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Abstract

Zero-difference balanced (ZDB) functions were introduced by Ding for the constructions of optimal and

perfect systems of sets and of optimal constant composition codes. In order to be used in these two areas

of application, ZDB functions have to be defined on cyclic groups. In this paper, we investigate quadratic

ZDB functions from the additive group of Fpn to itself of the form G(xp
t+1), where G is injective on the

set of (pt +1)-th power of Fpn . By choosing different values of p and t, such ZDB functions include certain

quadratic APN and PN functions as special cases, which gives a “trans-characteristic” interpretation of these

functions. We first provide a geometric characterization of such ZDB functions, and then make use of them

to give a construction of a 4-class association schemes. We further determine the weight distributions of the

linear codes from such ZDB functions. This includes some of the previous work on the codes generated in

the same manner from APN and PN functions as special cases.
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I. INTRODUCTION

Let F be a function from an Abelian group (A,+) to an Abelian group (B,+). For any a ∈ A and

b ∈ B, the numerical function δF (a, b) is defined by

δF (a, b) = #{x ∈ A | F (x+ a)− F (x) = b}, (1)

where # denotes the size of a set. Let ∆F be the maximal value of δF (a, b) when a runs through nonzero

elements of A and b through all elements of B; then we call F a differentially ∆F -uniform function. The

study of the functions with small ∆F is motivated by their wide applications in cryptography when A and

B are finite fields. For instance, they have been used as the Substitution boxes in many block ciphers with

substitution-permutation network structure [31]. When A = B = Fpn , it is well known that the smallest

value of ∆F is 2 when p is 2; and is 1 when p is an odd prime. Such functions are called almost perfect

nonlinear (APN) and perfect nonlinear (PN), respectively. In addition to the applications in cryptography,

APN and PN functions are related to other topics in algebra [34], coding theory [6], [8], [29], [39], sequences

[24], [25] and combinatorics [9],[11],[12],[20],[21],[36]. One may refer to [7], [10] for the well-rounded

surveys of APN and PN functions.
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In [15], [16], Ding introduced the notion of zero-difference balanced functions for the construction of

optimal constant composition codes and of optimal and perfect difference systems of sets. A function F is

called zero-difference δ-balanced (ZDB) if δF (a, 0) = δ for all nonzero a in A. Since then, several classes

of ZDB functions have been constructed and more of their applications have been investigated, see [5], [15],

[16], [18], [17], [35], [40] and the references therein. It is worth mentioning that the known constructions

of ZDB functions are mostly defined on a cyclic group (usually a subgroup of F∗pn). In order to satisfy the

requirement for the specific applications of ZDB functions as in [16], [18]. In this paper, we will investigate

ZDB functions on the additive group of Fpn , which is a non-cyclic group when n > 1. More precisely, we

shall consider functions with the following property P, which are zero-difference pt-balanced as shown in

[11, Corollary 1].

Definition 1 (Property P). : Let F be a quadratic function from Fpn to itself with F (0) = 0. The function

F is of the from F (x) = G(xp
t+1), where n = 2kt when t > 0; or n is any positive integer when t = 0.

Furthermore, the function G restricted to the set of pt + 1 powers of F∗pn , denoted by Cpt+1, is injective.

The motivation to study functions with Property P comes from their applications to construct strongly

regular graphs [11] and association schemes (as will be discussed in Section IV), and also from their

relationship to APN and PN functions. Namely, when p = 2 and t = 1, there exist quadratic APN functions

on F22k that are of the form G(x21+1) = G(x3), where G is injective on the set of cubes. For example,

the well-known APN function x3 + Tr(x9) can be written as (x + Tr(x3)) ◦ x3; and the computer search

discovered 18 such APN functions on F28 [37], [38]. Similarly, when p is odd and t = 0, there exist quadratic

PN functions that are of the form G(xp
0+1) = G(x2), where G is injective on the set of squares (see [27],

[36]). All currently known PN functions, including the non-quadratic Coulter-Matthews PN functions, are

of the form G(x2). Therefore, the functions with Property P provide a “trans-characteristic” point of view

of quadratic APN and PN functions by choosing different values of p and t. The examples of the functions

with Property P for other values of p and t can be found in [11, Theorem 1]. It is the aim of this paper to

investigate the properties of the functions with Property P and explore their applications in combinatorics

and coding theory, and consequently provide more applications of quadratic APN and PN functions.

Let F be a function with Property P. Note that when p = 2 and t = 0, the function F with Property P

is of the form F (x) = G(x2), therefore F is quadratic permutation on F2n since x2 is a permutation. This

implies that F is a zero-difference 0-balanced function and its differential uniformity can be any integer 2i

for 1 ≤ i ≤ n − 1 (since F (x + a) − F (x) − F (a) is linear). We shall assume t > 0 when p = 2 in the

rest of the paper. It is easy to see that the difference function Ls(x) = F (x + s) − F (x) is affine for any

nonzero s ∈ Fpn since F is quadratic. In Section III, we study the distribution of the image sets of Ls when

s runs through F∗pn . Denoting Hs = Im(Ls) and H = {Hs : s ∈ F∗pn}, we show that Hs is a subspace of

Fpn (note that Hs may be an affine subspace for an arbitrary quadratic function); and that for any Hs ∈ H,

there are p2t− 1 elements s′ which give rise to the same Hs. Moreover, the set of such elements s′ together

with 0 consist of a subspace of Fpn with dimension 2t.

In Section IV, we provide a construction of 4-class association schemes by functions with Property

P. Association scheme was first introduced by Bose and Nair in [3] (defined in Section II-B). It is an
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important topic in combinatorics and have many applications, for instance in coding theory [14]. We begin

by determining the magnitude of the Walsh coefficients F̂ (a, b) for all a, b ∈ Fpn . Then we characterize

which a, b may have the same magnitude of the Walsh coefficient. Based on this result, we show that

functions with Property P can be used to construct a 4-class association scheme when t > 0.

In Section V, we study the linear codes from functions with Property P. More precisely, we consider the

linear code CF generated by the matrix CF , where

CF =

[
· · · x · · ·
· · · F (x) · · ·

]
x∈F∗pn

. (2)

Here the columns of CF are ordered with respect to some ordering of the elements of F∗pn ; and we regard

the finite field Fpn as a vector space of dimension n over Fp. The weight distribution of the code CF has

been studied in [6] when F is an APN function; and in [8], [22], [39] when F is one of the known PN

functions. We determine the weight distribution of the code CF in Theorem 4 for any values of p and t.

This includes some results in [6], [8], [22], [39] as special cases.

The rest of the paper is organized as follows. Section II gives necessary definitions and results that will

be used throughout the paper. The combinatorial properties of ZDB functions with Property P are presented

in Section III. We give the construction of the association schemes in Section IV. The weight distribution

of the linear code CF is determined in Sections V, VI, VII. Some concluding remarks are given in Section

VIII.

II. PRELIMINARIES

In this section, we introduce the definitions and results that will be used in the rest of the paper.

A. Group rings, character theory and Walsh transform

Group rings and character theory of finite fields are useful tools to study functions defined on Fpn and

their related combinatorial objects. We briefly review some definitions and results. For more details on

group rings and character theory, please refer to [33] and [30] respectively. In the following, we assume

G is a finite Abelian group. The group algebra C[G] consists of all formal sums
∑

g∈G agg, ag ∈ C. The

component-wise addition and multiplication of two elements in C[G] are defined by∑
g∈G

agg +
∑
g∈G

bgg =
∑
g∈G

(ag + bg)g,

and ∑
g∈G

agg ·
∑
g∈G

bgg =
∑
g∈G

(∑
h∈G

ah · bgh−1

)
g.

A subset S of G is identified with the group ring element
∑

s∈S s in C[G], which is also denoted by S

by abuse of notation. For A =
∑

g∈G agg in C[G] and t an integer, define A(t) =
∑

g∈G agg
t.

A character χ of a finite Abelian group G is a homomorphism from G to C∗. It is called principal if

χ(c) = 1 for all c ∈ G, otherwise it is called non-principal. All characters of G form a group, which is
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denoted by G̃. This character group G̃ is isomorphic to G. The action of any character χ can be extended

to C[G] by χ(
∑

g∈G agg) =
∑

g∈G agχ(g). The following well-known Inversion formula is very useful.

Result 1 (Inversion Formula). Let D =
∑
g∈G

agg ∈ C[G]. Then

ag =
1

|G|
∑
χ∈G̃

χ(D)χ(g−1).

The following result is an application of the Inversion formula.

Result 2. Let D1, D2 ∈ C[G] be two group ring elements. Then D1 = D2 if and only if χ(D1) = χ(D2)

for all characters χ of G.

