (%)n(\/ﬁ)" = (VpH)" for 1 < a < p— 1. Now, for (v, 3) € X3, we have F(aw,a) =
oo(F(a,B)) = 0a(C) (VP = C¥(V/pF)" for 1 < a < p — 1, which leads to ¢ = (3 = .- =

kt
for ¢ € {4, —}. Indeed, it follows from n = 2kt that (/p*)" = (;1) pkt so that o, ((v/p*)") =

¢, Similarly, for (a,8) € Xy, ie. F(a,8) = —(vp*)"*%, we have F(aa,aB) = oq(F(a,B)) =
—0a(() (VP = = (v/pF)"T* for 1 < a < p — 1, which leads to £; = ¢, = --- = {, ;. For

convenience, in the following we let /T = 61“ and £~ =/ for 1< A<p-1
First, it is not difficult to see that

n+t( _ 1)
o+ e " 17
0 Z Xl = =" (17)
and
n—2t(,n
_ - - 1
l+p-1r =Y ¢ :yX4y:p—(p )7 (18)

ph+1



where the sizes of X3, X, are given in Lemmas [2] and [3]

Second, by Lemma [7} we have the following two equations
P = Za,ﬂEFpn F(a, B)
= P" (VP A5 06 — (V)M YR 66

19)
= P+ (V)RS (6 - (VPP 6
= 0+ (W (0~ (W)PMg) + SRS (e — (V)PO)G)
and R
p2n = anﬁelﬁ‘pn F(O{,ﬁ)Z
_ p2n+(\/>)2nzp 1£+ +(f)2n+4t ZP lg ’
(20)

= p¥ 4 (VPR S (£+ +p2e )C”‘

= P+ (VP (6 +PP) + SR + PP )G

From Eq. (19) we get (45 — p'fy) + 3521 (¢ — (Vp¥)?17)¢) = p™/?(p" — 1) since n/2 = kt is even and
(vVp*)" = ((=1)P=D/2p)n/2 = pn/2_ Furthermore, since ¢, + - - - + Cp_l = —1, we have

PR —1) = (G = (VPR)G) + 5T (0 = (V)P O)G

= (6 = (VP)") + (" = (V) O) 55 Q) 1)

= (b5 — (VD)) — (67 = (VP7)?0).

Similarly, from Eq. (20) we get (¢ +p**¢y) + > 5_ ! (et +p2tf_)Cg>‘ =0 and then (¢ +p?*4y) — (¢+ +

p?e=) =0. Applylng this fact together with S"2_¢ (¢f + p?'£) = | X3| + p**| X4|, we obtain

’X3’ +p2t|X4| pn—l( n

05+ p?ey = , pr—1) (22)

forall 0 < A <p-—1.

Finally, from Egs. , , , we solve Ear,ﬁg,éj\’,ﬁ;\ as
+

pn/2+2t—1(pn_1

o = (p”+1)(6pt+p2t)) (epn/Q +pn/2+t —ptppttl - 1) 7
= R ),

- I(D;t/i_lt);p(?-:;;g (€pn/2 /2 gt 2t ] P2y
6= G (@2 ),

where € = (—1)(1’*1)15/2 and 1 < XA < p— 1. We finish proving the Walsh spectrum of F' when k is even.
2) k is odd: In this case, by the discussions above the proof of case (i), we have 1,3 € W~ for all
(o, ) € X3 and 1,3 € WT for all (o, ) € X4. Similarly, first we get the two equations

- n+t n_ 1
f+ (=D =3 6 =X =ppfp+1), (23)
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and

n—2t(,n __ 1
(4 -1 =) o =Xy = ppt(i 1 ). 24

Second, by Lemma [7} we have the following two equations

P = Yapes, FloB)
= PP+ (VPSR G — (V) SR G,

= P ) SR (W - )6 =
= 7 V) (VP )+ SV = 0)G)
and R
P = Lages, Flo.p)
= p¥n 4 (JpF)2ntit Zp 15—1- (\ﬁ)Zn Zp 15 A 6