For the finite field Fpn , define χ1 by χ1(x) = ζ
Tr(x)
p for all x ∈ Fpn , where ζp is a complex primitive

p-th root of unity. Then χ1 is an additive character of Fpn . Moreover, every additive character χ is of the

form χb (b ∈ Fpn), where χb is defined by χb(x) = χ1(bx) for all x ∈ Fpn .

Finally, for a function F from Fpn to itself, the Walsh transform of F is defined as

WF (a, b) =
∑
x∈Fpn

ζTr(ax+bF(x))
p , a, b ∈ Fpn ,

where Tr(x) is the absolute trace function from Fpn to Fp. The multiset WF := {WF (a, b) : a, b ∈ Fpn} is

called the Walsh spectrum of F , and WF (a, b) is called the Walsh coefficient at (a, b).

B. Partial difference sets, Schur rings and association schemes

In the following, we provide the definitions of some combinatorial and algebraic objects. The readers may

refer to [1], [2], [23] for more details.

Definition 2 (Partial Difference Set). Let G be a multiplicative group of order v. A k-subset D of G is

called a (v, k, λ, µ) partial difference set (PDS) if each non-identity element in D can be represented as

gh−1 (g, h ∈ D, g 6= h) in exactly λ ways, and each non-identity element in G\D can be represented as

gh−1 (g, h ∈ D, g 6= h) in exactly µ ways.

We shall always assume that the identity element 1G of G is not contained in D. Particularly, D is called

regular if D(−1) = D. Using the group ring language, a k-subset D of G with 1G 6∈ D is a (v, k, λ, µ)-PDS

if and only if the following equation holds:

DD(−1) = (k − µ)1G + (λ− µ)D + µG.

If χ is a non-principal character of G, then χ(D) ∈
{

1
2

(
(λ− µ)±

√
(µ− λ)2 + 4(k − µ)

)}
. Denote

these two values by a, b and define Da = {χ ∈ G̃|χ(D) = a}, Db = {χ ∈ G̃|χ(D) = b}, we call Da and

Db the dual PDSs of D. The following result shows that both Da and Db are PDSs.

Result 3. [13] Let G be an Abelian group of order v and D (6= ∅ and 6= G) be a regular (v, k, λ, µ)-PDS

in G. Then both Da and Db are regular PDSs in G̃ (the parameters are given in [32]).

Next we introduce the definition of association schemes.
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Definition 3 (Association Scheme). Let V be a finite set of vertices, and let {R0, R1, . . . , Rd} be binary

relations on V with R0 := {(x, x) : x ∈ V }. The configuration (V ;R0, R1, . . . , Rd) is called an association

scheme of class d on V if the following holds:

(1) V × V = R0
⋃
R1
⋃
· · ·
⋃
Rd and Ri

⋂
Rj = ∅ for i 6= j;

(2) tRi = Ri′ for some i′ ∈ {0, 1, . . . , d}, where tRi := {(x, y) : (y, x) ∈ Ri}. If i′ = i, we call Ri is

symmetric.

(3) for i, j, k ∈ {0, 1, . . . , d} and x, y ∈ V with (x, y) ∈ Rk, the number ]{z ∈ V : (x, z) ∈ Ri, (z, y) ∈
Rj} is a constant, which is denoted by pkij .

Furthermore, an association scheme is said to be symmetric if every Ri is symmetric.

A well-known approach to construct association schemes is to use Schur rings. The Schur ring is defined

as follows.

Definition 4 (Schur Ring). Let G be a finite group and D0, . . . , Dd be nonempty subsets of G with the

following properties:

(1) D0 = {e}, where e is the identity element of G;

(2) G = D0
⋃
D1
⋃
· · ·Dd and Di

⋂
Dj = ∅ for i 6= j;

(3) D
(−1)
i = Di′ for some i′ ∈ {0, . . . , d}, where D(−1)

i = {g−1 : g ∈ Di};
(4) DiDj =

∑d
k=0 p

k
ijDk for all i, j ∈ {0, . . . , d}, where pkij are integers.

The subalgebra 〈D0, . . . , Dd〉 of C[G] generated by D0, . . . , Dd is called a Schur ring over G.

The relationship between Schur rings and association schemes is given below.

Result 4. The configuration (G;R0, . . . , Rd) forms an association scheme of class d on G, where Ri :=

{(g, h) : gh−1 ∈ Di} for i ∈ {0, . . . , d}. Note that if D(−1)
i = Di for each i, the scheme is symmetric.

It is well known that a 2-class symmetric association scheme is equivalent to a strongly regular graph,

which is the Cayley graph generated by a regular partial difference set (see [4]).

III. COMBINATORIAL PROPERTIES OF ZDB FUNCTIONS WITH PROPERTY P

Let F be a function satisfying Property P. For the convenience of the discussions, we first fix some

notations which will be used throughout the rest of the paper.

Notations:

- DF = Im(F ) = {F (x) : x ∈ Fpn};
- For a positive integer d, Cd = {xd : x ∈ F∗pn};
- For each s ∈ F∗pn , Hs = {F (x+ s)− F (x) : x ∈ Fpn};
- H = {Hs : s ∈ F∗pn};
- H1 = {χb | χb is trivial on exactly one H ∈ H}, where χb is an additive character of Fpn ;

- ε` = (−1)` for ` ∈ N.

We shall need the following results for the discussions in this Section, whose proof may be found in [36,

Theorem 2.2] and [11, Theorem 2, Corollary 3, Proposition 3, Theorem 3] in the sequel.
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Result 5. Let F be a function satisfying Property P. Then the following hold:

(1) When p is odd and t = 0, the set DF is a Payley type partial difference set (resp. skew Hadamard

difference set) when pn ≡ 1 mod 4 (resp. pn ≡ 3 mod 4).

(2) When t > 0, the set DF is a partial difference set with parameters(
pn,

pn − 1

pt + 1
,
pn − 3pt − 2− εkpn/2+t(pt − 1)

(pt + 1)2
,
pn − pt − εkpn/2(1− pt)

(pt + 1)2

)
.

Moreover, for nonzero a ∈ Fpn , the character values F̂ (0, b) ∈ {pn/2,−pn/2+t} when k is even; and

F̂ (0, b) ∈ {−pn/2, pn/2+t} when k is odd.

(3) Given b ∈ F∗pn , the set of elements s ∈ Fpn such that χb is trivial on Hs is either {0} or a subspace of

Fpn with dimension 2t.

(4) F is a zero-difference pt-balanced function.

(5) For any a, b ∈ Fpn , (a, b) 6= (0, 0), the magnitude of the Walsh coefficients |F̂ (a, b)| ∈ {0, pn/2, pn/2+t},
where |x| denotes the magnitude of a complex number x.

The following result provides the characterization of the subspaces in H.

Theorem 1. Let F be a function satisfying Property P. Then the following hold:

(1) For any H ∈ H, H is a subspace of Fpn of dimension n− t.
(2) For any H ∈ H, there exists a subset Ω∗H of Fpn such that Hs = H for all s ∈ Ω∗H . Define ΩH =

Ω∗H ∪ {0}. Then ΩH is a subspace of Fpn of dimension 2t.

(3) The size of H is (pn − 1)/(p2t − 1) when t > 0, and is 1 when t = 0.

Proof: (1) Recall that for each H ∈ H, there exists an s ∈ F∗pn such that H = Hs = {F (x+s)−F (x) :

x ∈ Fpn}. Clearly H is an affine subspace of Fpn since F is quadratic. Write H = H ′ + a, where H ′ is

a subspace and a ∈ Fpn . Note that 0 ∈ H since by Result 5(4) the equation F (x + s) − F (x) = 0 has pt

solutions. This means −a ∈ H ′ and then a ∈ H ′ by the assumption that H ′ is a subspace, which lead to

H = H ′ + a = H ′. The dimension of H can be seen from Ls(x) = F (x+ s)− F (x) is a pt-to-1 function

and hence Im(Ls) = pn−t.

(2) We first prove ΩH is a subspace of Fpn . Clearly ΩH is not empty since by assumption H ∈ H, i.e.

H = Hs for some s ∈ F∗pn . For any s1, s2 ∈ ΩH and u, v ∈ Fp, we need to show that us1 + vs2 ∈ ΩH . We

have

F (y + us1 + vs2)− F (y) =
v−1∑
i=0

(
F (y + us1 + (v − i)s2)− F (y + us1 + (v − i− 1)s2

)
+
u−1∑
j=0

(
F (y + (u− j)s1)− F (y + (u− j − 1)s1

)
.

It follows from s1, s2 ∈ ΩH that F (y+us1 + (v− i)s2)−F (y+us1 + (v− i− 1)s2) ∈ H and F (y+ (u−
j)s1)− F (y + (u− j − 1)s1) ∈ H for 0 ≤ i ≤ v − 1, 0 ≤ j ≤ u− 1. Then from H is a subspace we get

F (y + us1 + vs2)− F (y) ∈ H , which implies Hus1+vs2 ⊆ H . Clearly Hus1+vs2 = H since the dimension

of Hus1+vs2 and H are both n− t.
Next we determine the dimension of ΩH . Assume H = Hs, we shall show below that ΩH = sFp2t .

First, {s, sλ, . . . , sλpt} is a subset of ΩH , where λ = w(pn−1)/(pt+1) and w is a primitive element of
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Fpn . Indeed, for any s′ = sλi, we have F (x + s′) − F (x) = F (x + sλi) − F (x) = G((x + sλi)p
t+1) −

G(xp
t+1) = G((λi(λ−ix + s))p

t+1) − G((λ−ix)p
t+1) = G((λ−ix + s)p

t+1) − G((λ−ix)p
t+1). Therefore

Hs′ = {F (x + s′) − F (x) : x ∈ Fpn} = {G((λ−ix + s)p
t+1) − G((λ−ix)p

t+1) : x ∈ Fpn} = {G((y +

s)p
t+1)−G(yp

t+1) : y ∈ Fpn} = {F (y+ s)−F (y) : y ∈ Fpn} = Hs. Now we claim that {s, sλ, . . . , sλpt}
spans a subspace of dimension 2t. This is equivalent to showing that the degree of the minimal polynomial

of the element λ = w(pn−1)/(pt+1) is 2t. It can be seen from the fact that the size of the cyclotomic set

containing (pn− 1)/(pt + 1) module pn− 1 is 2t. Indeed, if pi p
n−1
pt+1 ≡ p

i pn−1
pt+1 mod (pn− 1) we shall have

pt + 1 | pj(pi−j − 1), which leads to 2t | i− j and hence the cyclotomic set containing (pn− 1)/(pt + 1) is

2t. Now we have that ΩH has a subset whose size is p2t. Note that the subspace spanned by {1, λ, . . . , λpt}
is Fp2t and hence ΩH = sFp2t . By Result 5(3), for each non-zero b ∈ Fpn , there are at most p2t elements

s such that χb is trivial on Hs. This means that, if |ΩH | > p2t, there will exist χb such that it is trivial

on more than p2t subspaces Hs, which gives the contradiction. Hence ΩH equals to the space spanned by

{s, sλ, . . . , sλpt} and the dimension of ΩH is 2t.

(3) From the above proof, we see that ΩHs = sN , where N is the subspace spanned by {1, λ, . . . , λpt}.
Let Ω be a set of coset representatives of the F∗pn/N∗.

Given H,H ′ ∈ H and H 6= H ′, clearly ΩH ∩ΩH′ = {0}. Therefore there are in total (pn − 1)/(p2t − 1)

subspaces in H. Finally, when t = 0, or equivalently F is a quadratic PN function. By its definition we

have Hs = Fpn for all nonzero s, which means that |H| = 1.

As an application of Theorem 1, we show below that the set H1 is indeed the dual partial difference set

of DF .

Proposition 1. Let H1 be the set of characters χb such that χb is trivial on exactly one subspace H in H.

Then H1 is the dual partial difference set of DF with parameters(
pn,

pn − 1

pt + 1
,
pn − 3pt − 2− εkpn/2+t(pt − 1)

(pt + 1)2
,
pn − pt − εkpn/2(1− pt)

(pt + 1)2

)
.

Moreover, the character values of the above PDS are

χb(H1) =


(εk+1)pn/2−(εk−1)pn/2+t−2

2(pt+1) , if b ∈ DF ,

(εk−1)pn/2−(εk+1)pn/2+t−2
2(pt+1) , if b 6∈ DF .

Proof: Denoting XF =
∑

x∈Fpn F (x) = 1+(pt+1)DF . Then we get DF = XF−1
pt+1 . Clearly XFX

(−1)
F =∑

x,y∈Fpn (F (x)−F (y)) =
∑

z∈Fpn

(∑
y∈Fpn (F (y + z)− F (y))

)
= pn + pt

∑
z 6=0Hz . For any b ∈ H1, χb

is trivial on exactly one subspace in H and non-trivial on all the others. Assume χb is trivial on Hs ∈ H, then

we have χb(XFX
(−1)
F ) = pn+pt

∑
z 6=0 χb(Hz) = pn+pt

∑
z∈Ω∗Hs

χb(Hs) = pn+pt ·pn−t ·(p2t−1) = pn+2t

(note that by Theorem 1(2) #Ω∗Hs = p2t − 1). Substituting the value of χb(XFX
(−1)
F ) into the following

equation
χb(DFD

(−1)
F ) = 1

(pt+1)2 (χb(XF )− 1)(χb(X
(−1)
F )− 1)

= 1
(pt+1)2 (χb(XFX

(−1)
F )− 2χb(XF ) + 1),

we get

(pt + 1)2χb(DF )2 = pn+2t − 2(1 + (pt + 1)χb(DF )) + 1.
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Note that in the above we use the fact XF = X
(−1)
F , which was proven in [11, Theorem 2]. Simplifying

the above equation we obtain

(pt + 1)2χb(DF )2 + 2(pt + 1)χb(DF )− pn+2t + 1 = 0.

Then we have χb(DF ) = (−1± p(k+1)t)/(1 + pt). Note that χb(DF ) ∈ Z by Result 5(2) (we shall explain

in Proposition 2 that χb(DF ) = F̂ (0, b)). Hence

χb(DF ) =

{
(−1 + pn/2+t)/(1 + pt) if k is odd,

(−1− pn/2+t)/(1 + pt) if k is even.

By Result 3, it is routine to that H1 is the dual PDS of DF with the given parameters.

In the following we further make use of Theorem 1 to give a characterization of the Walsh spectrum of

the function F with Property P. Recall that by Result 5(5) the magnitude of F̂ (a, b), (a, b) 6= (0, 0) is in

the set {0, pn/2, pn/2+t}. Define the following subsets of Fpn × Fpn :

X0 = { (0, 0) },
X1 = { (a, 0) ∈ Fpn × Fpn | a 6= 0 },
X2 = { (a, b) ∈ Fpn × Fpn | F̂ (a, b) = 0 and b 6= 0 },
X3 = { (a, b) ∈ Fpn × Fpn | |F̂ (a, b)| = pn/2 },
X4 = { (a, b) ∈ Fpn × Fpn | |F̂ (a, b)| = pn/2+t },

(3)

where |x| denotes the module of the complex number x. One may see that when p is odd and t = 0, i.e. F is

a quadratic PN function, X2 = ∅ and X3 = X4 = Fpn×Fpn−{0}×Fpn since by definition |F̂ (a, b)| = pn/2

for all b 6= 0. Therefore in the rest of this section and in the next section we assume t > 0 unless explicitly

stated. The following result determines the elements in Xi for 2 ≤ i ≤ 4. To state the result, we need to

define a mapping σ from H1 to F∗pn . By Theorem 1, there are (pn − 1)/(p2t − 1) subspaces in H. Denote

Ω as a set of #H = (pn − 1)/(p2t − 1) elements s such that {Hs : s ∈ Ω} = H. Given χb ∈ H1, i.e. χb is

trivial on exactly one subspace in H, say Hβ for some β ∈ Ω. Define σ : H1 → F∗pn by σ(χb) = β. In the

following, for the convenience, we regard H1 the same as the set {b ∈ Fpn |χb ∈ H1}.

Proposition 2. Let Xi be subsets defined above. Then

X2 = {(a, b) ∈ Fpn × Fpn | χa not trivial on Ωσ(b), b ∈ H1},
X3 = {(a, b) ∈ Fpn × Fpn | ∀a ∈ Fpn , b ∈ F∗pn \ H1},
X4 = {(a, b) ∈ Fpn × Fpn | χa is trivial on Ωσ(b), b ∈ H1}.

Proof: Define the graph of the function F by GF =
∑

x∈Fpn (x, F (x)) ∈ Z[Fpn × Fpn ]. We have

GFG
(−1)
F =

∑
x,y∈Fpn (x−y, F (x)−F (y)) =

∑
z∈Fpn

(∑
y∈Fpn (z, F (y+z)−F (y))

)
= pn+

∑
z 6=0

(∑
y∈Fpn (z, F (y+

z) − F (y))
)

= pn + pt
∑

z 6=0(z,Hz). For a character η = χaχb of the group Fpn × Fpn , it is clear that

F̂ (a, b) = η(GF ). Therefore, by applying the character η on both sides of the above equation, we have that

F̂ (a, b)2 = pn + pt
∑
z 6=0

χa(z)χb(Hz). (4)

In the following we only show that X2 is the set in the theorem. The proof of the other sets X3, X4 are

similar.
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First, given any (a, b) ∈ Fpn × Fpn such that b ∈ H1 and χa non-trivial on Ωσ(b). W.l.o.g. assume

χb is trivial on Hs ∈ H and non-trivial on all Hs′ ∈ H \ {Hs}. By Eq. (4) we have F̂ (a, b)2 = pn +

pt
∑

z 6=0 χa(z)χb(Hz) = pn + pt
∑

z∈Ω∗σ(b)
χa(z)p

n−t = pn + pnχa(Ωσ(b)∗) = pn − pn = 0, which shows

F̂ (a, b) = 0 or equivalently (a, b) ∈ X2.