)
= P (VIR (%ew@) ;
= P (V) (0 + )+ DM+ )G,
From Eq. (25) we get ((y/p7)2H 65 —£5) + 307 (VPF) 20+ —£7)¢) = (—1)P=Dn/4pn/2(pm 1), Therefore,

we have
(=D Ap 2t — 1) = (V)] — €5) — (VpH)* e —07). (27)

Similarly, from Eq. we get (p205 +€5) + 521 (PP +£7)¢2 = 0 and then (p?'f] + £y ) — (P?0+ +
=) = 0. Applying this fact together with S"2_¢ (p?*¢} + £) = p*|X4| + | X3, we obtain

PP+ by = | X +P2t‘X4‘ — (= 1) (28)
for all 0 < A < p — 1. Finally, from Egs. . . we solve 63,60 ,6/\ Ay as
Eg _ I(D;i;)(elppﬂ;t; (Epn/2+pn/2+t+6p2t+1 T eptt —ep —ep)
= m% (Epn/2 /2t _ et ept) |
lo = G (@2 +p 7 - et o)
S R

where ¢ = (—1)(1’*1)’&/ 2and 1 < XA < p — 1. Then the distribution of the Walsh transform is followed as

stated in the Theorem.

B. Weight Distribution of Cp

Based on the Walsh spectrum determined above and Lemma [5} now we start determining the weight
distribution of the linear code Cr. In the following we only prove the case that & is even, the proof of k is
odd is similar and we omit it. Now,

(i) If a = 3 =0, then F(a, 8) = p" and hence w(ca3) = p" —p" ' — (p— 1)p"~' = 0;

(73) If (o, B) € X1 U Xy, then ﬁ(a,ﬁ) = 0 and therefore w(c, ) = p™ — p"~!. Furthermore, we have
[ Xa] + X = (" = D" " —p" 7 + 1)
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i1t) If (o, B) € X3, assume F a, B) = ¢ p™/? for some A with 0 < A < p — 1. Then
P

w(cap) = (" —p") =LY 0.(F(a, B))
= (pn—p ) VALY e

Pt = p 1), if A =0,

Pt —p Tt/ if A 0.
The multiplicity Apn_pn-1_pn/2-1(p_1) (t€SP. Apn_pn—14pn/2-1) is clearly equal to 0§ (resp. £).
(iv) If (a, B) € X4, assume F(a, B) = —ng\p”/“t for some \ with 0 < A < p — 1. Then
_ -1 _ 5
w(cap) = (" =p"") = L3P 0e(F(a, B))

(p" — ph) — p/ 2L ST e
P =t A p — 1), if A =0,
pn _ pn—l _ pn/2+t—1, if A 7& 0.

The multiplicity Apn_pn—1_pn/2re-1(p—1) ((€SP. Apn_pn—1ypns2+e-1) is clearly equal to £y (resp. £7).

VIII. CONCLUDING REMARKS

In this paper, we investigate the properties and applications of a type of zero-difference balanced (ZDB)
functions, which are from the additive group of [Fj,» to itself and of the form G(zP"+1) with G injective on the
set of p’ + 1 powers of Fy,». Such ZDB functions include certain quadratic APN and PN functions as special
cases by choosing different values of p and ¢, then consequently the contributions in this paper provide more
applications of APN and PN functions. We provide geometrical characterizations of the distribution of the
subspaces Hs = {F(z +s) — F'(s) : x € Fyn} for s € Fy., and determine the value distribution of the
Walsh coefficients ﬁ(a, b). The former result leads to a construction of 4-class association scheme; and the
latter is used to determine the weight distribution of the linear code Cr generated by the matrix C'r defined
in (2). Some previous work on determining the weight distribution of C from APN and PN functions are

included as special cases.
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