Conversely, given any (a, b) ∈ X2, i.e. F̂ (a, b) = 0 and b 6= 0, from Eq. (4) we have
∑

z 6=0 χa(z)χb(Hz) =

−pn−t. Since Hz is a subspace of dimension n − t for all z ∈ F∗pn , we have χb(Hz) is either 0 or pn−t.

Therefore, we get −pn−t =
∑

z 6=0 χa(z)χb(Hz) =
∑

z 6=0, χb is trivial on Hz
pn−tχa(z) = pn−tχa(sN

∗), which

follows that χa(sN∗) = −1 and then χa is non-trivial on sN . We finish the proof.

IV. ASSOCIATION SCHEMES FROM ZDB FUNCTIONS WITH PROPERTY P

In this Section, we will present the construction of a 4-class association schemes from functions with

Property P. We shall show that X = {Fpn × Fpn ;X0, X1, X2, X3, X4} constitutes a Schur ring (Xi’s are

defined in (3)), and therefore by Result 4 a 4-class association scheme is derived. The following several

lemmas are to determine the character values of Xi for 1 ≤ i ≤ 4, which will be used to prove X is a

Schur ring.

Lemma 1. Let η = χaχb be a character of Fpn × Fpn . Then

η(X1) =

{
pn − 1, if a = 0, ∀b ∈ Fpn ,
−1, if a 6= 0,∀b ∈ Fpn .

Proof: The result is followed from η(X1) = χaχb(X1) =
∑

x∈F∗pn
χa(x)χb(0) = χa(F∗pn).

Lemma 2. Let η = χaχb be a character of Fpn × Fpn . Then

η(X3) =



0, if a 6= 0,

pn+t(−1+εkpn/2)
pt+1 , if a = 0, b ∈ DF , b 6= 0,

−pn(pt+εkpn/2)
pt+1 , if a = 0, b 6∈ DF , b 6= 0,

pn+t(pn−1)
pt+1 , if a = 0, b = 0.

Proof: By Proposition 2 we have that X3 = Fpn × (Fpn −H1 − 0). Therefore η(X3) = χaχb(X3) =

χa(Fpn)χb(Fpn − 0−H1). We split the proof into the following cases:

(i) If a 6= 0, one can see that η(X3) = 0 since χa(Fpn) = 0.

(ii) If a = 0 and b 6= 0, then η(X3) = pn(−1− χb(H1)). By Proposition 1 we know that H1 is the dual

PDS of DF with parameters(
pn,

pn − 1

pt + 1
,
pn − 3pt − 2− εkpn/2+t(pt − 1)

(pt + 1)2
,
pn − pt − εkpn/2(1− pt)

(pt + 1)2

)
.

Therefore by Result 5 we have χb(H1) = −1−εkpn/2+t
1+pt when b 6= 0 and b ∈ DF ; and χb(H1) =

−1+εkpn/2

1+pt when b 6= 0 and b 6∈ DF . This follows that η(X3) = pn(−1 − χb(H1)) = pn+t εkpn/2−1
1+pt

when b 6= 0 and b ∈ DF ; and η(X3) = pn−p
t−εkpn/2
1+pt when b 6= 0 and b 6∈ DF .

(iii) Finally, η(X3) = #X3 when a = b = 0. Clearly #X3 = pn(pn − 1 −#H1) = pn(pn − 1 − (pn −
1)/(pt + 1)) = pn(pn − 1)pt/(pt + 1) = pn+t(pn − 1)/(pt + 1).
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Lemma 3. Let η = χaχb be a character of Fpn × Fpn . Then

η(X4) =



−pn−2t(εkpn/2+t+1)
pt+1 , if a = 0, b ∈ DF , b 6= 0,

pn−2t(εkpn/2−1)
pt+1 , if a = 0, b 6∈ DF , b 6= 0,

pn−2tχb(s), if a 6= 0, a ∈ Ωσ(s) for some s ∈ H1.

pn−2t(pn−1)
pt+1 , if a = b = 0.

Proof: By Proposition 2, we have X4 = {(α, β)|χα is trivial on Ωσ(β), β ∈ H1}. From Theorem

1(2) Ωσ(β) is a subspace of Fpn of dimension 2t. Clearly the set of characters χα that are trivial on

Ωσ(β) is its dual space, and we denoted it by Ω⊥σ(β). Hence X4 =
∑

β∈H1
(Ω⊥σ(β), β) and then η(X4) =∑

β∈H1
χa(Ω

⊥
σ(β))χb(β). We split the following proof into several cases:

(i) If a = 0, then η(X4) = pn−2t
∑

β∈H1
χb(β) = pn−2tχb(H1). This uses the fact that χ0(Ω⊥σ(β)) =

#Ω⊥σ(β) = pn−2t. The value of η(X4) is then followed from χb(H1) = −1−εkpn/2+t
1+pt when b 6= 0 and

b ∈ DF ; and χb(H1) = −1+εkpn/2

1+pt when b 6= 0 and b 6∈ DF (see Result 5).

(ii) If a 6= 0, for any non-zero element z ∈ Fpn , it belongs to exactly one Ωs, where s ∈ Ω and Ω is

the set of #H = (pn − 1)/(p2t − 1) elements s such that {Hs : s ∈ Ω} = H. This is because that

{Ω∗t : t ∈ Ω} is a disjoint union of F∗pn (see proof in Theorem 1(3)). Now, assume that a ∈ Ωσ(s) for

some s ∈ H1, we then have η(X4) =
∑

β∈H1
χa(Ω

⊥
σ(β))χb(β) = χa(Ω

⊥
σ(s))χb(s) = pn−2tχb(s).

(iii) If a = b = 0, then η(X4) = #X4 = #Ω⊥σ(b)#H1 = pn−2t(pn − 1)/(pt + 1).

The character value of X2 can be obtained through η(X0 +X1 +X2 +X3 +X4) = 0 when the character

η is nontrivial on Fpn ×Fpn , and η(X0 +X1 +X2 +X3 +X4) = p2n when η is trivial. We omit the details

of the proof but directly give the result below.

Lemma 4. Let η = χaχb be a character of G. Then the character value η(X2) is as following:

η(X2) =



−pn−2t(pt − 1)(εkp
n/2+t + 1), if a = 0, b ∈ DF , b 6= 0,

pn−2t(pt − 1)(εkp
n/2 − 1), if a = 0, b 6∈ DF , b 6= 0,

−pn−2tχb(s), if a 6= 0, a ∈ Ωσ(s) for some s ∈ H1,

pn−2t(pt − 1)(pn − 1), if a = b = 0.

Now we are ready to show that (Fpn×Fpn ;X0, X1, X2, X3, X4) is a Schur ring over the group Fpn×Fpn .
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Theorem 2. Let F be a function satisfying Property P. Define the subsets Xi, 0 ≤ i ≤ 4 as in (3). Then

X1X2 = (pn − pn−2t − 1)X2 + (pn − pn−2t)X4, (5)

X1X3 = (pn − 1)X3, (6)

X1X4 = pn−2tX2 + (pn−2t − 1)X4, (7)

X2X3 =
pn−2t(pt − 1)(pn/2+t + εk)(p

n/2 − εk)
pt + 1

X3

+
pn−t(pt − 1)(pn/2 − εk)(pn/2 + εkp

t)

pt + 1
(X2 +X4), (8)

X2X4 = p2n−4t(pt − 1)X1 +
pn−4t(pt − 1)(2− pn + 3pt − εkpn/2+t(1− pt))

pt + 1
(X2 +X4)

+
pn−4t(pn/2 − εk)(pt − 1)(pn/2 + εkp

t)

1 + pt
X3, (9)

X3X4 =
pn−t(pn/2 − εk)(pn/2 + εkp

t)

(pt + 1)2
(X2 +X4) +

pn−2t(pn/2+t + εk)(p
n/2 − εk)

(pt + 1)2
X3. (10)

Therefore, X0, X1, X2, X3, X4 span a 4-class Schur ring over the group Fpn × Fpn .

Proof: The proof makes use of Lemmas 1, 2, 3, 4. Since the proof for the equations (5),(6),(7),(8),(9),(10)

are similar, in the following we only prove equation (5). Denoting LHS (resp. RHS) the left (resp. right)

hand side of equation (5). By Result 2, we need to show that η(LHS) = η(RHS) for any character η = χaχb

of Fpn × Fpn . In the following we split the following proof into several cases:

(i) If a = b = 0, we have η(LHS) = |X1| · |X2| = pn−2t(pt − 1)(pn − 1)2. On the other hand,

η(RHS) = (pn − pn−2t − 1)|X2|+ (pn − pn−2t)|X4|
= (pn − pn−2t − 1)pn−2t(pt − 1)(pn − 1) + (pn − pn−2t)p

n−2t(pn−1)
pt+1

= pn−2t(pn − pn−2t − 1)(pt − 1)(pn − 1) + p2n−4t(pt − 1)(pn − 1)

= pn−2t(pt − 1)(pn − 1)(pn − pn−2t − 1 + pn−2t)

= pn−2t(pt − 1)(pn − 1)2.

(ii) If a = 0 and b ∈ DF and b 6= 0, we have η(LHS) = η(X1)η(X2) = (pn − 1) · (−pn−2t(pt −
1)(εkp

n/2+t + 1)) = −pn−2t(pn − 1)(pt − 1)(εkp
n/2+t + 1); and

η(RHS) = (pn − pn−2t − 1)η(X2) + (pn − pn−2t)η(X4)

= (pn − pn−2t − 1)(−pn−2t(pt − 1)(εkp
n/2+t + 1)) + (pn − pn−2t)p

n−2t(−1−εkpn/2+t)
pt+1

= −pn−2t(pt − 1)(pn − pn−2t − 1)(εkp
n/2+t + 1)− p2n−4t(pt − 1)(εkp

n/2+t + 1)

= −pn−2t(pt − 1)(εkp
n/2+t + 1)(pn − pn−2t − 1 + pn−2t)

= −pn−2t(pt − 1)(εkp
n/2+t + 1)(pn − 1).

(iii) If a = 0 and b 6∈ DF , we have η(LHS) = η(X1)η(X2) = (pn − 1)pn−2t(pt − 1)(εkp
n/2 − 1). On the
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other hand,

η(RHS) = (pn − pn−2t − 1)η(X2) + (pn − pn−2t)η(X4)

= (pn − pn−2t − 1)pn−2t(pt − 1)(εkp
n/2 − 1) + (pn − pn−2t)p

n−2t(−1+εkpn/2)
1+pt

= pn−2t(pt − 1)(pn − pn−2t − 1)(εkp
n/2 − 1) + p2n−4t(pt − 1)(εkp

n/2 − 1)

= pn−2t(pt − 1)(εkp
n/2 − 1)(pn − pn−2t − 1 + pn−2t)

= pn−2t(pt − 1)(εkp
n/2 − 1)(pn − 1).

(iv) If a 6= 0, a ∈ Ωσ(t) for some t ∈ H1, we have η(LHS) = η(X1)η(X2) = pn−2tχb(t). On the other

hand
η(RHS) = (pn − pn−2t − 1)η(X2) + (pn − pn−2t)η(X4)

= −(pn − pn−2t − 1)pn−2tχb(t) + (pn − pn−2t)pn−2tχb(t)

= pn−2tχb(t)(−pn + pn−2t + 1 + pn − pn−2t)

= pn−2tχb(t).

To finalize the proof that X0, X1, X2, X3, X4 span a Schur ring over Fpn × Fpn , we need to show that

XiXi =
∑4

j=0 p
j
iiXj for integers pjii with 0 ≤ i ≤ 4 and 0 ≤ j ≤ 4. This can be seen from XiXi =

Xi(Fpn−
∑

j 6=iXj) = |Xi|Fpn−
∑

j 6=iXiXj along with Eqs. (5),(6),(7),(8),(9),(10). The proof is completed.

We give the following example to illustrate Theorem 2 by showing APN functions give rise to a 4-class

Schur ring.

Example 1. Let F (x) = x3 +Tr(x9) = (x+Tr(x3))◦x3 be the APN function on F28 . We have the following

X1X1 = 255X0 + 254X1,

X1X2 = 191X2 + 192X4,

X1X3 = 255X3,

X1X4 = 64X2 + 63X4,

X2X2 = 16320X0 + 12224X1 + 3456X2 + 4320X3 + 3456X4,

X2X3 = 11520X2 + 10560X3 + 11520X4,

X2X4 = 4096X1 + 1152X2 + 1440X3 + 1152X4,

X3X3 = 43520X0 + 43520X1 + 28160X2 + 29184X3 + 28160X4,

X3X4 = 3840X2 + 3520X3 + 3840X4,

X4X4 = 5440X1 + 3840X2 + 480X3 + 3840X4.

By Result 4 and Theorem 2, we have the following construction of the 4-class association scheme.

Theorem 3. Let F be the function satisfying Property P. Define the binary relations Ri, 0 ≤ i ≤ 4 in

Fpn × Fpn as Ri = {〈(a1, b1), (a2, b2)〉 : (a1 − a2, b1 − b2) ∈ Xi} for 0 ≤ i ≤ 4, where Xi’s are defined in

(3). Then (Fpn × Fpn ;R0, R1, R2, R3, R4) is a 4-class association scheme.

V. LINEAR CODES FROM ZDB FUNCTIONS WITH PROPERTY P

In this Section we consider the linear code CF generated by the matrix CF , which is defined in (2).

Clearly, all codewords of CF are of the form

ca,b =
(
fa,b(1), fa,b(w), . . . , fa,b(w

pn−2)
)
,
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where fa,b(x) = Tr(ax + bf(x)) and w is a primitive element of Fpn . It is well known that the weight of

the codeword ca,b can be determined as in the following result, see for instance [22]. We include a short

proof for the convenience of the readers.

Lemma 5. Let the notations the same as above. Then

w(ca,b) = (pn − pn−1)− 1

p

p−1∑
c=1

σc(F̂ (a, b)),

where σc is the Galois automorphism of Q(ζp)/Q defined by σc(x) = ζcp.

Proof: The result is followed from the following

w(ca,b) = (pn − 1)−#{x ∈ Fpn |Tr(ax + bF(x)) = 0}

= (pn − 1)− 1
p

∑
x∈Fpn

∑
c∈Fp ζ

Tr(c(ax+bF(x)))
p

= (pn − 1)− 1
p

∑
c∈Fp

(∑
x∈Fpn ζ

Tr(cax+cbF(x))
p

)
= (pn − pn−1)− 1

p

∑p−1
c=1

(∑
x∈Fpn ζ

Tr(cax+cbF(x))
p

)
= (pn − pn−1)− 1

p

∑p−1
c=1 σc(F̂ (a, b)).

The theorem below gives the Walsh spectrum of the function F with Property P, as well as the weight

distribution of the corresponding linear code CF . Since the case t = 0 and p is odd has been considered in

[22], we assume t > 0 in the rest of this Section.

Theorem 4. Let F be a function with Property P. Then the following results hold:

(1) If p = 2 and t > 0, the Walsh spectrum of F as well as the weight distribution of the linear code CF
are in the following table

TABLE I: Walsh spectrum of F and weight distribution of CF : p = 2, t > 0

Walsh coefficient F̂ (α, β) Multiplicity

2n 1

0 (2n − 1)(2n−t − 2n−2t + 1)

2n/2
2n/2+t−1

(
2n/2−1

)(
2n/2+1

)2

2t+1

−2n/2
2n/2+t−1(2n/2−1)(2n−1)

2t+1

2n/2+t
2n/2−2t−1(2n−1)

(
2n/2+2t

)
2t+1

−2n/2+t
2n/2−t−1(2n−1)(2n/2−t−1)

2t+1

Weight w Multiplicity Aw

0 1

2n−1 (2n − 1)(2n−t − 2n−2t + 1)

2n−1 − 2n/2−1
2n/2+t−1

(
2n/2−1

)(
2n/2+1

)2

2t+1

2n−1 + 2n/2−1 2n/2+t−1(2n/2−1)(2n−1)
2t+1

2n−1 − 2n/2+t−1
2n/2−2t−1(2n−1)

(
2n/2+2t

)
2t+1

2n−1 + 2n/2+t−1 2n/2−t−1(2n−1)(2n/2−t−1)
2t+1

(2) If p is odd and k is even, the Walsh spectrum of F is
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TABLE II: Walsh spectrum of F : p odd, k even

Walsh coefficient F̂ (α, β) Multiplicity

pn 1

0 (pn − 1)(pn−t − pn−2t + 1)

pn/2
pn/2+2t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t − pt + p+ pt+1 − 1
)

pn/2ζλp
pn/2+2t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t − pt − 1
)

−pn/2+t pn/2−t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t + pt + p2t − pt+1 − p2t+1
)

−pn/2+tζλp
pn/2−t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t + pt + p2t
)

The weight distribution of the code CF is

TABLE III: Weight distribution of the code CF : p odd, k even

Weight w Multiplicity Aw

0 1

pn − pn−1 (pn − 1)(pn−t − pn−2t + 1)

(p− 1)(pn−1 − pn/2−1)
pn/2+2t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t − pt + p+ pt+1 − 1
)

pn−1(p− 1) + pn/2−1 pn/2+2t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t − pt − 1
)

(p− 1)(pn−1 − pn/2+t−1)
pn/2−t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t + pt + p2t − pt+1 − p2t+1
)

pn−1(p− 1) + pn/2+t−1 pn/2−t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t + pt + p2t
)

(3) If p is odd and k is odd, the Walsh spectrum of F is

TABLE IV: Walsh spectrum of F : p odd, k odd

Walsh coefficient
F̂ (α, β)

Multiplicity

pn 1

0 (pn − 1)(pn−t − pn−2t + 1)

−pn/2 pn/2+2t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t − ε(p−1)t/2p
t+1 − ε(p−1)t/2p+ ε(p−1)t/2p

t + ε(p−1)t/2

)
−pn/2ζλp

pn/2+2t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t + ε(p−1)t/2p
t + ε(p−1)t/2

)
pn/2+t

pn/2−t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t + ε(p−1)t/2p
2t+1 + ε(p−1)t/2p

t+1 − ε(p−1)t/2p
2t − ε(p−1)t/2p

t
)

pn/2+tζλp
pn/2−t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t − ε(p−1)t/2p
2t − ε(p−1)t/2p

t
)

The weight distribution of the code CF is
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TABLE V: Weight distribution of the code CF : p odd, k odd

Weight w Multiplicity Aw

0 1

pn − pn−1 (pn − 1)(pn−t − pn−2t + 1)

(p− 1)(pn−1 + pn/2−1)
pn/2+2t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t − ε(p−1)t/2p
t+1 − ε(p−1)t/2p+ ε(p−1)t/2p

t + ε(p−1)t/2

)
pn−1(p− 1)− pn/2−1 pn/2+2t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t + ε(p−1)t/2p
t + ε(p−1)t/2

)
(p− 1)(pn−1 − pn/2+t−1)

pn/2−t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t + ε(p−1)t/2p
2t+1 + ε(p−1)t/2p

t+1 − ε(p−1)t/2p
2t − ε(p−1)t/2p

t
)

pn−1(p− 1) + pn/2+t−1 pn/2−t−1(pn−1)

(pt+1)(ε(p−1)t/2p
t+p2t)

(
ε(p−1)t/2p

n/2 + pn/2+t − ε(p−1)t/2p
2t − ε(p−1)t/2p

t
)

Since the proof of Theorem 4 are rather technical, we present the proofs depending on p = 2 or p is odd

in the following two sections.

VI. PROOF OF THEOREM 4 WHEN p = 2

We first give the following lemma.

Lemma 6. Let F be a function with Property P. Then∑
α,β∈F2n

F̂ (α, β) = 22n, and∑
α,β∈F2n

F̂ (α, β)3 = 22n(2t(2n − 1) + 2n).

Proof: First we have∑
α,β∈F2n

F̂ (α, β) =
∑

α,β∈F2n

(∑
x∈F2n

(−1)Tr(αx+βF(x))
)

=
∑

x∈F2n

(∑
α∈F2n

(−1)Tr(αx)
)(∑

β∈F2n
(−1)Tr(βF(x))

)
= 2n · 2n = 22n.

Next, we have that∑
α,β∈F2n

F̂ (α, β)3 =
∑

α,β∈F2n

(∑
x,y,z∈F2n

(−1)Tr(α(x+y+z)+β(F(x)+F(y)+F(z)))
)

=
∑

x,y,z∈F2n

(∑
α∈Fpn (−1)Tr(α(x+y+z))

)(∑
β∈F2n

(−1)Tr(β(F(x)+F(y)+F(z)))
)

= 22n#{(x, y, z) : x, y, z ∈ F2n | x+ y + z = 0, F (x) + F (y) + F (z) = 0}.
(11)

Determining the number of the solutions to the system of the equations x+y+z = 0, F (x)+F (y)+F (z) = 0

is equivalent to determining the number of solutions (x, y) to the equation F (x + y) + F (x) = F (y)

(z = x + y). If y 6= 0, by Result 5(4) the equation F (x + y) + F (x) = F (y) has either 0 or 2t solutions.

But we may see x = 0 is a solution to this equation, therefore the number of solutions is 2t. If y = 0, the

equation F (x+ y) + F (x) = 0 has 2n solutions. We have in total 2t(2n − 1) + 2n solutions (x, y, z). The

rest of the proof follows from Eq. (11).

We are ready to determine the Walsh spectrum of F and the weight distribution of CF . Let x, y be the

multiplicities of the values 2n/2, 2n/2+t in the Walsh spectrum of F , respectively. Then |X3| − x, |X4| − y
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are the multiplicities of the values −2n/2,−2n/2+t, respectively. From Lemma 6 we get the following two

equations:

2n + 2n/2x− 2n/2(|X3| − x) + 2n/2+ty − 2n/2+t(|X4| − y) = 22n, (12)

and

23n + 23n/2x− 23n/2(|X3| − x) + 23n/2+3ty − 23n/2+3t(|X4| − y) = 22n(2t(2n − 1) + 2n). (13)

Solving x, y from the above two equations, we obtain

x =
2n/2+t−1(2n/2−1)(2n/2+1)

2

2t+1 ,

y =
2n/2−2t−1(2n−1)(2n/2+2t)

2t+1 .

This proves the Walsh spectrum of F . For the weight distribution of the code CF , by Lemma 5 the weight

of the codeword cα,β is wα,β = 2n−1 − F̂ (α, β)/2, and hence the weight distribution is followed from the

Walsh spectrum of F . �

VII. PROOF OF THEOREM 4 WHEN p IS ODD

Recall that the proof of the case p is odd and t = 0 is given [8], [22], [39]. In this section we assume

that t > 0. We first give the following lemmas which will be used in the proof.

Lemma 7. Let F be a function with Property P. Then we have∑
α,β∈Fpn

F̂ (α, β) =
∑

α,β∈Fpn
F̂ (α, β)2 = p2n.

Proof: The proof of the equation
∑

α,β∈Fpn F̂ (α, β) = p2n is similar to the one in Lemma 6 and we

omit it here. For the second equation, we have∑
α,β∈Fpn F̂ (α, β)2 =

∑
α,β∈Fpn

(∑
x,y∈Fpn ζ

Tr(α(x+y)+β(F(x)+F(y)))
p

)
=

∑
x,y∈Fpn

(∑
α∈Fpn ζ

Tr(α(x+y))
p

)(∑
β∈Fpn ζ

Tr(β(F(x)+F(y)))
p

)
= p2n#{x ∈ Fpn |F (x) + F (−x) = 0}.

Note that F (−x) = G((−x)p
t+1) = G(xp

t+1) = F (x) and then F (x) + F (−x) = 0 yields F (x) = 0,

which implies that x = 0.

For the function F (x) and α, β ∈ Fpn , we have

F̂ (α, β)F̂ (α, β) =
∑
x,y
ζ

Tr(αx+βF(x)−αy−βF(y))
p

=
∑
u
ζ

Tr(αu+βF(u))
p

∑
x
ζ

Tr(β(F(x+u)−F(x)−F(u)))
p .

(14)

Since F is quadratic, when β 6= 0, there exists a linearized polynomial Lβ over Fpn such that Tr(β(F(x +

u)− F(x)− F(u))) = Tr(Lβ(u)x) holds for any u, x ∈ Fpn . Therefore from Eq. (14) we get

F̂ (α, β)F̂ (α, β) =
∑
u

ζTr(αu+βF(u))
p

∑
x

ζTr(Lβ(u)x)
p = pn

∑
u∈Ker(Lβ)

ζTr(αu+βF(u))
p . (15)

The next result gives the property of Lβ .
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Lemma 8. Given α, β ∈ Fpn and β 6= 0, the following hold:

(1) If |F̂ (α, β)| = pn/2, then the linear function Lβ(u) is a linearized permutation polynomial;

(2) If |F̂ (α, β)| = pn/2+t, then the image set of Lβ(u) is Ω⊥σ(β).

Proof: First we show that Ker(Lβ) = {s ∈ Fpn |χβ is trivial on Hs}. This is because: for any s ∈
Ker(Lβ), we have 0 = Tr(Lβ(s)x) = Tr(β(F(x + s) − F(x) − F(s))), which implies χβ is trivial on

Hs−F (s). Recall that F (s) ∈ Hs (since F (s) = F (0 + s)−F (0)) and Hs is a subspace by Theorem 1(1),

we have Hs − F (s) = Hs. Hence χβ is trivial on Hs. Conversely, for each s such that χβ is trivial on Hs,

it is clear Tr(Lβ(s)x) = Tr(β(F(x + s)− F(x)− F(s))) = 0 for all x, therefore s ∈ Ker(Lβ).

By Proposition 2, for (α, β) such that |F̂ (α, β)| = pn/2, we have α ∈ Fpn and β ∈ F∗pn\H1. This means χβ
is not trivial on any Hs ∈ H, i.e. Ker(Lβ) = {0} by the above claim. Hence Lβ is a linearized permutation

polynomial. Similarly, by Proposition 2, if |F̂ (α, β)| = pn/2+t, we have χα is trivial on Ωσ(β) and β ∈ H1.

Given any b ∈ Im(Lβ), i.e. b = Lβ(u) for some u ∈ Fpn . For any s ∈ Ωσ(β), Tr(bs) = Tr(Lβ(u)s) =

Tr(β(F(s + u)−F(s)−F(u))), which implies that b ∈ Ω⊥σ(β). Note that F (s+ u)−F (u) ∈ Hs and further

F (s) ∈ Hs since F (s) = F (0 + s) − F (0). Therefore we have that Tr(bs) = 0 and hence b ∈ Ω⊥σ(b), i.e.

Im(Lβ) ⊆ Ω⊥σ(b). Note that the size of Im(Lβ) is pn−2t and Ω⊥σ(β) are both pn−2t, we get Im(Lβ) = Ω⊥σ(β).

We need to following result from algebraic number theory to give the next Lemma.

Result 6. [26], [28] Let p be an odd prime.

(1) The ring of integers in K = Q(ζp) is OK = Z[ζp] and {ζp : 0 ≤ i ≤ p− 2} is an integral basis of OK.

The group of roots of unity in OK is W = {±ζip : 0 ≤ i ≤ p− 1}. Define W+ = {ζip : 0 ≤ i ≤ p− 1}
and W− = {−ζip : 0 ≤ i ≤ p− 1}.

(2) The field K has a unique quadratic subfield L = Q(
√
p∗) where p∗ = (−1

p )p = (−1)
p−1

2 p and for

1 ≤ a ≤ p − 1, (ap ) is the Legendre symbol. For 1 ≤ a ≤ p − 1, σa(
√
p∗) = (ap )

√
p∗. Therefore,

Gal(L/Q) = {1, σγ}, where γ is any quadratic non-residue in Fp.

Lemma 9. For all α, β ∈ Fpn , the followings hold:

(1) F̂ (α, 0) = δ0(α)pn, where δ0 is the Dirac function (defined by δ0(α) = 0 if α 6= 0, and δ0(α) = 1 if

α = 0).

(2) F̂ (0, β) ∈ {εkpn/2,−εkpn/2+t} when β 6= 0.

(3) If F̂ (α, β) 6= 0, there exists ηα,β ∈ W such that F̂ (α, β) = ηα,β(
√
p∗)n or F̂ (α, β) = ηα,β(

√
p∗)n+2t,

where p∗ =
(
−1
p

)
p = (−1)(p−1)/2p. Moreover, ηα,βη0,β ∈W+.

Proof: We only prove (3), the rest two are simple and we omit the details. Now assume that |F̂ (α, β)| =
pn/2, i.e. (α, β) ∈ X3. We have now F̂ (α, β)F̂ (α, β)OK = pnOK = P (p−1)n and then F̂ (α, β)OK =

Pn(p−1)/2 = (
√
p∗)n. This shows that ηα,β := F̂ (α, β)/(

√
p∗)n is a unit in OK . Furthermore, we have

|σc(ηα,β)| = |σc(F̂ (α, β)/(
√
p∗)n)| = |F̂ (cα, cβ)/(±

√
p∗)n|. Note that from Proposition 2 we see that

(cα, cβ) ∈ X3 for all c ∈ F∗p if (α, β) ∈ X3. This shows that |σc(ηα,β)| = 1 for all c ∈ F∗p, which

implies that ηα,β ∈ W . Next we show that ηα,βη0,β ∈ W+. Indeed, by Lemma 8, we have that Lβ is a

linearized permutation on Fpn . Therefore, there exists exactly one u ∈ Fpn such that Lβ(u) = α. Hence
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Tr(β(F(x + u)− F(x)− F(u))) = Tr(Lβ(u)x) = Tr(αx) for all x ∈ Fpn . As a result,

ηα,β(
√
p∗)n = F̂ (α, β) =

∑
x∈Fpn ζ

Tr(αx+βF(x))
p

=
∑

x∈Fpn ζ
Tr(β(F(x+u)−F(x)−F(u)))+Tr(βF(x))
p

=
∑

x∈Fpn ζ
Tr(β(F(x+u)−F(u)))
p

= ζ
Tr(−βF(u))
p

∑
x∈Fpn ζ

Tr(β(F(x+u)))
p

= ζ
Tr(−βF(u))
p F̂ (0, β)

= η0,βζ
Tr(−βF(u))
p (

√
p∗)n.

From above we can see that ηα,βη0,β ∈W+. The proof of the case where |F̂ (α, β)| = (
√
p∗)n+2t is similar

and we omit it here.

In the following we first determine the Walsh spectrum of F and then determine the weight distribution

of CF .

A. Walsh spectrum of F

By Lemma 9, for each (α, β) ∈ X3, there exists ηα,β ∈ W = {±ζλp : 0 ≤ λ ≤ p − 1} such that

F̂ (α, β) = ηα,βp
n/2; and for each (α, β) ∈ X4, there exists ηα,β ∈ W such that F̂ (α, β) = ηα,βp

n/2+t,

where X3 and X4 are defined in (3). For each λ with 0 ≤ λ ≤ p− 1, define

`+λ = #{(α, β) ∈ X3 ∪X4 | ηα,β = ζλp },
`−λ = #{(α, β) ∈ X3 ∪X4 | ηα,β = −ζλp }.

By Lemma 9, we have ηα,βη0,β ∈ W+ and furthermore by Result 5(2) η0,β = εk for (0, β) ∈ X3; and

η0,β = −εk for (0, β) ∈ X4. In the following we split the proof into two cases depending on whether k is

even or odd.

1) k is even: By Lemma 9 and the above discussions, we have ηα,β ∈ W+ for all (α, β) ∈ X3 and

ηα,β ∈W− for all (α, β) ∈ X4, where W+ and W− are defined in Result 6. We first claim that

`ε1 = `ε2 = · · · = `εp−1, (16)

for ε ∈ {+,−}. Indeed, it follows from n = 2kt that (
√
p∗)n =

(
−1
p

)kt
pkt so that σa((

√
p∗)n) =

σa(
√
p∗)n =

(
a
p

)n
(
√
p∗)n = (

√
p∗)n for 1 ≤ a ≤ p − 1. Now, for (α, β) ∈ X3, we have F̂ (aα, aβ) =

σa(F̂ (α, β)) = σa(ζ
i
p)(
√
p∗)n = ζaip (

√
p∗)n for 1 ≤ a ≤ p − 1, which leads to `+1 = `+2 = · · · =

`+p−1. Similarly, for (α, β) ∈ X4, i.e. F̂ (α, β) = −(
√
p∗)n+2t, we have F̂ (aα, aβ) = σa(F̂ (α, β)) =

−σa(ζip)(
√
p∗)n+2t = −ζaip (

√
p∗)n+2t for 1 ≤ a ≤ p − 1, which leads to `−1 = `−2 = · · · = `−p−1. For

convenience, in the following we let `+ = `+λ and `− = `−λ for 1 ≤ λ ≤ p− 1.

First, it is not difficult to see that

`+0 + (p− 1)`+ =

p−1∑
λ=0

`+λ = |X3| =
pn+t(pn − 1)

pt + 1
, (17)

and

`−0 + (p− 1)`− =

p−1∑
λ=0

`−λ = |X4| =
pn−2t(pn − 1)

pt + 1
, (18)



19

where the sizes of X3, X4 are given in Lemmas 2 and 3.

Second, by Lemma 7, we have the following two equations

p2n =
∑

α,β∈Fpn F̂ (α, β)

= pn + (
√
p∗)n

∑p−1
λ=0 `

+
λ ζ

λ
p − (

√
p∗)n+2t

∑p−1
λ=0 `

−
λ ζ

λ
p ,

= pn + (
√
p∗)n

∑p−1
λ=0

(
`+λ − (

√
p∗)2t`−λ

)
ζλp ,

= pn + (
√
p∗)n

(
(`+0 − (

√
p∗)2t`−0 ) +

∑p−1
λ=1(`+ − (

√
p∗)2t`−)ζλp

)
(19)

and
p2n =

∑
α,β∈Fpn F̂ (α, β)2

= p2n + (
√
p∗)2n

∑p−1
λ=0 `

+
λ ζ

2λ
p + (

√
p∗)2n+4t

∑p−1
λ=0 `

−
λ ζ

2λ
p ,

= p2n + (
√
p∗)2n

∑p−1
λ=0

(
`+λ + p2t`−λ

)
ζ2λ
p

= p2n + (
√
p∗)2n

(
(`+0 + p2t`−0 ) +

∑p−1
λ=1(`+ + p2t`−)ζ2λ

p

)
.

(20)

From Eq. (19) we get (`+0 − pt`
−
0 ) +

∑p−1
λ=1(`+− (

√
p∗)2t`−)ζλp = pn/2(pn− 1) since n/2 = kt is even and

(
√
p∗)n = ((−1)(p−1)/2p)n/2 = pn/2. Furthermore, since ζp + · · ·+ ζp−1

p = −1, we have

pn/2(pn − 1) = (`+0 − (
√
p∗)2t`−0 ) +

∑p−1
λ=1(`+ − (

√
p∗)2t`−)ζλp

= (`+0 − (
√
p∗)2t`−0 ) + (`+ − (

√
p∗)2t`−)

∑p−1
λ=1 ζ

λ
p

= (`+0 − (
√
p∗)2t`−0 )− (`+ − (

√
p∗)2t`−).

(21)

Similarly, from Eq. (20) we get (`+0 + p2t`−0 ) +
∑p−1

λ=1(`+ + p2t`−)ζ2λ
p = 0 and then (`+0 + p2t`−0 )− (`+ +

p2t`−) = 0. Applying this fact together with
∑p−1

λ=0(`+λ + p2t`−λ ) = |X3|+ p2t|X4|, we obtain

`+λ + p2t`−λ =
|X3|+ p2t|X4|

p
= pn−1(pn − 1) (22)

for all 0 ≤ λ ≤ p− 1.

Finally, from Eqs. (17), (18), (21), (22) we solve `+0 , `
−
0 , `

+
λ , `
−
λ as

`+0 = pn/2+2t−1(pn−1)
(pt+1)(εpt+p2t)

(
εpn/2 + pn/2+t − pt + p+ pt+1 − 1

)
,

`+λ = pn/2+2t−1(pn−1)
(pt+1)(εpt+p2t)

(
εpn/2 + pn/2+t − pt − 1

)
,

`−0 = pn/2−t−1(pn−1)
(pt+1)(εpt+p2t)

(
εpn/2 + pn/2+t + pt + p2t − pt+1 − p2t+1

)
,

`−λ = pn/2−t−1(pn−1)
(pt+1)(εpt+p2t)

(
εpn/2 + pn/2+t + pt + p2t

)
,

where ε = (−1)(p−1)t/2 and 1 ≤ λ ≤ p− 1. We finish proving the Walsh spectrum of F when k is even.

2) k is odd: In this case, by the discussions above the proof of case (i), we have ηα,β ∈ W− for all

(α, β) ∈ X3 and ηα,β ∈W+ for all (α, β) ∈ X4. Similarly, first we get the two equations

`−0 + (p− 1)`− =

p−1∑
λ=0

`−λ = |X3| =
pn+t(pn − 1)

pt + 1
, (23)
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and

`+0 + (p− 1)`+ =

p−1∑
λ=0

`+λ = |X4| =
pn−2t(pn − 1)

pt + 1
. (24)

Second, by Lemma 7, we have the following two equations

p2n =
∑

α,β∈Fpn F̂ (α, β)

= pn + (
√
p∗)n+2t

∑p−1
λ=0 `

+
λ ζ

λ
p − (

√
p∗)n

∑p−1
λ=0 `

−
λ ζ

λ
p ,

= pn + (
√
p∗)n

∑p−1
λ=0

(
(
√
p∗)2t`+λ − `

−
λ

)
ζλp ,

= pn + (
√
p∗)n

(
((
√
p∗)2t`+0 − `

−
0 ) +

∑p−1
λ=1((

√
p∗)2t`+ − `−)ζλp

) (25)

and
p2n =

∑
α,β∈Fpn F̂ (α, β)2

= p2n + (
√
p∗)2n+4t

∑p−1
λ=0 `

+
λ ζ

2λ
p + (

√
p∗)2n

∑p−1
λ=0 `

−
λ ζ

2λ
p ,

= p2n + (
√
p∗)2n

∑p−1
λ=0

(
p2t`+λ + `−λ

)
ζ2λ
p

= p2n + (
√
p∗)2n

(
(p2t`+0 + `−0 ) +

∑p−1
λ=1(p2t`+ + `−)ζ2λ

p

)
.

(26)

From Eq. (25) we get ((
√
p∗)2t`+0 −`

−
0 )+

∑p−1
λ=1((

√
p∗)2t`+−`−)ζλp = (−1)(p−1)n/4pn/2(pn−1). Therefore,

we have

(−1)(p−1)n/4pn/2(pn − 1) = ((
√
p∗)2t`+0 − `

−
0 )− ((

√
p∗)2t`+ − `−). (27)

Similarly, from Eq. (26) we get (p2t`+0 + `−0 )+
∑p−1

λ=1(p2t`+ + `−)ζ2λ
p = 0 and then (p2t`+0 + `−0 )− (p2t`+ +

`−) = 0. Applying this fact together with
∑p−1

λ=0(p2t`+λ + `−λ ) = p2t|X4|+ |X3|, we obtain

p2t`+λ + `−λ =
|X3|+ p2t|X4|

p
= pn−1(pn − 1) (28)

for all 0 ≤ λ ≤ p− 1. Finally, from Eqs. (23), (24), (27), (28) we solve `+0 , `
−
0 , `

+
λ , `
−
λ as

`+0 = pn/2−t−1(pn−1)
(pt+1)(εpt+p2t)

(
εpn/2 + pn/2+t + εp2t+1 + εpt+1 − εp2t − εpt

)
`+ = pn/2−t−1(pn−1)

(pt+1)(εpt+p2t)

(
εpn/2 + pn/2+t − εp2t − εpt

)
,

`−0 = pn/2+2t−1(pn−1)
(pt+1)(εpt+p2t)

(
εpn/2 + pn/2+t − εpt+1 − εp+ εpt + ε

)
`− = pn/2+2t−1(pn−1)

(pt+1)(εpt+p2t)

(
εpn/2 + pn/2+t + εpt + ε

)
,

where ε = (−1)(p−1)t/2 and 1 ≤ λ ≤ p − 1. Then the distribution of the Walsh transform is followed as

stated in the Theorem.

B. Weight Distribution of CF

Based on the Walsh spectrum determined above and Lemma 5, now we start determining the weight

distribution of the linear code CF . In the following we only prove the case that k is even, the proof of k is

odd is similar and we omit it. Now,

(i) If α = β = 0, then F̂ (α, β) = pn and hence w(cα,β) = pn − pn−1 − (p− 1)pn−1 = 0;

(ii) If (α, β) ∈ X1 ∪ X2, then F̂ (α, β) = 0 and therefore w(cα,β) = pn − pn−1. Furthermore, we have

|X1|+ |X2| = (pn − 1)(pn−t − pn−2t + 1);
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(iii) If (α, β) ∈ X3, assume F̂ (α, β) = ζλp p
n/2 for some λ with 0 ≤ λ ≤ p− 1. Then

w(cα,β) = (pn − pn−1)− 1
p

∑p−1
c=1 σc(F̂ (α, β))

= (pn − pn−1)− pn/2−1
∑p−1

c=1 ζ
λc
p

=

 pn − pn−1 − pn/2−1(p− 1), if λ = 0,

pn − pn−1 + pn/2−1, if λ 6= 0.

The multiplicity Apn−pn−1−pn/2−1(p−1) (resp. Apn−pn−1+pn/2−1) is clearly equal to `+0 (resp. `+).

(iv) If (α, β) ∈ X4, assume F̂ (α, β) = −ζλp pn/2+t for some λ with 0 ≤ λ ≤ p− 1. Then

w(cα,β) = (pn − pn−1)− 1
p

∑p−1
c=1 σc(F̂ (α, β))

= (pn − pn−1)− pn/2+t−1
∑p−1

c=1 ζ
λc
p

=

 pn − pn−1 + pn/2+t−1(p− 1), if λ = 0,

pn − pn−1 − pn/2+t−1, if λ 6= 0.

The multiplicity Apn−pn−1−pn/2+t−1(p−1) (resp. Apn−pn−1+pn/2+t−1) is clearly equal to `−0 (resp. `−).

VIII. CONCLUDING REMARKS

In this paper, we investigate the properties and applications of a type of zero-difference balanced (ZDB)

functions, which are from the additive group of Fpn to itself and of the form G(xp
t+1) with G injective on the

set of pt+1 powers of Fpn . Such ZDB functions include certain quadratic APN and PN functions as special

cases by choosing different values of p and t, then consequently the contributions in this paper provide more

applications of APN and PN functions. We provide geometrical characterizations of the distribution of the

subspaces Hs = {F (x + s) − F (s) : x ∈ Fpn} for s ∈ F∗pn , and determine the value distribution of the

Walsh coefficients F̂ (a, b). The former result leads to a construction of 4-class association scheme; and the

latter is used to determine the weight distribution of the linear code CF generated by the matrix CF defined

in (2). Some previous work on determining the weight distribution of CF from APN and PN functions are

included as special cases.
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